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ABSTRACT. We develop direct and inverse scattering theory for Jacobi op-
erators with steplike coefficients which are asymptotically close to different
finite-gap quasi-periodic coefficients on different sides. We give a complete
characterization of the scattering data, which allow unique solvability of the
inverse scattering problem in the class of perturbations with finite first mo-
ment.

1. INTRODUCTION

In this paper we consider direct and inverse scattering theory for Jacobi oper-
ators with steplike quasi-periodic finite-gap background, using the Marchenko [I5]
approach.

Scattering theory for Jacobi operators is a classical topic with a long tradition.
Originally developed on an informal level by Case in [5], the first rigorous results
for the case of a constant background were given by Guseinov [12] with further
extensions by Teschl [19], [20]. The case of periodic backgrounds was completely
solved in [24] (who in fact handle almost periodic operators with a homogenous
Cantor type spectrum) respectively [§] using different approaches. Moreover, the
case of a steplike situation, where the coefficients are asymptotically close to two
different quasi-periodic finite-gap operators, was solved in [II] (see also [, [7])
under the restriction that the two background operators are isospectral. It is the
purpose of the present paper to remove this restriction.

We should also mention that scattering theory for Jacobi operators is directly
applicable to the investigation of the Toda lattice with initial data in the above
mentioned classes. See for example [3], [6], [23] for steplike constant backgrounds,
and [9], [10], [13], [14], and [I6] for periodic backgrounds. For further possible
applications and additional references we refer to the discussion in [IT].

Finally, let us give a brief overview of the remaining sections. After recalling
some necessary facts on algebro-geometric quasi-periodic finite-gap operators in
Section [2], we construct the transformation operators and investigate the properties
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of the scattering data in Section [3] In Section [] we derive the Gel’fand-Levitan-
Marchenko equation and show that it uniquely determines the operator. In addi-
tion, we formulate necessary conditions for the scattering data to uniquely deter-
mine our Jacobi operator. Our final Section [5| shows that our necessary conditions
for the scattering data are also sufficient.

2. STEP-LIKE FINITE-BAND BACKGROUNDS

First we need to recall some facts on quasi-periodic finite-band Jacobi operators
which contain all periodic operators as a special case. We refer to |20, Chapter 9]
and [8] for details.

Let H qi be two quasi-periodic finite-band Jacobi operatorsﬂ
(2.1) Hy f(n)=ag(n)f(n+1)+ag(n—1)f(n—1)+b;(n)f(n), [e ),

associated with the Riemann surface of the square root

2g++1
(2.2) Pi(z)=- [] /2B, Ef<Ef<--<Ej, .,
j=0

where g+ € N and /- is the standard root with branch cut along (—o0,0). In fact,
+

HZ are uniquely determined by fixing a Dirichlet divisor E?Zl(uf,of), where

uji € [E;[jil,EQij] and Uji € {—1,1}. The spectra of HF consist of g+ + 1 bands

g+

(2.3) oy = o(HF) = | JIES B3],
j=0

We will identify the set C\ o(H;) with the upper sheet of the Riemann surface.
The upper and lower sides of the cuts over the spectrum are denoted by ¢" and ¢!
and the symmetric points on these cuts by A" and \!, that is,

fAY) = liﬂ}f(/\ +ie), fQhH = hfg f(A—ie), A€oy
We will develop the scattering theory for the operator
(24)  Hf(n)=a(n—=1f(n—=1)+bn)f(n) +an)f(n+1), necl,

whose coefficients are asymptotically close to the coefficients of H, qi on the corre-
sponding half-axes:

+o0
(2.5) > Inl(Ja(n) = ()] + b(n) = bE(n)]) < .
n=0

The special case H; = H, has been exhaustively studied in [§] (see also [24]) and
the case where H,~ and H, ; are in the same isospectral class o_ = o was treated
in [I1]. Several results are straightforward generalizations, in such situations we
will simply refer to [8], [T1] and only point out possible differences.

