RAREFACTION WAVES FOR THE TODA EQUATION
VIA NONLINEAR STEEPEST DESCENT

IRYNA EGOROVA, JOHANNA MICHOR, AND GERALD TESCHL

ABSTRACT. We apply the method of nonlinear steepest descent to compute
the long-time asymptotics of the Toda lattice with steplike initial data corre-
sponding to a rarefaction wave.

1. INTRODUCTION

In this paper we consider the doubly infinite Toda lattice
A b(n,t) = 2(a(n, t)> — a(n — 1,1)?),
a(n,t) = a(n,t)(b(n + 1,t) — b(n, t)),
with steplike initial profile
a(n,0) = a, b(n,0) = b, asn— —oo,

(n,t) € Z x R,

(1.2) 1
a(n,0) — 3 b(n,0) = 0, asn — +oo,

where a > 0, b € R satisfy the condition
(1.3) 1<b-2a.

This inequality implies that the spectra of the left and right background operators
H; and H, have the following mutual location:

supo(H,) < inf o (Hy).

In the case when a = %, the initial value problem 7 is called rarefaction
problem. We keep this name for an arbitrary a > 0 and refer to the case a = %
as the classical rarefaction (CR) problem. The long-time asymptotics of the CR
problem were studied rigorously by Deift et al. [5] in 1996 in the transitional region
where £ := § =~ 0 as £ — +oo. To this end the authors applied the nonlinear
steepest descent approach for vector Riemann—Hilbert (RH) problems. Using the
same approach, our aim is to study the region % € (—2a+¢,—¢)U(e,1 —¢), where
€ > 0 is a sufficiently small number. Note that the regions % € (—o0, —2a —¢) and
% € (1 +¢,+00), which are called the soliton regions, can also be studied by the
vector RH approach (see [14] for decaying initial data a = %, b = 0). Although
the considerations for the soliton regions in the rarefaction case are somewhat more
technical than in the decaying case, they are essentially the same and lead to a
sum of solitons on the respective constant background. In our opinion, the classical

inverse scattering transform, with the analysis of the Marchenko equation, provides
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this result easier (|2, B, 4, [19]), and consequently we will not study the soliton
regions in this paper. On the other hand, the transitional regions % ~ 1, # ~ 0 and
% &~ —2a require further study and are also not the subject of the present paper.

For related results using an ansatz based approach see [15]. For results on the
corresponding shock problem see [T}, 16, 20] and the references therein. For a
general overview we refer to [17].

In summary, we will show that there are four principal sectors with the following
asymptotic behavior:

e In the region n > t, the solution {a(n,t),b(n,t)} is asymptotically close
to the constant right background solution {%,0} plus a sum of solitons
corresponding to the eigenvalues A\; < —1.

e In the region 0 < n < t, as t — oo we have

n 1 i-n 1
1.4 =2 (7> b(n,t) =1+ 2 (7)
(1.4) a(n,t) 2t+0 . (n,t) + " +0 ;
e In the region —2at < n < 0, as t — oo we have
1 1 5 1
(1.5) a(n,t):—”;t +o(3). b(n,t):b—Qa—“T?Jro(;).

e In the region n < —2at, the solution of (1.1))—(1.3) is close to the left
background solution {a,b} plus a sum of solitons corresponding to the
eigenvalues A\; > b+ 2a.

The main terms of asymptotics and are solutions of the Toda lattice
equation. The terms O(t~!) are uniformly bounded with respect to n, they are
differentiable with respect to ¢, and the first derivatives are of order O(3). In the
two middle regions we derive a precise formula for these error terms (see Theorem
and Proposition [6.1] below).

The following picture demonstrates the expected behavior of the Toda lattice
solution in the middle regions. The numerically computed solution in Fig. [I] cor-
responds to “pure” steplike initial data a(n,0) = %, b(n,0) = 0 for n > 0 and
a(n,0) = 0.4, b(n,0) = 2 for n < 0. The apparent line is due to the fact that
neighboring points are very close due to the scaling. We observe that the analyti-
cally obtained asymptotics , and the numerically computed asymptotics
match well. In particular, in the analytical case the coefficient b(n,t) has a jump
in the transition region ¥ ~ 0 as well.
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FIGURE 1. Toda rarefaction problem with non-overlapping back-
ground spectra o(Hy) = [1.2,2.8], o(H,) = [-1,1]; a = 0.4, b = 2.
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To simplify considerations we assume in addition to (1.2 that the initial data
decay to their backgrounds exponentially fast

o0
(1.6) > e (Ja(=n,0) — a| + [b(~n,0) — b| + |a(n,0) — 5| + |b(n, 0)|) < oo,
n=1
where v > 0 is an arbitrary small number. This condition allows to continue the
right reflection coefficient analytically in a small vicinity of the respective spectrum.

2. STATEMENT OF THE RIEMANN-HILBERT PROBLEM

Let us first recall some elementary facts from scattering theory for Jacobi op-
erators with steplike backgrounds from [7, 8, @] [I0] (see also [I§] Chapter 10 for
general background). The spectrum of the Jacobi operator H(t) associated with
the equation

(2.1) H(t)y(n) :=aln—1,t)y(n—1)+b(n,t)y(n)+a(n,t)y(n+1) = Ay(n), A € C,

consists of two intervals [—1, 1JU[b—2a, b+ 2a] of continuous spectrum with multiplic-
ity one, plus a finite number of eigenvalues, {A;}72, C R\ ([—1,1]U[b—2a, b+ 2a]).
In addition to the spectral parameter A\ we will use two other parameters z and (,
connected with A by the Joukovski transformation

(2.2) /\:%(z+z_1):b+a(C+C—1), |zl <1, [¢] <1

Introduce the Jost solutions ¢ (z, n, t), ¥(z,n,t) of (2.1) with asymptotic behaviour
lim z7"Y(z,n,t) =1, |z| <1; lim ¢"e(z,n,t) =1, [¢|<1.
n——oo

n—oo

Denote

@ =2z2b—-2a), q==z0b+2a), z;==z2(;), j=1,...,N,

2N =A— VA2 1.

