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Kapnenko I. M., “Meton 3amadi Pimana—I'iibbepra aasa moaudi-
KoBaHOTro piBHaAHHS Kamaccm—XoabMa 3 HEHYJIbOBUMU KpaiioBUMU
yMoBaM|,’ — KBaJiidikalliiiHa HayKoBa IIpalls Ha IIpaBaxX PyKOIIUCY.

HucepTraliist Ha 3700yTTs HAYKOBOI'O CTYIIEHsS JOKTOpa (bitocodil 3a crieri-
aspaicTio 111 «Maremarnkas (ramysp 3Hanb 11 «MaTeMaTnka Ta CTATHCTHKAS ).
DisuKo-TexHiuHMil iHCTUTYT HU3bKUX Temieparyp iMm. B.I. Bepkina HAH Vkpa-

THU.

Metoro jrocijizKeHHs JucepTalliiiHol poboTn € po3pobKa MeTOoy 00epHEHOT
3ajiadi poscitoBannst y dopwmi 3amaai Pimana—Tiasbepra (PIY) mist momudiko-

Banoro pisasints Kamaccn—Xosmbma (MKX):

myg + ((u2 —uQ)m)x =0, m = u— Uy,

3 METOIO JIOCJIJI>KEeHHsI BJIACTHBOCTENl PO3B’sI3KIB IIHOIO PIBHAHHSI, 30KpEMa,
ACUMIITOTUKH 38 BEJINKUM YaCOM.

OCHOBHIUMH TIOCTAHOBKAMU 3aJ1a4l € TaKi:

(1) Bamaga Kormi Ha x-oci y BUIIAJIKY, KO PO3B’sI30K MPSMYE JI0 HEHYIHOBOI

craJiol pn |x| — oo.

(i) Bamaua Komti Ha z-0ci y BUNAKY, KOJIU PO3B’SI30K MPSIMYE JI0 TBOX PI3HIX

crajux IIpu r — +00 Ta r — —OQ.

Y po3aiai 2 posrisiiaeTbed 3a1ada Kol st MoandiKoBaHOTO PiBHSIHHSI

Kamacen—XoJsibMa Ha 0Ci:

mt+((u2—ui)m)x20, m:=u— 1z, >0 —oo<zx<-+400,

u(z,0) = up(z), —00 < T < 400,

3a YMOBH, 110

up(r) > 1  womu = — +00



i 110 eBOJIOIIIS 3a YacoM 30epirae 1o noBeinky: u(r,t) — 1 nmpu x — +00
it Beix t > 0. PiBusgnaga MKX e moaudikarliieto, 3 KyOiduHOIO HEJiHIHHICTIO,

opurinasbsroro pisusaansg Kamacen—Xombma (KX)
me + (um), +u;m =0, m:=1u— Uy,.

Pinanng MmKX, gk i piagang KX, € iIHTerpoBHUM y TOMY CEHCI, IO BOHO € YMO-
BOIO CYMICHOCTI BiJIIIOBIAHOI mapu JiHIHUX JudepeHnialbHIX PiBHIHL — TaK
3BaHUX PIBHsIHb Hapu Jlakca. 3aBigKu HEHYJILOBOMY (DOHY, T-pPIBHSIHHS 3 IIa-
pu Jlakca jiyrs piBHsgHHEAS MKX MOXKHa PO3IJIsiJIaTH sIK CIIEKTPaJIbHY 3a/1ady, sTKa
Ma€ HerepepBHuii criekTp. Le g03Boiisie cpopMmyoBaT 00epHEHY ClIEKTPAJIbHY
3ajiady (0bepHeHY 3a/1ady pO3CiIoBaHH:) sIK 3a/1a1y aHaJiTHYHOT (bakTopHU3ariii
Pimana—I'isibbepTa y KOMILIEKCHI IJIONNHI CIIEKTPAJIbHOIO TapaMeTpa, 3 YMO-
BOIO CTPHOKa Ha JiiCHIT oci (siKa € HellepepBHUM CIIEKTPOM ).
BanpononoBanuii popmaJiiazm 3a1a4i Pimana—I'11s0epTa IpyHTYEThCs Ha aJ1a-
AT 3araJbHOT /161 — BUKOPUCTAHHST CIIEMIAJbHIX PO3B ' A3KiB (PO3B’SI3KiB o-
cTa) acoliiioBaHUX PIiBHSHB Hapu Jlakca gk «OJIOKIB» JJIs OOYIOBH MATPIIHOT
3aytadi Pimana-I'inmb0epra, ToOTO 3a/1a4i aHaiTHIHOT (DaKTOpU3allil y KOMILIe-
KCHI{l IIJIOIIMHI CIIeKTPaJbHOIO IapaMeTpa, dKy IapaMeTPU30BaHO IIPOCTOPO-
BOIO Ta YaCOBOIO 3MIHHUMHU HEJIHIMHOTO PIBHAHHSA — JIO BUIAJIKY PIBHIHHS
MKX, 3 ypaxyBanusam ocoOmBocTell piBHSIHDL acoliifoBanol mapu Jlakca.
CranjgaptHa mapa Jlakca jyis piBagaag MKX, Bizoma B JiTeparypi, Mae

