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Abstract

The paper is concerned with the asymptotic behavior of the correlation functions
of the characteristic polynomials of non-Hermitian random matrices with independent
entries. It is shown that the correlation functions behave like that for the Complex
Ginibre Ensemble up to a factor depending only on the fourth absolute moment of the
common probability law of the matrix entries.

1 Introduction

The Random Matrix Theory has been developed for some sixty years. The story began
with the study of symmetric and Hermitian random matrices. They have remained the most
studied ever since. However, non-Hermitian matrices are not so well studied.

The present paper is concerned with the simplest non-Hermitian ensemble which is an
analog of the Wigner ensemble. The matrices are constructed of independent identically
distributed (i.i.d.) complex random variables. More precisely, the matrices have the form

1

M, ==X = jﬁmk)ﬁm, (1.1)

where x;, are i.i.d. complex random variables such that
E{zj} = B{z3,} =0, E{lz;/’} =1. (1.2)

Here and everywhere below E denotes the expectation with respect to (w.r.t.) all random
variables. This ensemble has various applications in physics, neuroscience, economics, etc.
For detailed information see [1] and references therein.

Define the Normalized Counting Measure (NCM) of eigenvalues as

Na(A)=#{\ e A j=1,... 0} /n,

n
where A is an arbitrary Borel set in the complex plane, {)\gn)} are the eigenvalues of M,,.
-

The NCM is known to converge to the uniform distribution on the unit disc. This distribution
is called the circular law. This result has a long and rich history. Mehta was the first
who obtained it for zj, being complex Gaussian in 1967 [26]. The proof strongly relied on
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the explicit formula for the common probability density of eigenvalues due to Ginibre [17].
Unfortunately, there is no such a formula in the general case. That is why other methods have
to be used. The Hermitization approach introduced by Girko [18] appeared to be an effective
method. The main idea is to reduce the study of matrices (1.1) to the study of Hermitian
matrices using the logarithmic potential of a measure

Pu(z) = / log |2 — C| dy(¢)-

C

This approach was successfully developed by Girko in the next series of works [19, 20, 21, 22].
The final result in the most general case was established by Tao and Vu [38|. Notice that
there are a lot of partial results besides those listed above. The interested reader is directed
to [4].

The Central Limit Theorem (CLT) for non-Hermitian random matrices linear statistics
was proven in some partial cases in [12, 30, 31]. The best results for today were obtained by
Kopel in [25] for smooth functions and by Tao and Vu in [39] for small radii disc indicators.
Both mentioned results require %z, and Sz, being independent and having the first four
moments as in the Gaussian case (which is often referred as GinUE similarly to the Gaussian
Unitary Ensemble (GUE) in Hermitian case). The article [39] also deals with a local regime
for these matrices. It was established that under the same conditions the k-point correlation
function converges in vague topology to that for GinUE.

One can observe that non-Hermitian random matrices are more complicated than their
Hermitian counterparts. Indeed, the Hermitian case was successfully dealt with using the
Stieltjes transform or the moments method. However, a measure in the plane can not be
recovered from its Stieltjes transform or its moments. Thus these approaches to the analysis
fail in the non-Hermitian case.

The present article suggests to apply the supersymmetry technique (SUSY). It is a rather
powerful method which is widely applied at the physical level of rigor (for instance [15, 28]).
There are also a lot of rigorous results, which were obtained using SUSY in the recent years,
e.g. 8], [9], [32], [33], [34], etc. Supersymmetry technique is usually used in order to obtain an
integral representation for ratios of determinants. Since the main spectral characteristics such
as density of states, spectral correlation functions, etc. often can be expressed via ratios of
determinants, SUSY allows to get the integral representation for these characteristics too. For
detailed discussion on connection between spectral characteristics and ratios of determinants
see [37, 5, 23|. See also [16, 29].

Let us consider the second spectral correlation function Ry defined by the equality

E{2 > (AET)aAE'Z)) } = /77()\1,/\2)32()\1,/\z)dj\ld)qd;\zd)\z,
1<j1<ga<n 2

where the function n: C?> — C is bounded, continuous and symmetric in its arguments. Using
the logarithmic potential, Ry can be represented via ratios of the determinants of M, with
the most singular term of the form

77 0? E 2 det (Mp, — z)(My, — zj)* + 0,
8518(52 i=1 det ((Mn — ZJ)(Mn — Zj)* + €j)
0 0 -

The integral representation for (1.3) obtained by SUSY will contain both commuting and
anti-commuting variables. Such type integrals are rather difficult to analyse. That is why

~—

d61d€2 (1.3)
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one would investigate a more simple but similar integral to shed light on the situation. This
integral arises from the study of the correlation functions of the characteristic polynomials.
Moreover, the correlation functions of the characteristic polynomials are of independent in-
terest. They were studied for many ensembles of Hermitian and real symmetric matrices,
for instance (6], [7], [35], [36], [33] etc. The other result on the asymptotic behavior of the
correlation functions of the characteristic polynomials of non-Hermitian matrices of the form
H +4T, where H is from GUE and T is a fixed matrix of rank M, was obtained in [14]. The
kernel computed there, in the limit of rank M — oo of the perturbation I' (taken after matrix
size n — o0) after appropriate rescaling approaches the form (1.9). It was demonstrated in
[13, Sec. 2.2].