The points z = —1 and z = 1 correspond to the edges of the spectrum of the right
background Jacobi operator, and g and ¢; correspond to the respective edges of
the left background operator. We will call the points z; discrete spectrum. Denote
T={z:]z] =1} and D = {z : |z| < 1}. The map z — X is one-to-one between the
closed domains D := clos(D\ [g2, ¢1]) and D := clos(C\ ([—1,1] U [b — 2a,b + 2a])).
We treat closure as adding to the boundary the points of the upper and lower
sides along the cuts, while considering them as distinct points. Since the function
(™pe(2) is in fact an analytical function of ¢, it takes complex conjugated values on
the sides of the cut along the interval I := [g2, ¢1], which we denote as I +1i0. Note
that z € I — i0 corresponds to the arc ¢ € {|¢] = 1,Im ¢ < 0}. The Jost solution
y(2) takes equal real values at z, z~! € T, which yields the respective properties of
the scattering matrix as a function of z. This matrix consist of the right (resp., left)
reflection coefficient R(z,t) (resp. Re(z,t)), defined for |z| =1 (resp., |¢| = 1), and
the transmission coefficients T'(z,t) and Ty(z,t) defined on ®. They are connected
by the scattering relations

T(ZJ)W(Z,HJ) = w(zvnvt) + R(Zat)'(/)(zvn7 t)v |Z| =1,
To(z, ) (z,m,t) = e(z,n,t) + Re(z,t)e(z,n,t), 2z €I +i0.

where
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Here we list only those properties of the scattering data which will be used in the
present paper. Moreover, let z;, 1 < j < N, (note |z;| < 1) be the eigenvalues and

set
(ZwQ(Zjﬁnﬂt))iQ? jzla"'7N7
Z

(2.3) x(z,t) = — 1in(1) T(z —ie,t)Te(z —ie,t), z€l.
e—

75(t) :

The set of the right scattering data
(24) {R(Z7t)v S T; X(th)v S I; (Zjv’}/j(t))v 1 S ] S N}

defines the solution of the Toda lattice uniquely. Under condition it has the
following properties ([5], §]):
e The function R(z,t) is continuous and R(z71,t) = R(z,t) = R~1(2,t) for
z € T. We have R(—1) = —-1ifz=—-11s non—resonantEfand R(-1)=1
if z = —1 is resonant. The function R(z) can be continued analytically in
the annulus e™” < 2] < 1.
e The right transmission coefficient T'(z,t) can be restored uniquely from
for z € ©. It is a meromorphic function with simple poles at z;.
e The function x(z,t) is continuous for z € (g2,¢1) and vanishes at ¢;, i =
1,2, iff ¢; is a non-resonant point. If ¢; is a resonant point, x(z) = (z —

qi)_l/ 2. The transmission coefficient has the same behavior at ¢; as x(z,t).
On the set © we define a vector-valued function m(z) = (mq(z,n,t), ma2(z,n,t))
(2.5) m(z,n,t) = (T(z, t)e(z,n,1)2", P(z,n,1)27").

Lemma 2.1 ([I1]). The components of m(z,n,t) have the following asymptotical
behavior as z — 0

1(z,m,t) HQCL], <1+22ib(m,t))+0(22),
2(z,m, 1) U2a], (1722 Z >)+O( ).

m=n+1

(2.6)

Evidently m1(z) is a meromorphic function with poles at z;. Let us extend m
to the set {z: |z| > 1} \ I*, I* := [¢; ', ¢ '], by m(2~1) = m(z)o1, where o} is the
first Pauli matrix. Recall that the Pauli matrices are given by

0 1 0 —i 1 0
01 = 1 0/ 02 = i 0 ) 03 = 0 —1)/°

we will also use them in abbreviations as for example

e = (T 0.

Moreover, mso(z) is a meromorphic function in {z : |z| > 1} \ I* with poles at zj_l

By definition the vector function m(z), z € C, has jumps along the unit circle
and along the intervals I and I'*. The statement of the respective Riemann-Hilbert
problem with pole conditions is given in [5]. We will not formulate this problem

IThe point 2 € {-1,1,q1,¢2} is called a resonant point if W(2,t) = 0, where W(z,t) :=
a(n—1,t)(Ye(z,n—1,t)(2z,n,t) —pe(z,n, t)Y(z,n —1,t)) is the Wronskian of the Jost solutions.
If W(2,t) # 0, then £ is non-resonant.
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here, but instead give an equivalent statement which is valid in the domain & :=
% € (—2a,0) U (0,1) we are interested in. In this domain we can reformulate the
initial meromorphic RH problem as a holomorphic RH problem as [5] [14]. We skip
the details and only provide a brief outline below.

Throughout this paper, m (z) (resp. m—(z)) will denote the limit of m(p) as p —
z from the positive (resp. negative) side of an oriented contour .. Here the positive
(resp. negative) side is the one which lies to the left (resp. right) as one traverses the
contour in the direction of its orientation. Using this notation implicitly assumes
that these limits exist in the sense that m(z) extends to a continuous function
on the boundary. Moreover, all contours are symmetric with respect to the map
z + 271, ie., they contain with each point z also z~!. The orientation on these
contours should be chosen in such a way that the following symmetry is preserved
for the jump matrix of the vector RH problem and for its solution.

Symmetry condition. Let S be a symmetric oriented contour, which contains
a symmetric arc ¥ = X NT. Then the jump matriz of the vector problem m4(z) =
m_(z)v(z) satisfies
2.7) W) P =owiz Yo, aszel; v(z)=ow(z Doy, aszeN\X.
Moreover,

(2.8) m(z) =m(z Yoy, aszeC\3.

If we reverse the orientation of the contour, we will denote this contour by I
Most of our transformations are conjugations with diagonal matrices, so it is
convenient to use the following

Lemma 2.2 (Conjugation, [13]). Let m be the solution on C of the RH problem
m4i(z) = m_(2)v(z), z € X, which satisfies the symmetry condition as above. Let
d:C\ 3 — C be a sectionally analytic function. Set

(2.9) m(z) = m(z)[d(z)]",
then the jump matriz of the problem m = m_v is given by
V11 U12d2 &
(v21d2 V22 ) ’ PEEAE,

<
I

d_
——U11 U12d+d_
< dy dl > 5 pE 3.