dopMmy 2 X 2 MaTpuIHUX JHHITHUX JudepeHiiaJlbHIX PIBHSIHD:
O, (x,t,\) = U(z, t, \)P(z,t, \), Oy(z,t,\) = V(x, t, \)P(x,t, N,

e Marpuii-koediniearn U Ta V Bu3sHayeHo y TepMiHaX PO3B U3KY DIBHAHHS
pil I I y y

MKX:

—2 , ul-u? U—1Uy Au?—u2)m
U = % _1 )\m ) = (U-i—ft\z) +)\(u22—u2)m R 72_ u2_2u2
—xm 1 ;) + 3 z —\ 4 = TI

Basznaqmnmo, 1o r-piBaganus mapu Jlakca (Briodae U Ta € criekTpabHOO 38,18~
9er0 31 CIIeKTPAJIbHIM [TapaMeTpOM A), Ma€ JiBi 0COOJMBOCTI, IO CyTTEBO BILIH-

BAIOTh Ha aHaJiTHYHI BiacTuBocTi po3s’sskiB Mocra: (a) A Bxomurs y U gk
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T00yTOK 3 “MomenToM” m(x,t), sakuii y paMKax obepHeHOl 3a/a4i € HeBiI0MOI0
dbyukiieo; (6) ko |x| — oo, m(x,t) npaMye 10 HEHYIBOBOI CTaJOl. 30Kpe-
Ma, IIi 0cOOJIMBOCTI BILUIMBAIOTH Ha IIPOOJIEMY KOHTPOJIIO IOBEIIHKN PO3B’sI3KIB
Mocra, ko A — 0o. Y aucepranil 11f0 1pobJIeMy BUPIIIEHO TAKHM HHHOM: (i)
3aCTOCOBYIOUN KaJIiOpyBaJibHI IIEPEeTBOPEHHS, PiBHsAHHA ITapu Jlakca TpaHncdop-
MOBAHO JI0 3py4HOi (hopMH, y sKiil JiiaroHa/JIbHI YIEHN JOMIHYIOTH Y MTEBHOMY
ceHci, kosim A — 00; (ii) BBeJIEHO HOBY IIPOCTOPOBY 3MiHHY, IO JIO3BOJISIE OTPH-
MaTH SIBHUI OINC HOBEIiHKY po3s’sa3kis Mocra npu A — 0o y TepMinax (HOBOT)
IIPOCTOPOBOI Ta YacoBoi 3minuux; (iii) BBegeHO HOBHIT (yHIbOpMIZyIOUNii) Cie-
KTPaJILHUI TapaMeTp [, AKUi J03B0JIsI€ YHUKHYTH HePaIllOHAJILHOT 3aJ1€2KHOCTI
KoediIeHTIB y piBHAHHAX ITapu Jlakca Bij| ClIeKTPaJILHOTO TTapaMeTpa.