Let w;t(z, n) be the Floquet solutions of the spectral equations

(2.6) H;tw(n) = zp(n), zeC,

IEverywhere in this paper the sub or super index ”+” (resp. 7 —") refers to the background on
the right (resp. left) half-axis.
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that decay for z € C\ o+ as n — +o0o. They are uniquely defined by the condition
wqi(z,O) =1, wéc(z, ) € £3(Z+). The solution ¢ (z,n) (resp. ¥ (z,n)) coincides
with the upper (resp. lower) branch of the Baker—Akhiezer functions of H, ;r (resp.
H_), see [20]. The second solutions z/?flt(z,n) are given by the other branch of

the Baker—Akhiezer functions and satisfy ilu)qi(z, ) € 1*(Zg) as z € C\ 04. Their
Wronskian is equal to

o 1
2.7 WEWE(2), v (2)) = ,
(2.7) g (g (2),¢,7(2)) e
where
751z - 1)
2.8 2) = g
satisfy by our choice of the branch for the square root
(2.9) Im(p+(A\")) >0, Im(p(\)) <0, A€osy.
In the following notation is used
(2.10) Wo(f,9) = ag (n) (f(n)g(n +1) = f(n+1)g(n)).

Note that w;t(z,n), zZ;E(z,n) have continuous limits as z — A%! € Ji’l \ Joy,
where

Ooy = {Eoi, . 29¢+1}
and they satisfy the symmetry property
(2.11) GEN, ) = YE (N n) = JEO ), A€ o

The points (p] ,0; ) 1 < j < g4, form the divisors of poles of the Baker—

Akhiezer functions. Correspondingly, the sets of Dirichlet eigenvalues {,ul s eees M i}
can be divided in three disjoint subsets

— (4 4 € R\o s a pole of yE(:. 1)},
(2.12) = {,u] |/~L; € R\oy is a pole of wi(z, 1)},
={uj | € 0o},

In order to remove the singularities of w;t(z, n), QZ;'E (z,n) we introduce

Ji(z) = H (Z - :u’Ji)7

ujiEMi
(2.13) 01 (z) = H Z—MJ H \/z
’ p,jiEMi MJ €N
bi(z) = H z—u] H \/z
pFeMy pEEN

where [] = 1 if there are no multipliers, and set

Lemma 2.1. The Floquet solutions w;t, du)ét have the following properties:
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(i) The functions 7,/}(:;:(2’,77,) (resp. JJ;‘E (z,m)) are holomorphic as functions of z
in the domain C\ (04 UMz) (resp. C\ (o2 UML), take real values on the

set R\ o1, and have simple poles at the points of the set My (resp. Mi)
They are continuous up to the boundary o' U o', except at the points in

M, and satisfy the symmetry property (2.11). For E € My, they satisfy

1 v 1 N
1/’3[(27”)20(\/@)7 ¢¢f(2,n)20(m)7 z—FEe M.
Moreover, the estimate
2.15 @i Z,n —12)i En)=0Wz-F), E € 0oy,
q q
is valid.
(ii) The following asymptotic expansions hold as z — £oo

n—1 41 1 n—1 1
216)  wE(zm) =[] af () (122 X7 b5+ +0(5)),
=0 =0
where
n—1 ) n—1 )
1 H f(j)’ n > no, 1 Z f(])a n > no,
n— j=no n— j=no
H* f(]): la n = no, Z* f(]): 07 n = no,
’nofl H TLofl

Jj=no

IT fG)~" n < no, — Z 7)), n < ng.
—n ji=n

J
(iii) The functions wff()\, n) form a complete orthogonal system on the spectrum
with respect to the weight

(2.17) dox (V) = gpe (N,
namely

(218) ¢ UER M O () = 3G, m),
where h

(2.19) ?{f()\)d)\:: uf()\“)dAf lf()\l)d)\.

Here 6(n,m) =1 if n =m and §(n,m) =0 else is the Kronecker delta.