-1 5-1
'U21d+ d_ a V22

If d satisfies d(z7') = d(2)~! for 2 € C\ %, then the transformation (2.9) respects
the symmetry condition.

Recall now that the behavior of the solution of the RH problem is determined
mostly by the behavior of the phase function

(2.10) D(z) =D(z,¢) = %(z —z7") +&log 2.

In the domain £ € (0,1) which we study in more detail, part of the eigenvalues lie
in the domain Re ®(z) > 0 (namely the points zx € (—1,0)) while the remaining
eigenvalues belong to the set Re ®(z) < 0. The pole conditions at the eigenvalues
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are given by ([14])

. 0 0
Res., m(z) = lim m(z) (—zj 200 (2,) 0) ,

z—rzj 'yje
0 Z‘]—l'_yj th@(Zj ))

Res -1m(z) = lim m(z) (0 0

j —1
Z—rZ,
J

Let § be a sufficiently small number such that the circles T; = {z : |z — z;| =
0} around the eigenvalues do not intersect and lie away from the set T U I (the
precise value of § will be chosen later). We consider the circles as contours with
counterclockwise orientation. Denote their images under the map z — 2z~ ! as T3.

These curves are not circles, but they surround the points z;° ! with minimal distance

from the curve to z; given by ﬁ. The curves T are oriented counterclockwise
J J

as well. Now redefine m(z) inside these curves according to

() {m(z)A@, I = 5l < SpU{l=" = 5] < a1},

m(z), else,

Zjvj€
Z—Zzj

1 0
Az) = < 208(2) 1) , |z =2zl <6, and A(z7") = 01 A(2)0;.

Then the vector function m"°! is holomorphic near zj, 2 1 and has an additional
jump,
mhil(2) = mtY(2)A(2), ze€T;U T;.
Let
-1
z—z
(2.11) Piz)= [ lal—2

be the Blaschke product which corresponds to the eigenvalues z; which lie in the
domain Re ®(z) > 0 (if any). Introduce a second matrix

1 z_tgc(z )
Al(Z) B <— Zk’Yke“Nzk) Zk’YkeO ) [P(Z)]_US’ |Z - Zk| < 57
Z—Zk

for z; € (—1,0), and continue its definition in the interior of T} by the symmetry
condition

Ai(2) = 0141(z " Noy, |27 —z] <6

At all other points of C away from the curves T U T}, z; € (—1,0), define A;(2)
by Ai1(z) = [P(2)]77%. Since the Blaschke product satisfies P(z71) = P~1(z) we
have A;(z71) = 01A;(2)o1 everywhere. Now conjugate the vector m"! by setting

mi(z) = mh°l(2) A1 (2), zeC.

Then the vector m'™(z) is a holomorphic function in

N
C\{TuIuI*uT’}, T :=|]JT,uUT;,
j=1
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and solves the jump problem mi?(z) = m™(2)B(z), z € T%, in neighborhoods of
the discrete spectrum, where (cf. [14])

| GmzP)
zpype’ PR for 2 € T, 2z € (—1,0),
212)  B(z)=¢ \° 1
o1B(z7Y)oy, for z € T}, 2z, € (—1,0),

[P(2)]72 A(2z)[P(2)] 7%, forze TR, UT}, ze€(0,1).
We observe that the matrix B(z) respects the symmetry property and
IB(2) — I|| < Ce~tlinfeRe@(z0)l -, T3 < ¢<1.

Here the matrix norm is to be understood as the maximum of the absolute value
of its elements.

Consider the contour I' = TU I U I* U T?, where the unit circle T is oriented
counterclockwise and the intervals I, I* are oriented towards the center of the
circle. Continue the function to I* by x(z) = —x(z7!). Then the following
proposition is valid (cf. [5], [14]).

Proposition 2.3. Suppose that the initial data of the Cauchy problem f,
satisfy . Let {R(2),|z] = L;x(2),z € I;(%,7j),1 < j < N} be the right
scattering data of the operator H(0). Suppose that the operator has no resonances
at the spectral edges b — 2a, b+ 2a. Let £ = % € (0,1). Then the vector-valued
function m™(z) = m™(z,n,t), connected with the initial function by

mM(2) = m(2)[P(2)] 7%, asz€{z: 2T — 2] >4, 1<j< N},

is the unique solution of the following vector Riemann—Hilbert problem: Find a
vector-valued function m™ (z) which is holomorphic away from T', continuous up to
the boundary, and satisfies:

I The jump condition mf(z) = m™ (z)v(z), where

0 _p2 (Z)We—%d)(z)
(Pt 1 ). em

v(z) = <P 2(2 )th) 2t (2) 2) zel,

2 —2t<1>(z)
(3 PHEx(z)e ) cer
B(z), z € T°.

Here the phase function <I>( ) =®(z,n/t) is gwen by (2.10), the matriz B(z)
by -, the function P(z) by -, and x(z) by (2.3).

II. The symmetry condition mlm(z D = mini(2)ay.
1II. The normalization condition

(213) mini(o) (m11n17m12n1)’ mllnl . mi2ni _ 1, 1n1 > 0.

Remark 2.4. We assume that the points b — 2a and b+ 2a are non-resonant. This
means that the initial vector function m has continuous limits on I, I* and that
x(2) is bounded there (otherwise T(z) ~ (z — ¢;)~'/? and both m and the jump
matrix have singularities). When & € (0,1) we have I C {z : Re ®(z) = ®(z) < 0}.
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Moreover, the matrix v(z) satisfies the symmetry property v(z) = o1v(2 7)oy on I
and I*. It also admits the estimate

HU(Z) - ]I”LOQ(IUI*) é Ce_t‘@(‘h)l.

We omit the proof of Proposition which is essentially the same as in [5] [14].
Note that the normalization condition mi* > 0 holds since it holds for the initial
function m and by definition, P(0) > 0. Uniqueness of the solution can be proved
as in [IJ.