Kpim Toro, BUKOpHCTAHO HAC/IIOK BJIACTHBOCTI (&), KWl TIOJIATAE Y TOMY,
mo npu A = 0 marpung xoedinientis U crae nezanexxkunoro Bix u. Ilga Bia-
CTUBICTDH JIO3BOJISIE TIOOY/lyBaTH €PEeKTUBHUI aJrOpUTM OTPUMAHHS PO3B’SI3KY
zatadi Kol st piBastHHs: MKX 3 po3B’si3Ky acorniiioBanol 3aga4di PI', po3riis-
JIAIOUH MMOBEJIIHKY OCTAHHLOTO pu A — 0. 3a3HAYUMO, IO Y 1ILOMY BiHOIICH-
Hi piBHAHHA MKX CyTTE€BO BiJIPI3HSAETbCS BiJl IHIMUX PiBHAHL TUy Kamaccu-
Xosma (BKJIIOUHO 3 opuriHajbHuM piBHsaHHIM KX): /1151 KOHTPOJIIO O3B sI3KiB
Mocra npu A = 0 He Tpeba BBOIUTH HOBe KaJibpyBaJbHE IEPETBOPEHHS IO-
YaTKOBOI mapu Jlakca, a JJocTaTHLO IeperpymnyBaTn dieHu y napi Jlakca, ska
3abe3nedye epeKTUBHII KOHTPOJIb 11 pO3B’3KiB 1P A — 00.

3 BUKOPHUCTaHHSM pO3pobJieHOTO (hbopMasIizMy OTPUMAHO ITapaMeTpuIHe 30-
OpazkeHHs1 po3B’s3Ky 3ajiadi Kot s piagaaasg MKX Ha mocriitnomy dhoni B
TepMiHax po3B’sI3Ky acoriifoBanol 3agadi PI', gani st kol (MaTpuiist cTpuo-
KiB 1 mmapamMeTpu /i yMOB Ha 3aJUIIKN Yy CUHTYIAPHUX TOUYKAX, SKITO BOHU
HasIBHI) OJIHO3HATHO BU3HAYAIOTHCS MOYATKOBUMHI JIAHUME [T 3a/ a4l Korri.

3anpornoHoBaHnii opMaJsIizM JI03BOJISIE OXapaKTePU3yBaTU K PEryJidpHi,
Tak 1 HeperyJsipHi OJJHOCOTITOHHI PO3B’A3KN (PO3B’sI3KH, 1110 TeHEPYIOThCsT OJIHi-
€10 (¢ TOUHICTIO JI0 CUMeTpiil) CHHTY/ISIPHOIO YMOBOIO Ta, MAIOTh BHUIJISIT JIOKA-

JIIB0BAHOIO 30ypEeHHsI, 110 PO3MOBCIOIKYETHCS 31 CTAJIO IIBUJKICTIO, HE Mi-



Hsatoun cBo€l hopmn). Taki po3s’sizku BijnosigaoTs 3amadam P 3 Tpusiab-
HOIO YMOBOIO CTPUOKa Ta BIAIOBIIHUM YMHOM 3aJIaHUMHU YMOBaMU Ha JINIIKKA Y
CHUHI'YJISIDHUX TOYKaX. J0KPeMa, BUIIJIEHO J(Ba TUIIN HEPeryIsspHUX COJITOHHUX
po3B’s3kiB piBHsnHst MKX: (i) po3B’si3KM MKOHHOrO THUILY, sIKi € (DYHKIisIMU
HEeIlepEePBHUMU Pa30M 13 IIepIIO0 IOXiJIHOI, ajie MaloTh HeoOMerkKeHi ITOXiJIHi
MOpsiJIKiB OlibInx 3a 2 y Touni niky; (i) nerienoioni baraTo3HadH] PO3B’A3KN.

Teopema. PisHanms MmKX mae odnocorimonni po3s’asku (ceped axux € ax
PEYNAPHT, MAK | HEPELYAAPHI), AKI TAPAKMEPUSYIOMBCA 080MA NAPAMEMPI-

s

MU, 6>0mabe (0, %), ma daromwvca y napamempuunitc dopmi Gopmyaoto

u(z,t) = a(y(x —t,t),t) + 1, de

2(y,t) + 2cos? 0 - z(y, t) + cos?
(22(y,t) + 22(y,t) + cos? )2

2(y,t) + 1+ sind

2(y,t) + 1 —sinf’

_ 2sin6

2(y,t) = 20 sin O VM0 GE!

a(y,t) = 4tan? 6>

z(y,t),

z(y,t) =y+2In

B saneotcnocmi 610 snavenns napamempa 0, po3e’azku maromov AKICHO PI3HI

6AACTNMUBOCTNL:

(i) Ipu 0 € (0, %), odrnocorimoni po3e’asku € 2AadKuUMU GYHKUIAMU 6UTi-

onux gisunnur aminnux (z,t).

(ii) MIpu 0 = %, odnocoainonmi po3e’Asku Mamv CKinueny 2aadkicmov y

aminnux (x,t) y mouyi niky.