Let us introduce the mt™®

correlation function of the characteristic polynomials
m

fm(Z) :E{Hdet (M, — zj) (M, — z;)* }, (1.4)
j=1

where

7Z = diag{z1,...,2m} (1.5)

and 21, ..., 2z, are complex parameters which may depend on n. We are interested in the
asymptotic behavior of (1.4), as n — oo, for

G ,
zj=z20+—=, j=12,....m, (1.6)
vn
where zg, (1, ..., (m are m-independent complex numbers, and zp is in the bulk of the

spectrum, i.e. |z9| < 1. For GinUE the value of (1.4) is known. In [2] Akemann and Vernizzi
showed that

m . n+m—1 det(Kn(Z(-l),E(Q)))}n _
E{r[ldet (X ~ zj(.l)) (X - z](.2)) } - < I1 l!) A(Z(U;A((kZ(?))f) Lo
i

l=n
where
. B n+m—1 (Z’LT))Z
TL(ZJ U}) - Z l'
=0
and A(ZW) (resp. A((Z?)*)) is a Vandermonde determinant of zgl), ce 20 (resp. 29),
, Z,(fb)). Putting z](l) = z](?) = /nz; , z; of the form (1.6), one deduces from (1.7) that
m2—m fn(Z det(K (i, Cp))™

lim n= "7 (2) _ det(K(G C’“??v’f—l, (1.8)

n—00 f1(z1) - f1(zm) |IA(Z)]
where Z = diag{(y,...,(n} and

K (z,w) = e~ 12 /2=lul* /2420 (1.9)

The other result on the characteristic polynomials of GinUE matrices was obtained by
Webb and Wong in [41]. They showed that for any complex v with Ry > —2

2 2 (27[')%
E {|det(M, — z)|"} = ns ez =D 22201 4 o(1 1.10
{ldet(My, — 2)["} =n'se G(1+%)( +o(1)), (1.10)
where G is the Barnes G-function.
In this article the general case of arbitrary distribution, satisfying (1.2), is considered.
The main result of the paper is



Theorem 1. Let an ensemble of non-Hermitian random matrices M, be defined by (1.1)
and (1.2). Let also the first 2m absolute moments of the common distribution of entries of
M, be finite and z;, j = 1,...,m, have the form (1.6). Then

(i) the m'™ correlation function of the characteristic polynomials (1.4) satisfies the asymp-
totic relation

lim n—@ fm(Z) — oW @(1,|Z0|2)2,{2,2 det (K (¢, Ck))j}kzl

noo fi(z1) - f1(2m) ™, 20 IA(2)]?

I

where Cg?m 1s some constant, which does not depend on the common distribution of
entries and on (1, ..., Cm; k22 = B{|lz11|*} — 2 and K (z,w) is defined in (1.9);

(ii) in particular case (1 = --- = (= 0 we have
.. m2—m 2 m?2
E {]det(Mn . ZO)F’“} = Cl1) " (1ol w5 emnll20 =1 (1 4 (1)), (1.11)

(i7)

where C’m;ZO is some constant, which does not depend on the common distribution of
entries.

Remark 1. Going through the proof of Theorem 1 one can determine constants C’T(ri?zo and

Cr(rlf)zo Their values are

m—1 -1
e, =1, o) = (zw)mﬂ( 11 j!) .
j=1

Let us point out that kg2 = 0 in Gaussian case, and the result of Theorem 1 is in
full agreement with the results for GinUE (cf. (1.8), (1.10)). Theorem also shows that the
asymptotics of f,,,! is similar to the asymptotics of the m-point spectral correlation function
(see [39]).

The paper is organized as follows. Section 2 is devoted to the derivation of the suitable
integral representation for f,, by using the SUSY approach. In Section 3 we apply the steepest
descent method to the obtained integral representation and find out the asymptotic behavior
of f,,. In order to compute it, the Harish-Chandra/Itsykson—Zuber formula is used. For the
reader convenience both sections are divided into two parts treating the Gaussian and general
cases respectively.

Acknowledgement. The author is grateful to Prof. M. Shcherbina for the statement of
the problem and fruitful discussions.

1.1 Notations

Through out the article lower-case letters denote scalars, bold lower-case letters denote vectors,
upper-case letters denote matrices and bold upper-case letters denote sets of matrices. We
use the same letter for a matrix, for its columns and for its entries. Table 1 shows an exact
correspondence. Besides, for any matrix A we denote by (A); its j-th column and by (A)g;
its entry in the k-th row and in the j-th column.

The term “Grassmann variable” is a synonym for “anti-commuting variable”. The variables
of integration ¢, ¢, 0, ¥, p, £&, 7 and v are Grassmann variables, all the other variables of

'"Here and below we omit Z only if Z = diag{z1,...,2m}.