3. REDUCTION TO THE MODEL PROBLEM

In this section we perform three conjugation-deformation steps which reduce the
RH problem I-III to a simple jump problem on an arc of the circle with a constant
jump matrix, plus jump matrices which are small with respect to t. The jump
problem with the constant matrix can be solved explicitly. Note that the property
|R(z)| = 1 for z € T does not allow us to apply a standard lower-upper factorization
of the jump matrices on an arc of T and subsequent ”lens” machinery near this arc
(see [I4]). This is why we first need to find a suitable g-function ([6]).

Step 1. In this step we replace the phase function by a function with “better”
properties. The g-function has the same asymptotics (up to a constant term) as
®(z) for 2 — 0 and z — oo and the same oddness property g(z~!) = —g(z). In
addition, it has the convenient property that the curves separating the domains
with different signs of Re g(z) cross at points z9(§) € T and Zo(€), where g(zp) =
g(Zo) = 0. A second helpful property of the g-function is that it has a jump along
the arc connecting zo and Zy which satisfies g4 (z) = —g_(z) > 0. This simplifies
further transformations, because with this property and Lemma[2.2) we do not need
the lens machinery around this arc. Note that the point zy does not coincide with
the stationary phase point of ®. Recall that for £ € (0,1), the curves Re®(z) =0
intersect at the symmetric points —£++/£2 — 1 € T, which are the stationary points
of ®. That is, the stationary phase point corresponds to the angle ¢g € (0, 7) where
cos g = —&. Set

(3.1) 29 = €% where cosfy =1—2¢, 6y € (0,7).

Introduce

(3.2) /\/ o, 17§)(1+ )Cis

where /s > 0 for s > 0, and the cut of the square root in (3.2 is taken between
the points zy and Zj along the arc

Y={2€T:Rez <Rezyp=cosby}.

We orient this arc in the same way as T, i.e., from zy to Zg.

Lemma 3.1. The function g(z) satisfies the following properties:
(a) ®(2) —g(z) = —K() €R as z — o0;
(b) g(*) =0;

(€) g(z7!) = —g(2) as z € C\ &;

(d) It

d) It has a jump along the arc ¥ with g4 (z) = —g_(2) >0 as z # 25 ;
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(e) In a vicinity of 2o,
9(2) = C(00) (2 — 29)*/2el(G ~ 0)(1 +o(1)), C(6y) >0
In particular, g(z) = C(600)(|z — 20])*>/?(1 + 0(1)) as z € X.

Proof. We first prove that our choice of zg yields ®(z) — g(z) = O(1) as z — co. To
match the asymptotics of g(z) and ®(z) in (2.10)) we compute

00 =3 (- ) (-2 =505 -2 D) vol)

as z — 0o, and hence

1 71
(1 - ZO—’—T'ZO) log z 4+ O(1).
Now choose
Zo + 2o !
2
which implies that cos 00 = 1 — 2¢ as desired. To prove property (b), substitute

s=¢? and zp = €% in , then

=1-2¢,

2m—0o i0 _i6
9(75) = 1/ \/ e=i(80+0))(e0 — gifo) w#dg
21— 90
=iV2 y/ cos — cos b cos gd@.
fo

For 6 € [y, 2m — Gp], we have that f(§) = cosfy — cosf > 0 and f is even with
respect to o, f(m — ) = f(m + «). Moreover, cos(T£2) is odd with respect to «,
cos(T5%) = —cos(™£%). Hence the substitution § = 7+« with —7+6y < o < 76y
yields

T—60o
9(%0) = V2 \/mcos(”;—“)da =0.

00—71’

Now it is straightforward to see (c), because the integrand can be represented as

1 -1 —1 -1
(3.3) d \/s+s 20+ % s+s .h(s).

696 =7 2 2 2 "

Since h(s™!) = h(s), one obtains by replacing s = ¢!

g(z7h) = /Z Me)ds _ —/: M)t _ —/Z h(tt)dt —9(%) = —9(2).

S t

For property (d), note that due to their equal asymptotical behaviour, the signature
table for g as z — 0 or z — oo is the same as the signature table for ® (see Fig. .
The line T\ ¥ corresponds to Reg = 0. Indeed, if z; = €' and Re z; > Re 2y, then

g(z1 \/cosﬁ — cos B cos( g de € iR.

The function g(z) has a jump along the contour ¥, but the limiting values are real
(compare with the proof of (b)). Thus Re gy = g+ > 0 (because this limit is taken
from the domain where Reg > 0). Respectively, Reg_ = g_ < 0 and g4 = —¢g_.
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Now we are ready to finish the proof of property (a). Since g(z) satisfies (c) we
have g(1) = 0. By use of (3.3) and (2.2), and taking into account that

dz dX A2 g g
—_— =, D(z) = — 7d1‘,
A2 —1 ( ) 1 Va2 —1
we obtain for z — +0, that is when v/ A2 — 1 > 0 as A > 1, the asymptotic behaviour
(3.4) B(2) —g(2) = K(&) + k()2 +0(2?), asz—0,
where
o —142 1) —x—
(3.5) K(€) :/ Vi -1+ Oft 2T e R, k(€)= 1— 26+ €2
1 e —
Differentiating (3.5) we also get
d
. — K (&) = —logé&.
(3.6) () = —losg

To prove (e) we decompose (3.2 in a vicinity of zg and integrate. Since arg(z —

20) = (=37 4+ 60)(1 4 0(1)) for 2 € ¥ in a small vicinity of 2o, then arg(z — z9)/? +
Z — 3% — _927(1+ o(1)), which implies the second claim of (e). O

The signature table for g(z) is given in Fig. With this description of the g-

Reg=0
Re® =0

Reg <0

FIGURE 2. Signature table for g(z).

function we introduce the function d(z) = e!(®()=9(2)) Tt satisfies the conditions
of Lemma Let m"(z) be the solution of the RH problem I-III. Set

m (z) = m™(2)[d(2)] 7,
then this vector solves the jump problem m(j)(z) = mg)(z)v(l)(z) with

0 —R(z)e2t9(2)
(R(z)e%g(z) 1 , z€T\X,

D=9 (0 -RE)
v (z z
(R 2) 62t9+(2)) ) z €3,

(
E(z), z €2,
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where the following notations are introduced,
R(z):= R(2)P™%(z), Z:=1UI"UT’,

( ! 0) zel
B(e) e ) \P PN 1) ’
o1 B(z o, zelI*,
[d(2)]72B(2)[d(2)] =7, zeTo.
The matrix B(z) was defined in (2.12). Note that in the non-resonant case for
z=¢q and z = @
sup [|E(2) —I|| = [|E(2) = || poo (rur-y < Cetotal,

zelUI*

(3.7)

To obtain an analogous estimate on T?, we now have to adjust the value for ¢.
Denote
i%f|©(2k)\ =J>0, k=1,...,N.