(iii) IIpu 0 € (3,5), odnoconimomnmi po3e asku € peeyraprumu Pyrruismu
y aminnux (y,t) ase cmaroms 6a2amosHANHUMU (nemaenodionumu) iy

aminmux (,t).

Y po3aiji 3, BUKOPUCTOBYI0OUH (DOpMaJIi3M, PO3POOJIEHII Y PO3/IiIi 2, OTpH-
MAHO TOJIOBHI WJIEHW aCUMIITOTHKN 33 BEJMKOTO 4acy t i PO3B’S3KYy 3ajadi
Kot gy momdikoBanoro piBagaHg Kamaccn—XoabMa Ha CTAJIOMY HEHYJTHO-

BoMmy pomi. ocmimKenns 3ocepe/zkene Ha 06€3COMITOHHOMY BUIAJKY, TOOTO Y



IPUIYIIEHH], 110 yMOBU Ha JIUIIKK BiJICyTHI (Hepery/aspHy 3ajady Pimama—
[ipbepra (sika BKIIIOUaE B cebe YMOBU HA JINIIKH) JIJIsT 3araJIbHOTO BUMAJIKY MO-
JKHA 3BECTH JI0 PEryJISIpHOT, BUKOPUCTOBYIOUN MHOKHUKHN Biisiike—Iloramnosa).

st acuMITOTHIHOrO anaslizy po3B’a3Ky 3aja4i Ko, ko ¢ — 00, 3aCTO-
COBAHO HeJIHITHNI MeTo 1 Hafickopimmoro ciycky. [lomepeanbo, Buxigny 3agady
PTI', acomiitoBany 3 piBusinHsM MKX, sika Mae crenudidai CHHIYISIPHOCTI IIPH
p = +1, 3Bejieno o 3Buvaiinol 3agaqi PIN (To6ro Takol, mo Mae TijibKu ymo-
By cTpuOKa Ta yMOBY HOpMyBaHHsI ). [IpuMiTHOO 0cobmBicTIO MOIMDIKOBAHOTO
piBugnag Kamaccu—XosbMa € Te, 10 acoliifoBana BuxijHa 3agada PI' mae ymo-
BU CUHTYJIApHOCTI y 4 = 1 Ta g = —1 3 pi3HUME MATPUIHUMU CTPYKTYpaMH,
10 He JIO3BOJIAE 11030yTHCs 1X IIJISIXOM 3BeJIeHHd MaTpudHol 3aja4i PI' 10 Be-
KTOpHOI (10 Mae Miciie y BUlajKy 3Budaiinoro pisastaHsg Kamaccu—XosbMma).
o mpobisiemy posp’sizaHo y jBa Kpoku. Ha meprmomy xpori, 3amauy PI' 3
YMOBaM# CUHTYJIAPHOCTI y 4 = =1 3Besieno j1o 3as1a4i PI) mo xapakTepusye-
ThCsI TAKUMI JIBOMa yMOBaMu: (1) eJleMeHTH MAaTPUIHOTO PO3B’sI3KY PeryJisipHi
y i = %1, ajie floro BUSHAYHKK JOPIBHIOE HYJIIO Y IIUX TOYKAX (3a3HAYUMO, II[0
det M () = 1 st poss’si3ky Buxinnol 3aga4i PIY); (ii) poss’si3ok € cunrysisip-
oM pu 4 = 0. pyrumM KpokoMm, 3HAX0IUMO 300parkeHHs PO3B’A3KY IIi€l 3a1atl
PT" uepes po3B’si30K BiJiI0OBIIHOT pery/spHol 3a/1a4i. CaMe po3B’si30K OTPUMAHOT
perynsproi 3ajadi PI' nmpoanaJjizoBaHo acuMITOTUYHO TIpu £ — +00, aJlalTy-
109N HEJIHITHNN MeTo | HaliCKOPIIIOro CIycKy. ¥ MiJICyMKY, OTPUMAaHO TOJIOBHI
ACHMITTOTUYHI YjieHn Jijist po3B’sa3Ky u(x, t) 3amaui Kori y Tix cekTopax Harib-

oy (x,t), e Biaxuients B hpoHy € HeTpuBiaabHIM (y PEIITi CeKTOPIB,
3
4
Teopema. Hexat ug(r) — eaadka Ppymryis maxa, wo (i) eona docma-