Set of matrices | Matrix | Column | Entry
Q Qp,s gy
= = €(P73)
e —p,s OCB

o ?; Pk
) 0; Orj
k7 b

Yiip,s yc(xﬂp )
U Ukj
Vv Ukj

Table 1: Notation correspondence

integration unspecified by an integration domain are either complex or real. We split all the
generators of Grassmann algebra into two equal sets and consider the generators from the
second set as “conjugates” of that from the first set. Le., for Grassmann variable v we use v*
to denote its “conjugate”. Furthermore, if T = (v;) means a matrix of Grassmann variables
then Y7 is a matrix (vj j). d-dimensional vectors are identified with d x 1 matrices.
Integrals without limits denote either integration over Grassmann variables or integration

over the whole space C% or R%. Let also dt*dt (t = (t1,...,tq)7 € C?) denote the measure
d
[ dt;dt; on the space C¢. Similarly, for vectors with anti-commuting entries drtdr =

j=1

d
I dT;de. Note that the space of matrices is a linear space over C. Thus the same notations
j=1
are used for them as well.
Through out the article U(m) is a group of unitary m x m matrices. In order to simplify
the notation we sometimes write (); instead of @);; and qgﬁ) instead of qg/;] ). In addition, C,
C4 denote various n-independent constants which can be different in different formulas.

2 Integral representation for f,,

In this section we obtain a convenient integral representation for the correlation function of
characteristic polynomials f,, defined by (1.4).

Proposition 1. Let an ensemble M, be defined by (1.1) and (1.2). Then the m™ correla-
tion function of the characteristic polynomials f,, defined by (1.4) can be represented in the

following form
(- (;) " / 9(Q)elem @@, (2.1)

where ¢, = 2271, Q = (Qp,s)p's=1 with even p + s, Qps is a complex (7;) x (") matriz,



Q=1 dQ;.dQy, and

p+s is even

0<p,s<m
F@Q=~- Y Q;.Qps+logh(Q); (2:2)
p+s is even
0<p,s<m

9(Q) = (WMQ)™ +n~?p,(Q)) exp{ —Cm Z tr Q;yst,s};

p+s is even

0<p,s<m
h(Q) = det A+ n 2h(Q2) + n 'pe(Q); (2.3)
3 (—Z
a-a@=(22 %) (2.0

with pa(Q), pC(Q) and B(Qg) being certain polynomials specified in the proof below, and Q
containing all Qp s except Q1.

Remark 2. Let Q1 = UAV™ be the singular value decomposition of the matrix @1, i.e. A =
diag{)\j}gﬂzl, Aj >0,U,V € U(m). In order to perform asymptotic analysis let us change the

variables @1 = UAV™* in (2.1). Since the Jacobian is ﬁA%AQ) H Aj (see e.g. [24])
j=1 ]_

we obtain

fy = Cem / A (A ] A [go (A, Q)+ 1gr<UAV*,Q>]
Jj=1 \F
D (2.5)

<exp{ (1= en) [0, Q)+ 7= 0AV". Q)| Fau@)du(V)anag,

where D = {(A,U,V,Q) | Aj > 0,5 =1,....,m, UV € U(m)}, pis a Haar measure,
dA = [] d; and
j=1

@ =- > trQ} Qps+logho(Q1); (2.6)

p+s is even
0<p,s<m

90(Q) = ho(Q1)" eXp{ —em D, Q;,stvs} -

p+s is even

0<p,s<m
ho(Q1) = det( 1n(0 Z*))— (20l + X2): (2.7)
7j=1
£(Q) = VA(F(Q) - ho(Q)): (2.8
0:(Q) = Vi9(Q) — 90(Q)).

Notice that fo(UAV™, Q) = fo(A, Q) and the same for gg.

Remark 3. In the special case m = 1 we have

fz) =" / exp {n( laf* +log(|2[* + [qf*) } dadg



Changing variables to polar coordinates and performing a simple Laplace integration, we

obtain
+oo
fi(z) =2n / T exp {n(—r2 + log(|2|* + 1”2))} dr =V2mn e"(|z‘271)(1 +0(1)). (2.9)
0

Remark 4. In the Gaussian case the representations (2.1) and (2.5) become much more simple
and have the form

£, = (”)m2/ F@)4QidQ,

(2.10)
/ / / A%(A?) H)\ x A (U dp(V)dA,
R U(m) U(m)
where
f(@Q1) = —trQ1Q1 + log det A. (2.11)

2.1 Proof of Proposition 1

The proof is strongly relied on the SUSY techniques. A reader who is not familiar with Grass-
mann variables can find all the necessary facts in [10] or [11]. For more serious introduction
to SUSY see [3].

The key formulas of the subsection are well-known Gaussian integration formula

/exp {—t*Bt — t*hy — hit} dt*dt = n"det ' Bexp{hi; B 'h,}, (2.12)
(Cn

valid for any positive definite matrix B and even Grassmann variables (i.e. sums of products
of even number of Grassmann variables) h1, ho, and its Grassmann analog