By continuity of the difference g(z) — ®(z), choose § > 0 so small that

J
sup sup [g(z) — ®(2)] < .
k z€Tg

Then B
sup | E(z) = 1|l = |E(2) = T|| oo (rsy < Ce™ 7.
2€To
Step 2: On T\ 3, the jump matrix can be factorized using the standard upper-
lower factorization ([5, [14]). Let C be a contour close to the complementary arc
T\ X with endpoints zg and Zy and clockwise orientation. Let C* be its image under

the map z — 2z~ !, oriented counterclockwise.

ar az "

FI1GURE 3. Contour deformation of Step 2.
Denote the regions adjacent to these contours by 2 and Q* as in Fig. |3] and set

! 0 e
z
W) —R(2)e?9=) 1)’ ’
zZ) =
0'1W(271)01, S Q*,

I, 2eC\ (QUD).
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Redefine m™) inside Q and Q* by m®(z) = m()(2)W(z). The new vector does
not have a jump along the arc T \ X, and satisfies mf)(z) = m(_z)(z)v@)(z) with

v (z) = vW(2), z€XUE,
W-(z), zecCcucC*.

The symmetry and normalization conditions are preserved in this deformation step.

Before we perform the next conjugation step, we have to study in detail the
solution of the following scalar conjugation problem: find a holomorphic function
d(z) on C\ X, such that

(3.8) di(2)d_(2) =R(z)R™Y-1), zex,
(3.9) () d(z"Y)=d'(2), zeC\%; (i) d(x)€R.

Remark 3.2. As for any multiplicative scalar jump problem with nonvanishing
jump function on a contour in C, one can find its solution via the associated additive
jump problem and the usual Cauchy integral. However, the representation via the
usual Cauchy integral requires a prescribed (and known) behavior of the solutions
at co. On the other hand, this representation cannot provide , unless the jump
functions are not even on X. For example, condition (3.9), (i), implies log d(1) =0,
which cannot be obtained by the usual Cauchy integral. That is why we use the
Cauchy integral with kernel vanishing z = 1,

1/s+2z s+1
1 Oz, ) = = - .
(3.10) o= (222 -2

In order to solve the conjugation problem (3.8))—(3.9)), we first solve an auxiliary
conjugation problem: find a holomorphic function F(z) in C\ X, bounded as z — oo
and such that

(311) Fy(2)=—-F_(2), 2€%; F(z')=-F(2), 2€C\'Y; F(x)€R.

Since there are two associated additive jump problems, log F; (z) = log F_(z) i,
z € %, and since

ir [*°

d _ 1\ /2
()" = log <Z°Z ) :
27 J 4, s 20— 2

the solution of the jump problem in (3.11)) can be given by

I3 1 20z — 1 1/2 20— % 1/2

(z)_ﬁ (zoz> _<zozl> '

The symmetry F(27!) = —F(z) is evident from here. It turns out that this symme-
try implies that F, (s) is an even function for s € ¥. Moreover, F' (s) is real-valued
as s = el and 0 # 6y,

(3.12)

1/2 1/2
Fi 19) 1 sinw / Siny / NG singcos%“ cR
e’) == — — | —= =Vo—2"""2 ,
* 2i sin y sin w Vcos by — cosf
because cos 6 < cos 6y on the arc 3. On the other hand,

z:l (z0+1)(z—1) ~cos (z—1)
(319 e 20 /(20 — 2) (202 — 1) * V(= 20)(z — %)

)



RAREFACTION WAVES FOR THE TODA EQUATION 13

and in particular, F(1) = 0 and F( ) =—F(0) =cos % € R.
Now assume that d(z) solves (3.8)-(3.9) and introduce the function f(z) :=

F(z)log cZ(z) Then , (13.9), and (3.11)) imply that this function should solve
the jump problem

(3.14) f+(2)=f-(2)+h(z), z€X, whereh(z):=F.(z)log 7;3((_?)

Moreover, f(z~1) = f(z) should hold for z € C\ X and f(oc) € R. The jump (3.14))
can be satisfied by

(3.15) f(z)li/:h(s)(‘”z‘s“) ds.

47 s—z s—1)/ s

One has to check that the other two conditions are satisfied too. The function
log =y is an odd function. Indeed, recall that the reflection coefficient R(z) is

a continuous function which satisfies R(z7!) = R7!(z), |R(z)| = 1, and so does
P?(z), which implies R(z71) = R~!(z). Since F;(z) is an even function, h(z) is
an odd function on X, and the required evenness of f can be directly verified from
B15).

To check that f(oo) € R recall that |R(z)| = 1 yields h(z) € iR. When z — oo
the first integrand in (3.15]) vanishes due to oddness of h. For the second we obtain

1 Z s+ 1ds 1 2m—bo 0
floo)=—= | W) —— == h(0) cot(£)do € R.

Since 1 ¢ ¥, the function f(z) is holomorphic in a vicinity of z = 1 and has a zero at
least of first order there. Hence F~1(z)f(z) is well defined, it satisfies the required
additive jump problem for log d(z), the symmetry F~1(2)f(z) = —F~1(z"1) f(z™1),
and F~'(c0)f(c0) € R. Thus, d(z) = 1)1 (2) solves the conjugation problem
(3-8)—(3.9) and combining (3.10), (3.12)—(3.15) we obtain

- \/f 2m—0o 0y O 0 i @
(3.16) d(z) = exp (2 — 20) (2 — Z0) / arg X R(e?) Q(z,¢?)sin§ )
Var(z=1)  Ja, (—1) Vcosflo — cosf