$>317 <, u(w,t) meugko cnagae 1o 1).
muvo weudko npamye do 1, xoau x — £00, i 3adosorvhac nepiericmy (1 —
02 ug(z) > 0 dan eciz x ma (i) acouitiosana 3 new cnexmparvna GyHKyis
a(p) He mae nyai6 y 6eprHit nieniowuni (6e3corimonnut 6unadox).
Todi y cexmopax (x,t) nieniowunu, Axi 3adano wepishocmamu 1 < <3
3 z

ma 7 < § < 1, pose’aszox u(x,t) sadavi Kowi mae maky acumnmomuyny



noeedim{;y 34 GEAURUM “HYACOM.

(i) Ana 1 < 7 <3,

u(z,t) =1+ Ci/(g) cos {CQ(C)t + C3(¢) Int + C’4(C)} + o(tfl/Z);

(it) dan 3 < % <1,

() | | |
u(e,t) =1+ C{/EC) cos {02(3)(015 + (O Int + @{J)(g)}ﬂ(t—m),
j=0,1

de C, Ci(j ), Cy, C1 — Pynxuii 6id ¢ := T, BUSHAMENT Y MEPMINAT CNEKMPAND-
HUT PYHKYIT, AKL, Y €601 4EP2Y, 00HO3HAMHO SUSHAUANOMBCA NOYATKOGUMU
danumu ug(x).

Y po3miai 4 posriasgHyTo 3ajady Komri jurg MoandikoBaHOTO piBHSHHS
Kamaccn—Xoma y BHIIAIKY, Y IKOMY PO3B’SI30K HPSIMYE JI0 JIBOX PI3HUX KOH-

CTaHT, KOJIU IIPOCTOPOBA 3MIHHA IPAMYE JIO0 PI3HUX HECKIHYEHHOCTEl J1iiCHOT

oci:
mt+((u2—ui)m)x:0, m:=u— 1z, >0 —oco<zx<-+400,
u(z,0) = up(x), — 00 < x < 400,
J1e

Ay, x— —o00,
up(z) —
Ay, x— 00

1 eBOJIIOILiSI 38 9acoM 30epirae 1o MOBEJIHKY:
Ay, T — —o0,

u(z,t) —
Ay, x— 00

JIJIsI BCIX T.
Pospobiieno dhopmadizm 3amaui Pimana—I'iabbepra st niel 3amaai Kormi.
JI1s1 1IbOTO 3aCTOCOBAHO IEPETBOPEHHS PiBHsIHB napu Jlakca, siKi J03BOJISIIOTH

JleTaJIbHO JIOCJIINTH aHAJITHYHI BJIACTUBOCTI BiAOBIIHIX po3B’sa3KiB MocTta Ta
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CHeKTpaJbHIX (DYHKIII, 30KpeMa, CUMETPIT Ta MMOBEJIIHKY B TOUKAX PO3TaJIy7Ke-

HHs. [Ipu mobynosi 3aja4i Pimana—I'ib0epra BukopructaHo TpanchopMoBaHi

napu Jlakca, mo BkiodaoTh GyHKIHT kj(A) = /A% — %, j = 1,2, BusHaueni
i
. . . 1 1 .

K TaKi, [0 MAOTh BITKU 3 pO3pizamu B3I0BK (—00, —A—j) Ta (A—j, o0). ITomibno
JIO0 BUIAJIKY 3 HOCTIHHIM (DOHOM, 34 JIONOMOIOIO aHaJIi3a MOBEJIHKI PO3B SI3KY
nobyroBanol 3aja4i Pimana-I'iisbepra npy A = 0 oTpumaHo mapaMeTpuiHe
300parkKeHHs po3B’si3Ky 3a/1a4i Komii.

Teopema. [Ipunycmumo, wo 3adaua Pimana—Iiavbepma, acoyitiosana 3
nouwamxosumu darumu ug(x), mae posze’azox M(y,t,x) 3 po3euHeHHAM

~ 0 &1 (yv t)

o (1. t 0
M(y,t,\) =1i T 1A a(y:?)

a’l_l(y?t) 0 0 &S(yat)

npu A — 0. Todi pose’azox u(x,t) sadawi Kowi moocna 306pasumu y napa-

+ 0O(N\?)

mempuwnuds gopmi y mepminaxr a;(y,t), j = 1,2,3 marum wurnom: u(x,t) =
a(y(z,t),t), de

ﬁ(?/? t) - &1(y9 t)dQ(y7 t) + dfl(ya t)&g(y, t))
z(y,t) =y — 2Ina,(y,t) + Ajt.