/exp {—7"Br — v, —vf 7} drtdr = det Bexp{v] B vy} (2.13)

valid for arbitrary complex matrix B and odd Grassmann variables (i.e. sums of products of
odd number of Grassmann variables) v}, va. Rewrite the expression (1.4) for f,, using (2.13)

and (1.1)

fm :E{/exp{ —gqu <\/15X—zj> ®j —;::0; (\/IEX—zj>*0j}d<I>d@},

where ¢;, 0 j, j=1,...,m are n- dimensional vectors with components ¢y; and 0y, respec-
tively, d® = H d¢+d¢j and dO© = H d0+d9 The terms in the exponent can be rearranged
Jj= Jj=



as following

m n
N X = —trTXP = tr dOTX = D (D),
= k=1
n

—ZO}X*GJ- = trOt X0 =tre0TX* = Z (OO0 kT,

k=1
m m n n m n
20721 =2 D rdn = DD Giymtn = ) el Zen
j=1 j=1k=1 k=1 j*l k=1
m m n
SUETES SOUIETIES 9 SITAED SLZA
j=1 j=1k=1 k=1 j=1
where © and ® are matrices composed of columns 61,...,0,, and ¢, ..., ¢, respectively,

pr = (®T)y, 9 = (0T), Z is defined in (1.5). Hence

fin :E{/exp{Zgochpk%—ZﬁZZﬂ%

k=1 k=1

n

1 n n
(I)<I>+ ik + — Z (@@+)kljkl d®dO ;. (2.14)
k,l=1 f k=1

To simplify the reading, the remaining steps are first explained in the case when the entries
of X are Gaussian.

2.1.1 Gaussian case

Taking the expectation in (2.14) we get

/exp { Zcp,chpk + ZWZ*ﬂk + Z (®D1) (007 }d(l)d@.

k,l= 1
Notice that

> (221)(00 ) = tr2dTOOT = —tr 0T (d7) 0T (O7)".
k=1

Then the Hubbard—Stratonovich transformation is applied. The transformation is an appli-
cation of (2.12) in the reverse direction. It yields

n mQ n n .
T (;) /exp { Zcp;&pk + Zﬂgz 9, +troT (@)@,
k=1 k=1 (2.15)
—trQieT (1) —ntr Qs }d@d@d@idczl,

where )1 is a m X m matrix. Transforming the terms

07 (@7)TQ1 = — (@) 7107 = = Y Qi0,

tr Q@7 (07)" = — (@) Qe = = > 9, Qi
k=1



one can rewrite (2.15) in the form

TTL2 * n
fu=(2) / dQidQie i I / e PPk df dpydd] Dy,
™
k=1

_ [Pk

Finally, integration via (2.13) leads us to (2.10).

where A is defined in (2.4) and

2.1.2 General case

(2.16)

In order to treat the general case let us introduce a notation for a kind of “Laplace-Fourier

transform”
W (tl,tg) — ) {et1x11+t2x11} .

Then the expectation in (2.14) can be written in the following form

= I v (e

k=1

X exp{ N Zgok+219+Z 19k}d¢>d@
k=1

ik, — (@@+)kl>

£
Il
—

n

:/exp{ ckat,ok—i-Zﬁ,':Z*ﬁk

k=1 k=1

+ Z 1og¢< )lk,\/lﬁ(@(a—ir)k:l) }dcbd@.

k,l=1

Expansion of log ® into series gives us

fim = /exp{ZLp;:Zcpk + Zﬂ:z*ﬂk

k=1 k=1

K S S
F3 3 e (@0 ) (00 }dq’dg’
k,l=1p,s=0
with
orts

Kp,s = P10, log ) (t1,12)

t1=t2=0
In particular,
ko,0 = 0;
k1,0 = Ro1 = E{z11} = 0;
Koo = Foz = B{zl,} — EX{an} = 0;
k11 = B{|en*} — [B{en})? =

(2.17)

(2.18)



Let us transform the terms in the exponent again

n

(@2 )w)" (007)w)"

k,l:l
p m
(z@%) (Souti) =3 3 [Tew ot 000
k=1 7j=1 k=1 a€Lm pq=1
BELm,s
p
p's! Z ) H Ors, H Fha H 2 H i6,
k=1 a€Llny,p r=s
BELm,s
n P S
ot (e o Mo, ) (S 1o ). @
a€lmp \k=1 =S k=1q=1 r=1
BELm,s
where
Im’p/:{aezp/\1§a1<...<ap/§m} (2.20)

At this point the Hubbard—Stratonovich transformation is applied. As it was mentioned
before, the transformation is an employment of (2.12) or (2.13) in the reverse direction. It
yields for even p + s

o {020 T ) (- T o T )

k=1q=1
n pts=2 25)_(p,5) pts=2 (kps) | ()2
- /exp{ -n- Zyﬁ 908 -n anﬂ Yap LAY }
k=1
x gy dgy?, (2.21)

where

o k7 ’
T = Vips(= H KB H Okay’
= (2.22)

Yl = s H Phay H Ok, -

q=1 r=1

Here and below we take a branch of the square root such that its argument is in [0, 7).
Similarly, for odd p + s we have

n s p
o {2 (v [T T o) (z o 1105 )}
k=1 r=1 g=1

k=1qg=1
_pts " ~ s +5 s * s
- fow{ et S - S ()
k=1 k=1
(p,S) (p» (p,S)
B <5aﬂ ) &y } (5 ) A€ - (2.23)