3. SCATTERING DATA

Now let H be a steplike operator with coefficients a(n), b(n) satisfying (2.5)).
The two solutions ¥4 (z,n) of the spectral equation
(3.1) Hy =2, z€C,

which are asymptotically close to the Floquet solutions w;t(z, n) of the background
equations ([2.6) as n — £oo, are called Jost solutions. They can be represented as
(see [8])

+oo
(3.2) Ya(z,m) = Z Ky (n,m)¥F(z,m),

m=n
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where the functions K4 (n,.) are real valued and satisfy the estimate

(3.3)
+oo

Kenom) < Catn) > (lal) = aF ()] + [b() = bEG)]), +m > 4 >0,

=["3"]
The functions Cy(n) > 0 decrease monotonically as n — fo0o. Moreover, we have

a(n):a;(n)K+(n+l’n+1)

K+(n,n)
o K_(n,n)
(3.4) A (n)K—(n+1,n+1)’
) Ki(n,n+1) K. (n—1,n)
— pt + +\'% o+ +
b(n) = by (n) + ag (n) Ki(n,n) ag (n = )K+(n71 n—1)
o _ K_(n,n—1) _ K_(n+1,n)

b(n) =b, (n) +a, (n—1) K (nn) aq(n)K,(n—i—ln—i—l)’
which implies (cf 8]) the following asymptotic behavior of the Jost solutions as
z — +00 using -,

(3.5)
- - 1 1

_ Fn * pEis_0)\Z _
ba(zm) = 27K (n,n (1] @) (1+(Betm > U D)5 +0(55)),
where

+oo
(3.6) Bi(n)= ) (b;(m)—b(m)).
m=nzt1l

For A € ot Uol a second pair of solutions of (3.1)) is given by

(3.7) br(An) = > Ki(n,m)pF(\,m), Ae€otuUol,

which cannot be continued to the complex plane. Note that ii()\, n) = ¥y (A n),
A € oy, and from (2.5)), (3.2]) we conclude

(3-8) W (e (V) 9 (V) = W (g (V) g (A) = £p (V)7

The Jost solutions 94 are holomorphic in the domains C\ (o U M) and inherit
almost all properties of their background counterparts listed in Lemma As
before, we set

(3.9) by (z,n) =04 (2)¥s(z,n), i(z,n) =01 (2)0s(z,n).

The following Lemma is proven in [§].

Lemma 3.1. The Jost solutions have the following properties.

(i) For all n, the functions ¥y (z,n) are holomorphic in the domain C\ (o4 U
M) with respect to z and continuous up to the boundary (o Ucly)\ Oox,
where

(3.10) e\ n) =M\, n), A€ (clUodl)\dox.
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The functions 14 (z,n) are real valued for z € R\ oy and have simple poles
at pj € My. Moreover, Y+ are continuous up to the boundary o U al.
(ii) At the band edges we have for \ € O‘i’l

(311) w:ﬁ:(}\,n)*MZO(l)’l Eea(fi\M:b

b(An) + 0O = o &5 ), Ee e

Next, we introduce the sets
(3.12) c® =0, no_, O’Etl) =clos (o1 \0?), o:=0,Uo_,

where o is the (absolutely) continuous spectrum of H and 05_1) uo® resp. 0(?) are
the parts which are of multiplicity one resp. two. We will denote the interior of the
spectrum by int(c), that is, int(o) := o \ do.

In addition to the continuous part, H has a finite number of eigenvalues situated
in the gaps, o4 = {A1,..., Ay} C R\ o (see, e.g., [I8]). For every eigenvalue we
introduce the corresponding norming constants

(3.13) ek =D O, 1<k<p.
nez
Moreover, 14 (A, n) = cﬁlﬁ;()\;wn) with ¢ ¢, = 1.
Let
(3.14) W(z) == W (- (2),9+(2))

be the Wronskian of two Jost solutions. This function is meromorphic in the domain
C\ o with possible poles at the points My U M_ U (M N M_) and with possible
square root singularities at the points M, U M_\ (M N M_). Set

(3.15) W(z) =W (2),94(2)), W(z) =W(¥-(2),¢4(2)),
then W ()) is holomorphic in the domain C\ R and continuous up to the boundary.
But unlike to W (z) and W(z), the function T ()\) may not take real values on the
set R\ o and complex conjugated values on the different sides of the spectrum.
That is why it is more convenient to characterize the spectral properties of the
operator H by means of the function W, which can have singularities at the points
of the sets ]\Zf+ UM_. We will study the precise character of these singularities in
Lemma [3.2] below.