Kpim mozo, U, (y,t) makootc mosrce 6ymu anzebpaiino 300panceno y mepminar

ai(y,t), j=1,2,3, a came: ugy(x,t) = u,(y(z,t),1t), de
ﬁx(yv t) = _dl (y7 t)dQ(ya t) + a’l_l(ya t)d3(y7 t)

Kmo4oBi ciioBa: Judepeniiaabii piIBHAHHA 3 YACTUHHUMHI MTOX1THUMH, iH-
TErpoBHI HeTHINHI piBHAHHA, MonudikoBate piBHganng Kamaccu—XosbMma, 3a-
nada Pimana—I'inbbepra, crieKTpaJsbHa 3ajada, rmapa Jlakca, cuMerpil, mpsama
3aj1a4a pO3CiloBaHHsI, oOepHeHa 3aJiada PO3CIIOBAHHS, METO]I 00epPHEHOI 3a a4l

PO3ClIOBaHHS, HEJIHIHUIT MEeTO/ HARIIIBUJIIIOTO CIIyCKY, COJIITOH, aCUMIITOTUKA.
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Abstract

I. Karpenko, “The modified Camassa—Holm equation with nonvani-
shing boundary conditions by a Riemann—Hilbert approach,” — Scholar-
ly manuscript.

PhD Thesis in Mathematics (specialty code: 111). B. Verkin Institute for Low
Temperature Physics and Engineering of the National Academy of Sciences of

Ukraine.

This Thesis aims at the development of the inverse scattering transform
(IST), in the form of a Riemann-Hilbert problem, for the modified Camassa—
Holm (mCH) equation:

my + ((u2 — ui)m)x =0, m = U — Uy,

in order to study properties of solutions of the mCH equations, particularly,
their the long-time behavior.

Two main problem settings are as follows:

(i) The Cauchy problem on the whole z-line in the case when the solution is

assumed to approach a non-zero constant as |z| — oo.

(ii) The Cauchy problem on the whole z-line in the case when the solution is

assumed to approach two different constants as © — 400 and z — —o0.

In Chapter 2, we consider the Cauchy problem for the modified Camassa—

Holm equation on the line:

mt+((u2—ui)m)x=0, m=U— Uy, t>0, —oo<x<-+00,
u(x,0) = up(x), — 00 <& < 400,

assuming that

up(x) > 1 as = — oo

and that the time evolution preserves this behavior: u(z,t) — 1 as  — £o0

for all £ > 0. A non-zero background provides that the spectral problem in
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the associated Lax pair equations has a continuous spectrum, which allows us
to formulate the inverse spectral problem as a Riemann—Hilbert factorization
problem with jump conditions across the real axis (constituting the continuous
spectrum).

Our development of the Riemann—Hilbert problem formalism is based on
the adaptation of a general idea — the use of dedicated (Jost) solutions of the
associated Lax pair equations as “building block” for a matrix-valued Riemann—
Hilbert problem, which is to be formulated in the complex plane of the spectral
parameter and parameterized by the spatial and temporal variable of the nonli-
near equation in question — to the case of the mCH equation taking into account
particular features of its Lax pair equations.

The Lax pair originally proposed and conventionally used in studies of the

mCH equation has the form of 2 x 2 matrix linear differential equations:

O, (z,t, ) = U(z, 6, \)D(x,t, \), Oy(x,t, A) = V(x, t, \)P(x,t, \)
where the coefficient matrices U and V are defined in terms of a solution of the
mCH equation:

u_l ( ~1 Am) y ( Al A<u22ui>m>

-5 ? - (utuy) Mu—u2)m ) u?—u? )
2\-2m 1 -+ 5 AT - =
Two specific features of the z-equation associated with the mCH equation

(involving U and constituting the spectral problem, with the spectral parameter
A), that affect analytic properties of the Jost solutions are as follows: (a) A enters
U through a product with the “momentum” m(z,t), which, in the framework
of the inverse problem, is an unknown function; (b) as |z| — oo, m(z,t)
approaches non-zero constants. In particular, these features affect the problem
of control of the large-A behavior of the Jost solutions. In our development of
the RH formalism, this problem is addressed by (i) transforming (by applying
a dedicated gauge transformation) the Lax pair equations to an appropriate
form, with diagonal parts that dominate, in a certain sense, for large A; (ii)
introducing a new spatial-type variable, in view of having an explicit descri-

ption of the large-\ behavior of the Jost solutions in terms of space and time
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parameters; (iii) introducing a new (uniformising) spectral parameter u (related
to A by A = —%(,LL + %)), which allows us to avoid non-rational dependence of
the coefficients in the Lax pair equations on the spectral parameter.