10



Then the combination of (2.17), (2.19), (2.21) and (2.23) gives us

fn = ( ) /ij H e—trup S—‘psd:+ (A=, H €_ntrQ;’SQP'SdQ;7Sde,S (2.24)

k=1 p+sis odd p+s is even
0<p,s<m OSILSSm
where
.jk = /eXp {bk72 + n71/2bk,4 + n73/4p((11) (Ea (Pa 6) + nilpgl) (Q) (I)’ 6)}
(2.25)
X dgok dcpkd19+dt9k,
b2 = — <tr 37k,1,1@1,1 +tr QilYk,l,l) + @l Zoy + 9 29y,
bk,4 = - Z (tr Yk,p,st,s + tr Q;,syk,p,s) ; (2'26)
p+s—4
o(=, 3, 0) Zn—o D2 (0 Vi + 0 E i )
pts=2j—1
1(Q.2,0) Zn G925 (0 Vi oQps + 1 Qi ) -
p+s=2j

In the formulas above Z, 5, Qp s, Ys p,s and Yy, ¢ are matrices whose entries are Igs), q;p[_} ),

yé o;p ) and y( :P:5) respectively. The rows and columns are indexed by elements of the set
Zm.p for corresponding p (or s) in the lexicographical order. Note also that p,(ll) and pgl) are
the first degree homogeneous polynomials of the entries of 2 and @ respectively, where Q

(1)

contains all the @, s except 1. One more thing we need is that all the monomials of pg

(1)

have odd degree w.r.t. ¢) and ¥, and all the monomials of ps’ have even degree w.r.t.
and 9.

Fortunately, the integral in (2.24) over ® and © factorizes. Therefore the integration can
be performed over ¢ and 19 separately for every k. Lemma 1 provides a corresponding
result.

Lemma 1. Let j; be defined by (2.25). Then
jrk = det A+ n7V20(Qq) + npe(Q) + n 3 ?pP(B, Q), (2.27)
where A is defined in (2.4),

hQs) = — / (tr Vi22Q2 + tr Q;Yk,Q,Q) ePe2dpt derd9f doy, (2.28)

pC(Q) and pg) (2, Q) are polynomials such that
(1) pc(0) = 0;
(ii) every monomial of p((f) has at least second degree w.r.t. B
Proof. The integral ji is computed by the expansion of the exponent into series. We start

with

k= / (1 + Y, T MRlE e, 6))k> ebiatn 2o a4 1p (Q.0,0)

1<k<4m/3
x depy dppdd; dy,, (2.29)

11



where the terms of degree higher than 4m w.r.t. ¢, and ¥y vanish, because the square of any
anti-commuting variable is zero. The monomials of odd degree w.r.t. ¢ and 19 also vanish
after integration. Indeed, for every odd degree homogeneous polynomial p the expansion of
P (Yk, V%) b2 b 440" pe(Q.2,0) into series gives us only odd degree terms. Whereas the
number of Grassmann variables is even, there are no top degree monomials and the integral
is zero. Thus (2.29) simplifies to

i = / (14072 (5, @,0)) ebratr™ ratnp Q)

x dit deppdd; dy,

(2.30)

3)

where p,”’ (2, ®,0) is a polynomial and its every monomial has degree at least 2 w.r.t. E and
at least 2 w.r.t. o and 9. Note that

_ 1 (A
/P&g)(E,fb,@)ebk,ﬁn Y2by gt pe! (@20 dp ! dprddf d9 = p{?) (B, Q), (2.31)

where ng)(E, Q) satisfies condition (ii). Substitution of (2.31) into (2.30) yields
i = / ebratn ™ 2onatn o (Q20) gt ooy d9F a9, + Y 2P (E, Q).
Further expansion implies
ik = / (1 +n7 Y24 + 07 1p2(Q, @, @)) ePv2dp deprdd; doy

+n"Y P (E,Q),
where pg) (Q, ®, 0) is again a polynomial such that pg)((), ®,0) = 0. Similarly to above we
obtain

o= / (14071200 ) er2depf dprdd] do,

+n7'pe(Q) + n PP (E, Q),

where p.(Q) satisfies condition (i).

Let us consider the expression (2.26) for by 4 in more detail. Every term in (2.26) with
(p,s) # (2,2) has different numbers of “non-conjugate” Grassmann variables (without “4”
superscript) and “conjugates” (with “4” superscript). But every term of by, 2 has equal number
of “non-conjugate” and “conjugate” Grassmann variables. The same is true for the expansion
of e’:2 and for top degree monomial of ¢, and 9. Hence for (p,s) # (2,2), p+s=4

/ <tr Vi psQp.s + tr Q;;,sykw) e 2dept dppdd; ddy = 0.
Therefore
k= / (1 — 712 (tr Vjo22Q2 + tr Q;Yk,m)) "2 dpl dopddf ddy,
+n7'pe(Q) +n ) (E, Q).

Recalling the definition of yggp’s) (2.22) and the values of ks (2.18), one can render by o

in the form

(2.32)

be2 = —p) Apr, (2.33)
where A is defined in (2.4) and py is defined in (2.16). Then (2.32) and (2.13) imply the
assertion of the lemma. O

12



A substitution of (2.27) into (2.24) gives us

n\ ¢m _ — n _irEr.E = _
b= (1) [ @+ Q) [ o Sz s,
p+s is odd
0<p,s<m

y H e—ntl‘ Q;;,SQP’SCZQ;’SCZQP:S’

p+s is even
0<p,s<m

where h(Q) is defined in (2.3). Further

(@) + 1A Q) =3 ()@ ol =, Q)"
k=0

because there are 2¢,, anti-commuting variables and every monomial of ng) has at least second

degree w.r.t. 2. Hence,

nyem em —1/2_(3) (= 1= s gt =
= (2)7 [ @ 40 B0 Q) [ e Sz s,

™
p+s is odd
0<p s (2.34)

x ™/ (Q)=emlogh(Q) 4y
where p((ls) is a polynomial and f(Q) is defined in (2.2). Taking into account (2.13) and the
definition of an integral over anti-commuting variables, one can perform the integration over
= in (2.34) and obtain (2.1).