Note that outside the spectrum the function W (z) vanishes precisely at the
eigenvalues. However, it might also vanish inside the spectrum at points in do_ U
Odoy. We will call such points virtual levels of the operator H,

(3.16) o, :={Eeco: W(E)=0},

and we will show that o, C 0o U (80$) N 60(_1)) in Lemma All other points E

of the set Aoy Udo_ correspond to the generic case W (E) # 0.
Our next aim is to derive the properties of the scattering matrix. Introduce the
scattering relations

(3.17) TN (A n) = ¥z (An) + R=(\ox(An), A€o,

where the transmission and reflection coefficients are defined as usual,

W), 9= (V)
W (@5 (A), Y+ (N)’

(3.18) Tu(n) = W02 ) ()

W (@5 (A), ¥£(N)’

A E oi’l.
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The equalities in ((3.18)) imply the identity
1 1
- =W, deo?,
Ty (Np+(A)  T-(N)p-(N)
where W () is the Wronskian of two Jost solutions (3.14). This Wronskian plays
an important role in the characterization of the properties of the scattering matrix.
Namely, the following result is valid.

Lemma 3.2. The entries of the scattering matriz have the following properties:
I

(a) TL(AY) = Te(\), A€oy,

Ry (") = Ry (N), A€oy,
(b) Ei; _ RZ\())\L reol),
c . 2 _ P£ 2 )
() 1—[RL(N) =) T (N[5, Aea'?,

(d) RL(NTL(\)+R(NTL(\) =0, Aeo®.

II. The functions Ty (X) can be extended analytically to the domain C\ (c UMy U

M) and satisfy
1 1

(3.19) T onE T or e
The function W (z) has the following properties:

(a) The function W (z) = 6, (2)0_(2)W(z) is holomorphic on C\ o with simple
zeros at the eigenvalues A\, where

AW 2 1
3.20 — (A = —
( ) ( dz ( k)) V4,kV— k
Moreover,
(3.21) WOy =W, Xeo, W(z)eR, zeR\o.

(b) The function W (z) = 64 (2)0_(2)W (2) is continuous on the set C\o up to the
boundary o*Uc'. It can have zeros on the set GUU((Q)O'SS)H@J(})) and does not vanish

at the other points of the spectrum o. If W(E) =0 as E € do U (8053) N 30(_1)),
then

1 1
3.22 - =0 , for A€o close to E.
( ) W(A) (\/)\ — E) J
Moreover,
1
3.23 —— =0 ((z=E)"'?7#) | for z close to E.
(3:23) TP Gt I N
(c) In addition,
(3.24) Ty (00) =T_(00) > 0.

IIL. (a) The reflection coefficients R () are continuous functions on int(c't).
(b) If E € 9oy Ndo_ and W(E) # 0, then the functions R+()\) are also
continuous at E. Moreover,
-1 for E ¢ My,

(3.25) Ri(E) = { 1 for EeM,.
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Proof. 1. The symmetry property (a) follows from formulas and . For
(b), use (3.18) and observe that 15 (\) are real valued for )x € int(o ( )). Let

A € int(c?). By ,
e W (%7%) (R = )W (v, ¥s),

and property (c) follows from (3-8). The consistency condition (d) can be derived

directly from definition (3.18
II. The 1dent1ty (13-19) follows from (3.18). (a) The Wronskian inherits the

properties of ¥4 (z), so it remains to show 1.’ If W(z) = 0 for 2o € C\ o, then
(3.26) e (20,m) = Pz (20, 1)

for some constants ¢* (depending on zp), which satisfy ¢~c¢t = 1. In particular,
each zero of W (or W) outside the continuous spectrum is a point of the discrete
spectrum of H and vice versa.

Let v+ ; be the norming constants defined in for some point of the discrete
spectrum A;. By virtue of [20], Lemma 2.4,

d _ _
@WW—(Z)JM(Z)) Y

(3.27) ==> v ( + (M k) = ——

kez G Vi,j

Since ¢ cJ =1, we obtain

(b) Continuity of W up to the boundary follows from the corresponding property
of Q&i (z,m). We begin with the investigation of the possible zeros of this function
on the spectrum.