Moreover, taking into account that

(z,5) 2s
z—1  (s—2)(s—1)

and using the first equality in (3.13) we obtain another representation for d(z),

i VG- oz —1) (@ log (" ds )
. d(z) = ex .
(317 d(2) p< . A[w

2ri 20 — 8)(z08 — 1)]4(s — 2)

Lemma 3.3. The solution of the conjugation problem (3.8)—(3.9) given by (3.16)
has the following asymptotic behavior as z — oo

(3.18) d(z) = eAOFHEH0ET),
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where
(3.19)
A(6) = 1 2m—bo P — 2u'(6) sin § u(@)cosgda,
Vor Jo 451112 ¢
0 2
(3.20)

1 271'—90

V2r Jo,
and u(0) := arg (R(em) )

B(£) = 26A(€) — V/cos 0y — cos (2u/(0) sin & + u(0) cos §) db,

R(-1)

Remark 3.4. The function R, which is in fact a function of the spectral parameter
A, depends on 6 via R(cos@), therefore the derivative of u(f) is a real valued
function.

Proof. The function u(6) is an odd function of 6 on the interval of integration in
the sense that u(§ — ) = —u(5 + a). In the same 5en5e sin g(cos 6y — cos )~ 1/2
is an even function. Takmg thls into account as well as we have for z — oo

u(0)(z,e?) sin & ) ( el? ele> u(0) sin § N
1 = —1 - N s
v/cos by — cos v/cos by — cosf

el —1 2z
u(@)  2u(f)sin g > d u(0) sin § u(6) 9
=| - + v/ cosfy — cosf — +0 ;

< 2sing z do o8t — cos 2\/cos 0y — cos 6 + z (™)

0(z7?)

where

—iu(f) cos f'sin §

u(0) =
v/cos by — cos

is an odd function, @4(5 — «) = —u(5 + «). Integration by parts then yields

(3221) 6 i 0 2m—0 [

=00 4(0)Q 7 sin 5 =% 2u(f)sin 3

i/ )z e )Sm2d0: v/ cos by — cos @ < u )Sm2>d9
0o v/cos by — cosf %o a6

plus the term of order z=2. On the other hand,

(z—20)(z—Z) 1 1 —cosfy -2 oo
Van(e 1) ‘m(” : )*O( h o Zeo

Combining this with - 3.21]) yields (3.19| - and - [l

Lemma 3.5. The function d(z) satisfying (3.8)—(3.9) has the following asymptotic
behavior in a vicinity of zg,
(3.22)

d2(2)R(z) = R(-1)+ O(vz — 20), 2 ¢ %, E?Ez; =14+0(Wz—2), z€X.

Proof. We will use the representation (3.17). To simplify notation set
r(s) =log(R(s)R™1(=1)), q(s,20) = /(20 — 2)(202 — 1).

2smf

Then

logd(z) = q(z,%o) /ZO o ris)ds = J1(2) + J2(2),

2 570)]4 (5= 2)
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where

2,7 20 (p(s) —r(z0))ds 2,7 =0 ds
nie) = W) [7OC)ZTCDE ) 2220 | .
2mi /5, la(s,20)l4 (s — 2) 2mi S, la(s,20)]+(s — 2)
Since r(s) —r(z0) ~ (2 — 20), the integral in J;(z) is Holder continuous in a vicinity
of zg. Therefore,
(3.23)

- — Ly 1—22 [ (logR(s) —logR(z0))ds
Ji(2) = I(z0)Vz = 20, I(z0) = =5 /ZO [v/(z0 — 8) (205 — 1)]+(s — 20)

On the other hand, since
1 1 1
= + , ZEYN,
2[q(2, 20)]+  2[q(2;20)]-  [q(2s20)]+

and (q(z,20)) " — 0 as z — oo, we have

1 1 =0 ds
QQ(Z, ZO) B Tm /zo [Q(S, ZO)]-F(S - Z)7

and Jo = r(zo) Therefore,

2
~ 1 R
logd(z) = 3 log R((Zol)) + I(20)Vz — 20,
and (3.22)) follows from (3.23)) in a straightforward manner. O

Step 3 Define m® (z) = m®(2)[d(z)]~7*, then our previous considerations lead
to the following statement.

Theorem 3.6. The vector function m®)(z) is the unique solution of the following
RH problem: find a holomorphic vector function m(z) in C\ (XUCUC*UE), which
is continuous up to the boundary and has the following properties:

e [t solves the jump problem thy(z) = m_(2)0(z) with

0 ~—R(-1)
R(—1) delEe=2t9:() | z €Y,

d_(z)

(3.24) 0(z) = (_CZZ(Z)%(Z)GQW(Z) (1)> ) z€eC,
((1) —d2(z)7z(1z)e—2tg<z)> | cen

o ~ ~

E(2) = [d(2)] E(2)[d(2)] 7, 2 €E,
where the matriz E(z) is defined by (B3.7), ([2.12), , and satisfies

1B ~ Tl < €, T =nin {lgla)l, min 14201 |

o n(2) satisfies symmetry and normalization conditions like (2.8) and (2.13);
moreover, ¥(z) has the symmetry property ;
e For small z the vector function m in (2.5) and m(z) are connected by

(3.25) m(z) = m(2)[q(2)]7%, q(z) = d(z)P(z)e!(®(Z)=9(z)),
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4. THE MODEL PROBLEM SOLUTION

Denote by ¥ = SUCUC* UE the jump contour for m, and let O and O* be small
and symmetric (with respect to the map z — z~1) vicinities of 2y and %y, which are
not necessarily circles. Denote by X1 =X N0, S, =CNO, X3 = (C*)"1NO the
segments of Y in O and set Yo = X1 UX U3, Let X7, be the symmetric contour
in a neighborhood of Zy. Both contours ¥¢ and X7, inherit the orientation of the
respective parts of f], except for C*, where we reverse the orientation. Evidently,

||'l\3(Z) — Umod(z)”L“’(i\(EoUZé)) S Ce_tU7

where
U =min{J, inf lg(z)|} >0,

0 —R(-1)
pmod () — (R(l) 0 ) ) #E2
L zeX\ %

and

Thus, in a first order of approximation one can assume that the solution of the
RHP (3.24)) can be approximated by the solution of the following model RHP: find
a holomorphic vector function in C\ X satisfying the jump condition

(4.1) mPod(z) = mmod(2)™d(2), z€X,

the symmetry condition m™°4(z=1) = m™°4(2)oy, and the normalization condition
1.

mped (0) > 0, mped(0)mges (0) =
Lemma 4.1. The solution of this vector RH problem is unique.