Moreover, we take advantage of a consequence of property (a) that for A = 0,
U becomes “solution-independent” (independent of u), which suggests an effici-
ent way for “extracting” the solution of the Cauchy problem from the solution of
the RH problem taking the details of the behavior of the latter as A — 0. With
this respect, the mCH equation turns out to be remarkably different from other
Camassa—Holm-type equations (including the original Camassa—Holm equati-
on): in order to control the Jost solutions at A = 0, there is no need of a separate
gauge transformation of the original Lax pair, but the required form of the Lax
pair comes from regrouping the terms of that appropriate for large .

Using the developed formalism, we obtain a parametric representation of the
solution of the Cauchy problem for the mCH equation on a constant background
in terms of the solution of the associated RH problem, the data for which (the
jump matrix and the parameters of the residue conditions, if any) are uniquely
determined by the initial data for the Cauchy problem.

Particularly, this formalism allows us to characterize regular as well as non-
regular one-soliton solutions (solutions characterized by a single (up to the
symmetries) singularity in the RH problem and having the form of a perturbati-
on propagating with a constant speed while keeping its form unchanged) associ-
ated with the RH problems with trivial jump condition and appropriately
prescribed residue conditions. In this way, we specify two families of non-regular
soliton solutions of the mCH equation: (i) peakon-type solutions, which are
continuous together with their first derivative but having unbounded derivati-
ves of order greater than 2 at the peak points; (ii) loop-shaped, multi-valued
solutions, which are conventional, signal-valued solitons in the modified vari-
ables that becomes multi-valued when going back to the original variables, x
and ¢.

Theorem. The mCH equation has a family of one-soliton solutions, reqular

12



as well as non-regular, u(x,t) = u,;(x,t), characterized by two parameters,
0 >0 and 6 € (0, 5). These solitons u(x,t) = u(y(x —t,t),t) + 1 are given, in
parametric form, by

(y,t) + 2 cos? 0 - z(y,t) + cos> 0
(22(y,t) + 22(y,t) + cos?9)?
2(y,t) +1+sind

2(y,t) + 1 —sinf’

2sin9t

2(y, t) = 26sin V"0t

2
a(y,t) = 4tan* @

2(y,t),

2(y,t) =y +2In

Depending on the value of the parameter 6, the solutions have qualitatively

different properties:

(i) For 6 € (0,%), one-soliton solutions are smooth in the original ((x,t))

variables.

(ii) For 0 = %, one-soliton solutions have finite smoothness in the (x,t) vari-

ables.

(iii) For 6 € (§,%), one-soliton solutions are regular in the (y,t) variables but

can be viewed as multivalued and loop-shaped in the (x,t) variables.

In Chapter 3, taking the formalism developed in Section 2 as the starting
point, we obtain the leading large-t asymptotic terms for the solution of the
Cauchy problem for the modified Camassa—Holm equation on the whole line in
the case when the solution is assumed to approach a non-zero constant at the
both infinities of the space variable. We focus on the study of the solitonless
case assuming that there are no residue conditions (for the soliton case, where
the basic RH problem involves residue conditions, one can reduce (using the
Blaschke—Potapov factors) this RH problem to that having no residue conditi-
ons).