First let Ao € int(c®) := ¢® \ 90, that is, 6_ #+ 0 and 3+ # 0. Sup-
pose W(Ag) = 0, then ¥; (Ao, n) = c_(Ag,n) and 4 (Ao,n) = ¢v_(Ag,n), i.e.
W (g, 1y ) = |c|*W (p_,4_). But this implies opposite signs for py, p_ by ,
sign p4(XNg) = —sign p—(Ag), which contradicts (2.9).

Let )y € int(o ¢ )) and W()\) = 0. The point Ag can coincide with a pole
@ € Mzx. But 94(Xo,n) and ¢4 (Ag,n) are linearly independent and bounded,
and +(A\o,n) € R. If W(\g) = 0, then ¢+ = ¢f ey = ¢ ¢y which implies

W (+,%+)(Xo) = 0, a contradiction.

In the general mutual location of the background spectra the case A\g = E €
(8@ Nint(ox)) C int(o) can occur. If W(E ) = 0, then W(¢1,9=)(E) = 0,
where w:F are defined by (3 The values of w;( ) are either purely real or
purely imaginary, therefore W(@bi, z/JjF)( ) = 0, that is, ¢+ (E,n) and ¢4 (E,n) are
linearly dependent, which is impossible at inner points of the set o.

Thus, the virtual level o, of H defined in can only be located on the set
do_ Ndo, that is,

= Wa(- (N, fdbs () + Wa(hdb- (0), 94 (A7)
1

(3.28) o, C 0o U (908 naotD).
To prove (3.22)), take E € o, and assume for example F € 0. By (3.17) and

).

St — 5 (VB0 + Re (Vs ().



SCATTERING THEORY FOR STEPLIKE QUASI-PERIODIC BACKGROUND 9

Choose ng such that ¢_(E,ng) # 0. By continuity we also have ¢_(\,ng) # 0 in
a small vicinity of £. Then
5+(/\)¢+(/\a7€0) + R+(>‘)¢+(>\7n0) — ()(1)7 \— E.
w* ()\7 nO)

Accordingly,

9+ (=t
Al :O<A]1( Ug))zo( 1 )7 Neo,,
W\ 32(MVA—E N_E
which proves (3.22)). To see (3.23)) note that
_ 1//+(Zan)7/f—(zan)

is a Herglotz function. Moreover, we can assume that p; # E and choose n such
that ¥+ (F,ng) # 0. Hence it remains to show the corresponding estimate for g(z) =
g(z,np). Since the continuous spectrum of H is purely absolutely continuous, we
deduce from Stieltjes inversion formula that

E+6 m
o(z) = %/E_é I;g%z))dﬂg(z), 550,

where §(z) is holomorphic near E. By we infer (A — E)Y/?+¢Im(g()\)) is
Holder continuous and the result follows from [I7] Eq. (29.8)].

(c) Equation follows from (3.5).

III. (a) follows from the corresponding properties of 1 (z) and from II, (b). To
show III, (b) we use that by the reflection coeflicients have the representation

W) WEL. (V)
(3.29) B =~ ) T WOy

and are continuous on both sides of the set int(o4) \ (Mz U Mz). Moreover,

WO, 9= (V)
W(X)
where the denominator does not vanish on the set oy \ o,. Hence Ry()\) are
continuous on this set since both numerator and denominator are.
Next, let E € 8o \ 0, (in particular W(E) # 0). Then, if E ¢ M, we use
in the form

(3.30) Ri(\)=—1F

[R(M)]

)

O MW (= (N) = = (V) ¥ (V)
W(A)

which shows Ry (A) — —1 since 94 (A) — 1 (A) — 0 by Lemma (2). This

settles the first case in 1) Similarly, if E € My, we use 1' in the form

S MW (e (N) + (V) ¥ (\)
W)

which shows R ()\) — 1 since d+(\) = O(vVA — E) and 1+ (\) + ¢+ (\) = o /\1_E)
by Lemma [3.1] (2). This settles the second case in (3.25) as well. O

)

(3.31) Ri(\) =1+

)
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4. THE GEL'FAND-LEVITAN-MARCHENKO EQUATION

The aim of this section is to derive the inverse scattering problem equation (the
Gel’fand-Levitan-Marchenko equation) and to discuss some additional properties
of the scattering data which are consequences of this equation.