3 Asymptotic analysis

The goal of the section is to investigate the asymptotic behavior of the integral representa-
tion (2.5). To this end, the steepest descent method is applied. As usual, the hardest step is
to choose stationary points of f(Q) and a N-dimensional (real) manifold M, C C¥ such that
for any chosen stationary point Q. € M,

RF(Q) < Rf(Q.), VQ € M,, Q is not chosen.

Note that N is equal to the number of real variables of the integration, i.e. in our case
N =22m,

The present proof proceeds a slightly different but rather standard scheme for the case
when function f(Q) has the form

@) = fo(Q) +n 2 1.(Q),

where fo(Q) does not depend on n, whereas f,.(Q) may depend on n. We choose stationary
points of fo(Q) of the form Q1 = UV, Q = 0, where )\ is a fixed real number and U and
V vary in U(m). Then the steepest descent method is applied to the integral over A and Q
In the process U and V are being considered as parameters and all the estimates are uniform
in U and V. As soon as the domain of integration is restricted by a small neighborhood we
recall about the integration over U and V. After several changes of the variables the integral
is finally computed.
We start with the analysis of fy.

13



22m

Lemma 2. Let the function fy: R — [—00,400) be defined by (2.6). Then fg(A,Q)
attains its global maximum value only at the point

Al:"':Am:)\Ov Q:07

where \g = 1/1 — \z()]?. Moreover, the matriz of second order derivatives of fo w.r.t. A and
Q at this point is negative definite.

Proof. Tt is evident from (2.6) and (2.7) that fo(A, Q) has the form

m

foAQ)=> fM)— D trQ; Qs (3.1)
Jj=1 (p,s)#(1,1)

where

Fo(X) = =A% +log(|20]* + A?).
Since fL(A) = 0 iff A = )\ and /\lim fx(\) = —o0, f«(\) attains its global maximum value
—00

only at A = \g. Furthermore, f/(\g) = —4A3. These facts and (3.1) immediately imply the
assertion of the lemma. O

As in the previous section we consider first the Gaussian case and then the general case.

3.1 Gaussian case

Now we proceed to the integral estimates. In a standard way the integration domain in (2.10)
can be restricted as follows
9 m
f,, = Cn™ / £2(82) T] Ay % AV dp(U)dp(V)dA + O(e/2),
X

J=1

where

Y ={(A U V) A <7

The next step is to restrict the integration domain by

0= {(40.V) A~ 8ol < 2221 (3.2)

where Ag = Agl, I is a unit matrix. To this end we need the estimate of Rf given by the
following lemmas.

Lemma 3. Let A be a m x m diagonal matriz such that |A|| < logn. Then uniformly in U
and V

FUMo+n" 20 V*) = —mX2 + 07 V2 t0(202 4 202%) + 0 Lt Zp 25

- 3.3
—n M tr(20A + 202y + ZoZ‘*/)Q/Q + O(n73/2 log® n) (3:3)

where

Zy = B*ZB. (3.4)

14



Proof. If Qy = U(Ag +n~Y2A)V* then A has the form
U 0 1 Uu* 0
A= (o ) () (0 0),
. —Zy  Ag . —Zy A

Taking into account that
_ —z0 Ao )] _
det Ay = [det <_/\0 —Zoﬂ =1,

log det A = log det Ay ' A = trlog(1 +n~/2A; Ay)

where

one gets

1 _ 1 _ ]og3n (3.6)
= ——trAgtA; — —tr(4;'4)?
\/ﬁ r 0 1 277/ r( 0 1) +O /7n3
uniformly in U and V. Moreover,
_ 2020 + XA —ZoA + N2
A=l — [ 202U T Aol 0/ 02y .
0 1 <—)\OZU + 208 XA+ 2Z5 (37)

Combining (3.6), (3.7) and (2.11), we get
FU(Ag +n"2A)V*) = tr [ — A2 =207V 0 0A — T PA? 4 Y2 (200A + 202y + 20Z27)
— n_l{(/\g — ‘Z0’2)1~\2 + 220)\03(][\ -+ 22’0A02‘*//~\

+ = (202y + 202})? — ZUZ‘*/}] + O(n_3/2 log® n).

1
2
The last expansion yields (3.3). O
Lemma 4. Let f(Q1) = f(Q1) — f(Ao). Then for sufficiently large n

2
max  RFUAVY) <~

1
9% <[ A— Ao <r n

uniformly in U and V.