The proof of this Lemma is analogous to the proof of the uniqueness of the vector
model problem for the KdV rarefaction problem.

For our further investigation we will also need a matrix solution M™°4(z) =
M™°4(z,n,t) of the matrix RHP: find a holomorphic matriz function M™°(z) on
C\ X satisfying the following jump and symmetry conditions,

MPed(z) = MY (2)™d(2), 2€3; M™Y (27 = 0y M™OY(2) 0.

We find a solution of the matrix problem following [I2] I]. Consider the non-
resonant case, that is R(—1) = —1. Using

vmed(z) = <_01 (1)> = (} _11) o3 C —11)_1’

we first look for a holomorphic solution of the jump problem M9 = iM? o5 satisfying
the symmetry condition as above. Using (3.10) we get

M°(z) = (582) 5?(2)) ’

N 1/4
o) = (221)

with
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where the branch of the fourth root is chosen with the cut along the negative half
axis and 1/ = 1. Since f(z~') = B~ !(z), then we have the required symmetry.
Concerning the original matrix solution M™°4(z), this asks for the representation

B(2)+B7'(2)  B()-B"'(2)
2 2i

(4.2) M™ed(z) =

)

B(x)-B"(z) B)+B (=)
2 2

and the required symmetry condition is also fulfilled. The vector solution of the
model problem is unique. Evidently, if we take m™°d(z) = (o, a) M™°4(z) for some
«, then (4.1)) and (2.8) are fulfilled. We have to choose a suitable « to satisfy the

normalization condition. Since B(cc) = e! i then

0077‘(‘ 3 9077\'
mod o COS 1 S1n I
M (OO) - ( o Oo—m Oo—m .
4

—sin ®7" cos
The normalization condition for m™°4(co) implies
o? (cos2 (’RT*’T — sin? 9‘%") o? cos %Tf" = a’sin %0 =1
Thus,
(4.3) mm°d(z) = a (1, 1) M™d(z), a=a()= (sin ‘90) vz

In the resonant case the matrix solution is represented by the same formula (4.2]),
but with 871(z) instead of 3(z) and vice versa. In summary, we have the following

Lemma 4.2. The solution of the vector resp. matriz model RHP, m™°%(2) resp.

M™od(2), is given by ([E.3)) resp. (&.2)), where B(z) = (M)lﬂl in the non-resonant

zZo—=Z

aN\1/4
case and B(z) = (ZZOOZ_ZI) "% in the resonant case.

Lemma 4.3. The asymptotic behavior of m¥°%(z) as z — 0 is given by

1/4
(1+ (16— £)1/2)1/2 (1+ (1 -€+(1-9"2)z) +0(=%)

in the non-resonant case. In the resonant case,

\1/2\1/2
mped () = 15 (151/”? Lo (14 (g = (1= 92)2) + 0(:2)

Proof. Consider first the non-resonant case. Since

(44)  mped) =

B(z) = Rl (1 B isinﬁoz) LO(2), 20,
then B(z) + B71(2) » . g sinfy 9
5 = cos T + sin T0 5 24 0(z7),

Bz) —Qiﬁ_l(z) = sin ”100 — cos ”;90 sir;&o 24 0(2%).
By ([£.3),
mPed(z) = ! - (cos T — sin =P 4 (cos T + sin %00)% Z) +0(2%)

sin 2

\f 2 sin 90 \@ cos Lo gin 90 o 90 sin 90 z

sin 90 sin %‘) 24/tan 9"
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Next,
taneiozl—cos%o:f—\/1+cos90:1—m: VE 7
4 sin % V1 — cosfq VE 1++/1-¢

since cos g = 1—2¢. Respectively, sinfy = 24/€ — €2, from which (4.4)) follows. The
resonant case follows from the same computation using 371(z) instead of 5(z). O

5. ASYMPTOTICS IN THE REGION £ € (0,1).

The structure of the matrix solution and the jump matrix (3.24) as well
as the results of Lemmas (e), allow us to conclude that the solution of
the parametrix problem (which has a local character) can be constructed as in [1]
using [I4], Appendix B (in particular the solution can be given in terms of Airy
functions) Consequently, as z — 0 (cf. [1])

m(?’)(z,f) =rn(z) = mm"d(z,g) + @, el :=g1—¢],

where the vector function f(z,&,t) is uniformly bounded with respect to z € Ds,
¢e€Zandt € [T,0). Here T > 0 is a sufficiently large number and Dy is a circle
centered at 0 with radius 0 < 1. Moreover, f(z,&,t) is differentiable with respect
to € and z, and the derivatives are also uniformly bounded in the sets mentioned

above. By (3.25) we will have for f = (f1, f2)

(5.1) my(z) = <m11“0d(z) + W)J(Z)P(z)et(‘b(z)g(z))-

From (3.9), (3.18)), (3.19), (3.20]), (3.4), (3.5)), and (2.11)) it follows that
d(z) =e A& (1= B(&)2) + 0(2%), z—0,
H®()=9()) — oK) (1 4 1h(£)2) + O(2%), 2z — 0,

P(z)—(l—2z 3 \/>§7—1> T — +o()

2;€(—1,0) 2;€(—1,0) |Z]|

Combining this with (£.4), (5.1), and f1(z,&,t) = f1(0,&,t) + zfl(l)(O,ﬁ, t) + O(z?)

we get

52 m=a© {1+2: (5 + 20D o MEDY
where
_ tK(©—A(©) ¢ 1
.A(gat)—et (1+(1£)1/2)1/22v€](:[1 0 |ZJ|

= Sexp (tK(S) —A(§) + ilog;é - %IOg(l +(1— 5)1/2)),

— _a\1/2
B(f,t):—51+tk§5) _B;§)+l £+(21 o2

s= 1] Los= o2 -

ZjE(—l,O) |ZJ| zje(—l,O)
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The coefficients ho(&,t) and h3(€,t) given by