Theorem 4.1. The inverse scattering problem (the GLM) equation has the form

+oo
(4.1) Ki(n,m)+ Y Ki(n,))Fx(l,m) =

l=n

o(n,m)

_— +m >+
Ki(n,n)’ ==,

where

Fy(m,n) = f Re (N O\, m) it (A, m)du

p
(4.2) + /m,u T NPy (s m)dg A n)dws + Y v sty (A, )3 (A, m).

k=1

Proof. Consider a closed contour I'. consisting of a large circular arc and some
contours inside this arc, which envelope the spectrum o at a small distance ¢ from
the spectrum. Let £m > +n. The residue theorem, (2.17), (3.5)), (3.20), and

equality ¥ (A, n) = cfz/;i()\b n) imply

brOmgEm) v < MTEO, >>
W

2mi Jp. W) dr = Ki (n,n)

M»a HM

(43) Y+, k’(/)i )‘k:a w ()‘kam)a

Kinn —

since the integrand is meromorphic on C\o with simple poles at the eigenvalues
A and at oo if m = n. It is continuous till the boundary except at the points
E € 0oy UJdo_ where

1/1¥(/\,n)1/1;t()\,m) _0 ( 1
WO Now=wo
by . On the other hand, as € — 0,

(4.4)

>, Ee€dorUdo_,

Yx(A,n) Z/Ji()‘ m) _
27 7{ W(A) dr=
1 (b (AN n) + Re (N (A, n))vE (A, m) QA
~omi f,, Te(MW(N)
AN f]t A,m
(4.5) zim o Ll mzl(i)( )i
7{ e (N, n)YE(N, m)dw® +7{ Ry (\ha (A, n)oF (A, m)dw™
i + m ¢¢(>\,n) _ 1/);()\,71)
2mi Jo . g (A )< W () W) >d/\'
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It remains to treat the last integrand. By (3.17) and Lemma I,

T Onm) = T (N)toa (1) — R (Wb (0 1) = T (Wb 0y m) — ZEN (3 ),
T=(N)
and therefore
Ye(n) Pe(n)  WTr + WT T T
W e R e = et

since WIt + W15 = 2Re(WT%) = 0 on 0. In summary, (4.3) and (4.5) yield

o(n,m)

Ki(n,n) = Kx(n,m) + j{i Re(N)+(A, ﬂ)wét(/\, m)dw*®

p
* /0;:1)'“ |T]F()‘)|21/Ji()\»n)iﬂ;t()\am)duﬁ + Z’Yﬂ:,jqz:l:()‘ja n)'l/;ét()‘jam)a

Jj=1

and applying (3.2)) finishes the proof. O

As it is shown in [§], the estimate (3.3)) for Ky (n,m) implies the following esti-
mates for Fy(n,m).

Lemma 4.2. The kernel of the GLM equation satisfies the following properties.
IV. There exist functions Cx(n) > 0 and gL(n) > 0, n € Zy, such that Cx(n)
decay as n — oo, |n|q(n) € (1(Z+), and

+oo

[Fi(n,m)| < Ci(n) | > (),
+oo e
(4.6) > nl|Fe(n,n) = Fr(n+1,n+1)| < oo,

n=mno

+oo
Z |n\|af1t(n)Fi(n,n +1)— a;t(n —1)Fi(n —1,n)| < oo.

n=ngo
In summary, we have obtained the following necessary conditions for the scat-
tering data:

Theorem 4.3. The scattering data

S ={R (), L), A€ot B-(N), T-(N), A € o™
(4.7)
M, o s Ap ERN (01 U0o), Y1, -,V p € R+}

satisfy the properties I-III listed in Lemma . The functions Fy(n,m), defined
m , satisfy property IV in Lemma .

In fact, the conditions on the scattering data given in Theorem are both
necessary and sufficient for the solution of the scattering problem in the class (2.5]).
The sufficiency of these conditions as well as the algorithm for the solution of the
inverse problem will be discussed in the next section.



12 I. EGOROVA, J. MICHOR, AND G. TESCHL

5. THE INVERSE SCATTERING PROBLEM

Let H;t be two arbitrary quasi-periodic Jacobi operators associated with se-
quences aqi(n),bflt(n) as introduced in Section [2| Let S be given scattering data
with corresponding kernels F(n,m) satisfying the necessary conditions of Theo-

rem [43]
First we show that the GLM equations (4.1) can be solved for Ki(n,m) if
Fy(n,m) are given.