Proof. First let us check that the first and the second derivatives of f, are bounded in the
d-neighborhood of Ay, where f, is defined in (2.8) and ¢ is n-independent. Indeed, since h
and hg are polynomials and h = hg on compacts

L ORS| _ | 1 0% | _ |0~ fo)| _ |0Cogh ~logho)
'\/ﬁ 2y _‘\/ﬁa/\j _‘ 2y _‘ 2y

For every diagonal matrix E = diag{e;} let v(E) denote a vector with components e;. Then

for every diagonal matrix E of unit norm and for 1(\)%1 <t < § we have

1L Ok 1 Oh|_C
ho (9)\]‘ ha/\j_\/ﬁ.

%W(U(Ao +tE)V*) = (Vafo(U(Ao +tE)V*),v(E))
+ 0 V2(VARS (U(Ag + tE)V*), v(E))
— (Vafo(Ao +tE), v(E)) + O(n~'/?),

15



where (-, -) is a standard scalar product. Expanding the scalar product by the Taylor formula
and considering that V fo(Ag) = 0, we obtain

DRI (N0 + LE)V*) = 1 (Ro)o(),0(B)) + 71+ On~2),

where f} is a matrix of second order derivatives of fo w.r.t. A and |ri| < Ct2. f{(Ao) is

negative definite according to Lemma 2. Hence %?R f(U(Ag 4 tE)V*) is negative and
~ i} - . . log?n
max RF(UAV*) = max  Rf(UAV") < f(UANVT) - C
28R <||A—Ao|<8 IA—Aol|="2%2 n

— f(Ao). (38)

Notice that f, is bounded from above uniformly in n. This fact and Lemma 2 imply that ¢
in (3.8) can be replaced by r

log?n

L max RF(UAV*) < f(UAV™) = f(Ag) = C
191 <A Aol|<r

It remains to deduce from Lemma 3 that f(UAoV*) — f(Ag) = O(n~!) uniformly in U and V.
O

Lemma 4 yields

fr = O™ nf<A0>< / NP(A%) HA x U 4u(U)dp(V)dA + O(e=C1 108" n))

7j=1

where €2, is defined in (3.2). Changing the variables A = Ao+ %A and expanding f according
to Lemma 3 we obtain
£, = Ck,, / A2 (R) exp { —tr(20oh + 202 + 2027)%/2 + r 225 )
NN (3.9)
% dpu(U)dp(V)dA(1 + o(1)),

where
k,, = nmz/Qe—mnAg-i—\/ﬁtr(?OZ-f—ZOZ*)' (310)

Let us change the variables V = WU. Taking into account that the Haar measure is invariant
w.r.t. shifts we get

fm = Cky / / / A?(A exp tr(2/\0/~\ + U202 + 2023, )U)? /2 + tr ZW*Z*W}
R™ U(m) U
x dp(U)dp(W)dA(1 + o(1))
= Cky, / / / AZ(A exp tr(ZAOUf\U* + (202 + 2025))%/2 + tr ZW*Z*W}
R™U(m)U
x dp(U)du(W)dA(1 + o(1)).
The next step is to change the variables H = UAU*. The Jacobian is %A‘Q(A)
(see e.g. [24]). Thus

f = Cky, / / exp {— tr(2\oH + (202 + 202Z57))/2 + tr ZW*Z*W}
X dpu(W)dH (1 + o(1)),
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where H,, is a space of hermitian m x m matrices and

dH = [ d(H);; [ ] dR(H);xdS(H) s
j=1

i<k

The Gaussian integration over H implies
£ = Cky / exp {tr ZW* Z* W} du(W) (1 + o(1)). (3.11)
U(m)

If Z =0, (3.11) immediately yields (1.11). Otherwise, for computing the integral over the
unitary group, the following Harish-Chandra/Itsykson—Zuber formula is used

Proposition 2. Let A and B be normal d x d matrices with distinct eigenvalues {aj}?zl and
{bj};l:l respectively. Then

a1 det{exp za,;by) }4
/ exp{ztr AU*BU }du(U <H] > /2AJ(A)AJ(]€B)1’
U(d)

where z is some constant, v is a Haar measure, and AN(A) = [] (a; — ax).
j>k
For the proof see, e.g., [27, Appendix 5|. Applying the Harish-Chandra/Itsykson—Zuber
formula to (3.11) we obtain

det{ecic—k}m _

which in combination with (2.9) yields the result of Theorem 1.

3.2 General case

In the general case the proof proceeds by the same scheme as in the Gaussian case. In
this subsection we focus on the crucial distinctions from the Gaussian case and refine the
corresponding assertions from previous subsection. Set

IRl=" > Q-

p+s is even
0<p,s<m
(p,s)#(1,1)