_&)l/2y1/2 _e\1/231/2
nal,t) = 7060 ST e = 00,60 SO

and are bounded with respect to £ € Z and t > T, together with their derivatives
with respect to £. Comparing (5.2]) with (2.6) implies the asymptotics

ﬁ 2a(j,t) = A©) (1+ M) S b, 1) = Be) + &0

t 4

Set é: ”T'H and note that £ — é = f%. Then

2a(n,t) = jg — o K'(OFFLEO+OC™)

where ©
_ —K"(¢ , 1 1
M= A v a—om

and the prime denotes the derivative with respect to £. Analogously,

_ o KO 1 K B 1 1 2
b(n,t)-B(f)—B(ﬁ)——T—i-; _T+T+§+W +O(t )
By (3.19) and (3.20)

A — - 1 /27r90 2u'(0) sin & — u(@) C;)S@g(w,
4or 0o v/cos By — cos 8 sin 5
1 =60 24/ (6) sin & + u(f) cos &
5.3 B'(&) = 2¢A 24 7/ 2 2 d6,
63 BO=24© 240 + 4 [ e
with (recall that we consider the non-resonant case at z = —1)
(5.4) u(f) = arg (R(eig) +1).

Taking into account (3.5) and (3.6) we get

a(n,t) = g (1 + @ + O(t2)> ,

where
1426+ (1—¢€)Y?
E1-E+ (1 =612

L) = A

Analogously, by (3.5)
1 _ _
bnt) =1-&+ (1= €72 +2B'(€)) + 02,
In summary, we proved the following

Theorem 5.1. Suppose that the initial operator H(0) associated with the sequences
{a(n,0),b(n,0)} has no resonance at the edges of spectrum —1,b — 2a,b+ 2a. Let
R(2), z = XA — VX2 — 1, be its right reflection coefficient and \; = 1(z; + zj_l) its
etgenvalues. Let € > 0 be an arbitrary small number. Then in the sector

et <n < (1—et)
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the following asymptotics are wvalid for the solution {a(n,t),b(n,t)} of the Toda
lattice as t — +o0:

E ST—Ti1sm
(55) a(n’t)_ﬂ 8t2< (1_7_1_\/1_7,)

2760 20/ (0) sin § — u(0) cos & )
do ) +0(t™?),
75, -

\/1 — cosf sin® 6

(5.6)  b(n,t)=1— % + L (1 + 23'(7;)> +O(t72),

4\ /1-%
where the term O(t72) is um'formly bounded with Tespect to n. The function B’(§)

is defined by (5.3] , , , ; 0o = arccos( ) € (0,7) and
u(f) = arg (R(e‘e)P_ () —arg R(e™)P~%(e'™))
where P is defined in .

6. DISCUSSION OF THE REGION —2at < n < 0.

To obtain the asymptotic of the solution in the region % € (—2a,0) we could
study an analogous RH problem connected with the left scattering data and the
variable ¢ (cf. (2.2)). Instead of this extensive analysis let us consider the Toda
lattice associated with the functions

1

(6.1) a(n,t) = %a( n—1, L), bn,t)= %(bfb( n, L£)).

It is straightforward to check that @(n,t),b(n,t) satisfy the Toda equations (T.1)
associated with the initial profile

- b
a(n,0) — b(n,0) — 57 a8M ™ —0o,

%7
1 .
i(n,0) — 2 b(n,0) - 0, asn — +oo.

For this solution we obtain by our previous results in the region % € (0,1) that

- no ft) n o, g(nt)
6.2 t b(n,t) =1— — + ——=
(6.2 1) = o+ 100 =1 - 0y 2D,
where f(n,t) (resp., g(n,t)) are the same as the second order terms in (5.5)) (resp.,
(5.6)), but the function u corresponds to a new Jacobi operator (2.1) with coef-
ﬁc1ents ~ {a(n, O) (n 0)}. Set 7 = £ and m = —n — 1. If % € (0,1), then
€ (—2a,0). From and (6.2) we get
2an | 2af(n,t) _ —m—1 N f(=m—1,2ar)
2t t 27 T ’

a(m, 7) = 2aa(n,t) =

“ —-m—1,2

b(m, 7) = b— 2ab(n +1,) = b— 20 — 22— 9= L,20T)
T T

An elementary analysis shows that the right reflection coefficient of H , given in

the variable ¢, is the same as the left reflection coefficient R;(¢™!) of the initial
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operator H(0), and the discrete spectra of both operators are the same. In terms

of ( we denote the eigenvalues by (i,...,(ny and set
¢— Ci
P = II G1%=¢

¢j€(0,1)

Note that P(z) corresponds to the eigenvalues A; of H(0), which satisfy A\; < —1,
and Pj(() corresponds to A; > b+ 2a. Now set ¢ = el and

U(G) = arg (Rl(eie)PfQ(eie) — Rl(l)sz(l)) 5 9 S [—90,90].

Theorem 6.1. Let € > 0 be an arbitrary small number. Suppose that the initial
operator H(0) has no resonances at the points —1,1,b+ 2a, and let Ry({) be its left
reflection coefficient, \—b = a(C+¢~1). Then in the domain —(2a—¢e)t < n < —et
the following asymptotic is valid as t — 400 in the non-resonant case,

n+l1 n+1
( ) n+1 n+1 1+2;rt+1_a+t
a(n,t) = — —
’ 2t 16&t2 n n+1l n
5 (1455 + 1+ 55
) )
/0 2U'(0) sin § — U(9)0052d9 Lo,
\[ﬂ' Bo ,/1—}—"*‘1 cos@sm29
n 1 n 9
b(n,t) =b—2a— — +B(;) +O(t™9),

t 2t 2,./1+ 7;—(;1

where 0y = arccos(1 + ") € (0,7) and
B(z) - 1 /90 n+12U(0)sin g — U(0) cos
Var o,

dat 1+ ”+1 — cos 0 sin?

\/1 n n+1 —cos92Ul(9)Sing —2 eU(Q)cosg
at

2U’(9) sin & + U(6) cos §

1+ ":tl —cosf

I3
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de.
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