Lemma 5.1. Under condition IV, the GLM equations have unique real-valued
solutions K1 (n,-) € {1(n,+00) satisfying the estimates

+oo
(5.1) [Ki(n,m)| < Cx(n) > q(j), +m>n,

=[]

Here the functions qx(n) and C(n) are of the same type as in ({-0).
Moreover, the following estimates are valid

Z In||K+(n,n) — Ki(n+1,n+1)| < oo,

n=no

(5.2)
Z \nHa Kinn—l—l)—a (n—1)K+(n—1,n)| < oco.

n=ngo

Proof. The solvability of (4.1]) under condition (4.6)) and the estimates (5.1]), (5.2)

follow completely analogous to the corresponding result in [8, Theorem 7.5]. To
prove uniqueness, first note that the GLM equations are generated by compact
operators. Thus, it is sufficient to prove that the equation

(5.3) Fm)+> Fi(t,m)f(0) =
l=n

has only the trivial solution in the space £(n,+0c0). The proof is similar for the
747 and ”—" cases, hence we give it only for the "4” case. Let f(¢), £ > n, be a
nontrivial solution of and set f(¢) =0 for £ < n. Since F (¢,n) is real-valued,
we can assume that f(¢) is real-valued. Abbreviate by

(5:4) FO) =" vr (A m)f(m)

meEZ
the generalized Fourier transform, generated by the spectral decomposition (2.18])
(cf. [22]). Recall that f(\) € L}, (ot Udl).

Multiplying (5.3) by f(m), summing over m € Z, and applying (2.18)), (4.2),
(5.4), and condition I, (a), we have

2 [ IFPdos () + 2Re [ RANFO) e )

+ +

+/U<1>,uf()\)2|T,( )2 dw_( +ZW+k<Zz/J (Ag,m ))2:0,
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~

The last two summands in 1D are nonnegative since f(A) € R for \ € o and
12[1" (Ax) € R. We estimate the first two integrands by

[FOOP + ReRy (NF ) = [FV)P = [Re (NFO)?] = (1= R W)IFN)?
and drop the last summand in (5.5)), thus obtaining

6:6) 2 Q- IRWDFOPdos )+ [ FOHT- () Pde- ) <0

g
Here we also used that
[0 = IREODIF) P () = 0
9+
which follows from condition I, (b). Since |R, ()| < 1 for A € int(¢(?) and
w_(A) >0 for X € int(o(f)) we conclude that
FO) =0 for xeoPu oM =0,

The function J?(z) can be defined by formula (5.4) as a meromorphic function on
C\ o4. By our analysis it is even meromorphic on C\ 03_1) and vanishes on o_.

~

Thus f(z) and hence also f(m) are equal to zero. O

Next, define the sequences a-, b+ by

ay(n) = af (yZrlnt Lnt 1

K+(n,n) ’
. K_(n,n)
) o) =0 () e L 1)
: B Ki(n,n+1) Ky(n—1,n)
b+(n)7bq+(n)+a;r(n)m*a;("*l)]g(z—l,n—l)’
K_(nn-1) K-n+1n)

b_(n)=0b,(n) +a,(n—1)

K_(n,n) a;(n)K_(n+ 1,n+1)’
and note that estimate implies

(5-8) n{lax(n) —ag ()| + |bx — b7 ()|} € £1(Z).

Lemma 5.2. The functions ¥ (z,n), defined by

+oo
(5.9) Yi(z,n) = Y Ki(n,m)gi(z,m),
solve the equations
(5.10) ax(n — Dvi(z,n—1) + b1 (n)Y+(z,n) + ax(M)Y+(z,n+ 1) = 29+ (2,n),

where a+(n), by (n) are defined by (5.7).
Proof. Consider the two operatorsﬂ

(Hry)(n) =ax(n—Dys(n—1) +be(n)y+(n) + ax(n)y+(n+1), n€Z.

2We don’t know that Hy is limit point at Foo yet, but this will not be used.
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Define two discrete integral operators

+oo
(K+f) (n) =Y Kx(n,m)f(m).