The generalization of Lemma 3 is

Lemma 5. Let ||A|| + Hé” <logn. Then uniformly in U and V

F(UA + n*1/21~\)V*, nil/QCf))
= — m)\% +n 12 tr(20Z + 202*) —n~ 1 tr(2)\01~X + z202u + Zoz{;)Q/Q
+n 7 r Zp 25+ n I Rag tr(APVU ) Qo + n TN Rz tr Q3 (AUV) (3.12)
—n! Z tr Q;SQ},,S + O(n_3/2 log® n),

p+s is even
0<p,s<m

(p,_s);ﬁ(_l,l)

where Zg is defined in (3.4) and N2B is the second exterior power of a linear operator B (see
[40] for definition and properties of an exterior power of a linear operator).
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Proof. Differently from the Gaussian case f has additional terms of the form tr @, ;Qp,s and
additional term n~Y2h(Q3) + n 'p.(Q) under the logarithm (cf. (2.2) and (2.11)), where h
and p. are defined in the assertion of Lemma 1. The contribution of the terms tr @}, ;Qp s to
the expansion (3.12) is evident. Furthermore, n~'p.(n~1/2Q) = O('rf3/2 log®n) because p.
is a polynomial with zero constant term. Hence, it remains to determine the contribution of
the term n~1/2h(Qs).
In order to simplify notations, let us omit index k in (2.28). Thus, now ¢ and ¥ denote

vectors

Pr1 Or1

: and :
@Z)km Hkm

respectively. Then (2.28) is written as

hQ2) = — / (tr Y52Q2 + tr Q;Yz,g) e dptdepddtdy,

where }7272 and Y59 are defined in (2.22) and by has the form (2.33). Therefore

n V2R 200) = 0 h(Oy) = — Y22 / doTdpddd9 =P AP
mn

* * ~(2 =(2 * *
X 30 (81,0, B Sy + Gt ke sl O )+ (3:13)
O‘vﬁezm,Z

where p is defined in (2.16), Z,,, 2 is defined in (2.20). Let us change the variables ¢ =U*p,
bt = oTU, 0 = V9, 6+ = 9TV. We have

ekﬁ19k52¢2a1¢2a2 = (Vé)ﬁl (Vé)b’z (¢~)+U*)a1 (¢~)+U*)a2

m m

_ N n Tx — Tx  —
= E : E , V8171 Oky1 V8272 Okys Pis, By 61 Plesy o
71,72=161,02=1

= Z (U181’71v52'72_U,31'72v5271)016710’“72(;5:51(1);;52

T2 (3.14)
X (ﬂaﬂslﬂ&ﬁz - ﬂ04152ﬁ01251)
= Z (/\QV)ﬁvékaNsz(Z)glgél(gzag(/\ZU*)éaa
77661—777,,2
where wji, = (U)jk, vjr = (V) k. Similarly
(z)kal ¢]€C¥29;:‘,81 HZﬂQ = Z (/\QU)OC'V(Z)’VVl ék“ﬂéz{ﬁ éZ(SQ (/\QV*)(S,B (315)
’77662771,2
Besides, )
ptAp=ptAp=ptAgp+ O Y?logn), (3.16)

where Ay is defined in (3.5) and

_ (& - (U* 0 U o0\ _[-UzU A
p_<é>’ A‘<o V*>A<0 V>_( —A —V*Z*V)'
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The “differentials” change as follows

do = det™' Udeg,

~ 3.17
de™ =det L U*dop™ (3.17)
and for d likewise. Eventually, substitution of (3.14)-(3.17) into (3.13) yields
—17 /A k2,2 0 0 T Tk *\ )
n Q) = Y f <9k719k72¢k51¢>k52 ((\20)@202v))

’Y»(SEImQ 7

27 7%\ )% [ A2 7 7 N*  N*
+ <(/\ V) Qa(A U))a d’kvl@f)kwekal@ksg) (3.18)

v

x e P APdgt dpd6*d6 + O (n~**1og® n)

uniformly in U and V. Due to the structure of Ag the integration can be performed over g?)kj,
01 separately for every j. Notice that

/Texp {-vtA'v} dggzjdd;kjdézjdékj =0,

where T is either gb’,;j, Dkjs H;;j or 0; and

() ()
ij —)\0 —Z0

Hence the terms with v # § in (3.18) are zeros. Furthermore, expanding the exponent into
series, one can observe that

[ sy by dns By =~ [ iy 48 dns057,d60; = .
It implies
n"th(Q2) = 1IN R (tr (AU Qa(APV) + tr(AVH)Q5(APU)) + o(n ™)
= n_l)\g\/@(tr(/\QVU*)Qg +tr Q3(A2UV™)) + O(n_3/2 log®n).
The above relation completes the proof of (3.12). O

An analog of Lemma 4 is

Lemma 6. Let f(Q) = f(Q) — f(No,0). Then for sufficiently large n

_ . log?
max  RFUAV*, Q) < -2 "
EE < A—Ao]|+]QlI<r n

uniformly in U and V.
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The proof needs only cosmetic changes because of additional variables Q Following the
proof in the Gaussian case one can see that (3.9) transforms into

£, = Cky / N2 (R) exp { — tr(20ok + 2020 + 2020)2/2 + tr 2y 2
Vi
+ N2\ Raz tr(APVU*)Qa + Ny /Raa tr Q3(A2UV?)
= Y 0@ Qs fAu(U)dp(V)AAAQ(1 + o(1)),

p+s is even
0<p,s<m

(p,s)#(1,1)

~

where k,, is defined in (3.10). The Gaussian integration over @ yields

2

fm = Cky, exp {mz—m)\é@g} /AQ(]\) exp { — tr(2)\0/~\ + Zo 2y + zOZ‘*/)Q/Z + tr ZUZ‘*/}

x dp(U)du(V)dA(1 + o(1)).

The last formula shows that there are no differences in further proof up to a high moments

independent factor exp {ng LDV P }
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