For the sake of the large-t analysis, we reduce the original (singular) RH
problem representation for the solution of the mCH equation to the solution of
a regular RH problem (i.e., to a RH problem with the jump and normalization

conditions only). A notable feature of the modified Camassa—Holm equation
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is that the associated basic RH problem has two singularity conditions (at
= £1) with different matrix structures, which does not allow getting rid of
them by reducing the matrix RH problem to a vector one, as it can be done in
the case of the (original) Camassa—Holm equation. In our approach, we address
the reduction problem in two steps. First, we reduce the RH problem with the
singularity conditions at © = £1 to a RH problem which is characterized by
the following two conditions: (i) the matrix entries are regular at pu = +1,
but the determinant of the (matrix) solution vanishes at 4 = £1 (notice that
det M (1) = 1 for the solution of the original RH problem); (ii) the solution is
singular at © = 0. Then, we represent the solution of the latter RH problem
in terms of the solution of a regular one. In turn, the solution of the resulting
regular RH problem is analyzed asymptotically, as t — +o00, using an appropri-
ate adaptation of the nonlinear steepest descent method. This finally allows us
to present the leading asymptotic terms for the solution u(x,t) of the Cauchy
problem, in two sectors of the (z,t) half-plane, 1 < ¥ < 3 and % < 7 <1,
where the deviation from the background value is nontrivial (in the remaining
sectors § > 3 and 7 < %, u(x,t) decays to 1 rapidly).

Theorem. Let ug(x) be a smooth function which tends sufficiently fast to 1
as x — Foo and satisfies (1 — 0*)ug(x) > 0 for all z. Assume the solitonless
case, i.e., assume that the appropriate spectral (scattering) function associated
with ug(x) has no zeros in the upper half-plane

Then the solution u(x,t) of the Cauchy problem has the following large-time
asymptotics in two sectors of the (x,t) half-plane specified by 1 < 7 < 3 and
R R

(i) For1 < (:=7% <3,

C1(¢)
Vi

u(z,t) =1+

cos {02(4)75 +Cy(C) Int + @(g)} +o(t1/2):

(i) For3 <% <1,

u(z,t) = 1+Z G

\/% cOS {Céj)(C)t + C?(,j)(C) Int+ ézij)(C)}‘{_O(tl/Q);
=01
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where Cj, CZ.(j), o CN'i are functions of ¢ that can be specified in terms of the
scattering data, which in turn are uniquely determined by the initial data.

In Chapter 4, we consider the Cauchy problem for the modified Camassa—
Holm equation on the whole line in the case when the solution is assumed to

approach two different constants at plus and minus infinity of the space variable,

namely:
mt—|—((u2—ui)m)x:0, m:=u— Uz, t>0—oo<zx<-400,
u(zx,0) = up(x), —00 < T < 400,

assuming that
A, r— —00
uo(x) —
Ay, T — 00
and that the time evolution preserves this behavior.

We develop the Riemann—Hilbert problem formalism for this Cauchy problem.
For this purpose, we introduce appropriate transformations of the Lax pair
equations and the associated Jost solutions (“eigenfunctions”) and present detai-
led analytic properties of the eigenfunctions and the corresponding spectral
functions (scattering coefficients), including the symmetries and the behavior
at the branch points. The construction of the Riemann—Hilbert problem exploits

the transformed Lax pair equations involving the functions k;(X) :== , /A2 — Ai?,
J = 1,2 specified as having the branch cuts (—oo, _A%-) U (Aij, 00). Similarly to
the case of the constant background, the solution of the constructed Riemann—
Hilbert problem evaluated at A = 0 gives a parametric representation of the
solution of the Cauchy problem.

Theorem. Assume that u(x,t) is the solution of the Cauchy problem and
let M(y,t,x) be the solution of the associated RH problem, whose data are

determined by ug(x). Let

My, t,\) =1 ( 0 &1(y’t)> + i\ <d2(g’t) . (O ) +O(N?)

ar'(y,t) 0



be the development of M(y,t,\) as X — 0. Then the solution u(x,t) of the
Cauchy problem can be expressed, in a parametric form, in terms of a;(y,t),
Jj=1,2,3 as follows: u(x,t) = u(y(x,t),t), where

/&(y7 t) = &1 (ya t)&Q(:% t) + dl_l(ya t)d?)(ya t)a
z(y,t) =y — 2Ina, (y, t) + At

Moreover, 1,(y,t) can also be algebraically expressed in terms of a;(y,t), j =

1,2, 3; namely, u,(x,t) = U, (y(x,t),t), where
ax(:% t) - _dl (yv t)dZ(ya t) + dl_l(y7 t)&B(y7 t)

Keywords: partial differential equations, integrable nonlinear equations,
modified Camassa—Holm equation, Riemann—Hilbert problem, spectral problem,
Lax pair, symmetries, direct scattering problem, inverse scattering problem,
inverse scattering transform method, nonlinear steepest descent method, soli-

ton, asymptotics.
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