Then (cf. [§]) the following identity is valid
H.Ky =Ky HF,
which implies (5.10). O

The remaining problem is to show that a4 (n) = a_(n), by (n) = b_(n) under
conditions IT and IITI on the scattering data S.

Theorem 5.3. Let the scattering data S, defined as in , satisfy conditions I,
(a)—(c), I1, II1, (a), and IV. Then each of the GLM equations has unique
solutions Ky (n,m), satisfying the estimate (5.9). The functions at(n),by(n), de-
fined by , satisfy (@

Under the additional conditions 111, (b) and I, (d), these functions coincide,
atr(n) =a—(n) = a(n), by(n) = b_(n) = b(n), and the data S are the scattering
data for the Jacobi operator associated with the sequences a(n),b(n).

The proof of Theorem takes up the remaining section and is split into several
lemmas for the convenience of the reader.

To prove uniqueness of the reconstructed potential we follow the method pro-
posed in [15]. Recall that, by Lemma (iii), the functions z/Jf]t()\,n) form an
orthonormal basis with corresponding generalized Fourier transform. Split the ker-
nel of the GLM equation into three summands Fy(m,n) = F,.+(m,n) +
Fj, +(m,n) 4+ Fy.+(m,n) and set

+oo
(5.11) Gi(n,m):= ZKi(n, DF.+(l,n).
l=n

Then one obtains as in [8, Theorem 8.2] that the functions h (A, n), defined by

o 1 @Ei()‘an) — 7+
hy(\n) = 7 <K1<n,n> "2, G
W:i: _ + , vﬁ: )\
(512) v [ [T Ot m) o O g
D ~ wE hE (O , hE(N
+ Z'Yi,kwi()\k,n> q’n_l(%\q (/\k) v ))>,
k=1 Tk
satisfy
(5.13) T (Nhs(0n) =¥\ n) + Re(Nye(\,n), Aeail.

Despite the fact that hs(A,n) are defined via the background solutions cor-
responding to the opposite half-axis Z., they share a series of properties with
¥+(A,n). Namely, we prove

Lemma 5.4. Let h-(z,n) be defined by formula on the set O’i’l.

(i) The functions h+(z,n) = d+(2)hx(2,n) admit analytic extensions to the
domain C\ o.
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(i) The functions h+(z,n) are continuous up to the boundary o™ except pos-
sibly at the points oy U do_. Furthermore,
he(\n) = he(N,n) R, XeR\o%,
(5.14) ) —

(ili) For large z the functions hx(z,n) have the following asymptotic behavior

(5.15)  he(zn) = M(ﬁ a;t(j))m(l + 0(%)), 2 .
, ik

(iv) We have

W (he (2),%4(2)) =ax (n) (hg(2,0)04 (2,0 + 1) — he (2,1 + 191 (2,7))
=+ W(z),

where W (2) is defined by (3.19).

Remark 5.5. Note that we did not establish the connection between the function
W (z) and the functions W* (v, (2,n),9_(2,n)), which can depend on n, because
Y4 and Y_ are the solutions of Jacobi equations corresponding to possibly different
operators Hy and H_.

Proof. (i). To show that h=(z,n) have analytic extensions to C \ ¢, we study each

term in (5.12)) separately.

First of all, note that due to the representation

1 (2 \/ %" (= - E)

(519 B = owe T R W
the functions (5 (z,n) = 0+ (2)(x (2, n), where

JE(z,n
(5.17) Cr(z,n) = M,

can be continued analytically to C\ o. This also holds for the second term since
G+(n,-) € £Y(Z) are real-valued.

Next we discuss the properties of the Cauchy-type integral in the representation
. We represent the third summand in multiplied by Ty '(2) as

(1) O (2.m) 1= 7o RIS =,
where
s (erm) = ——2 G (e W, L ()G (210)
PO O
(519) - ;@l - 'ii ;2%(5 W, (GE(E ), G (2,).
By property II, (a) the function W (£) has no zeros in the interior of o (D . Thus,

1)

g and the

for z ¢ O'( ). the functions 0+(z,.,n) are bounded in the interior of &
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only possible singularities can arise at the boundary. We claim

O(VE—FE) for E ¢ oy,

(5.20) H:F(Zv&n) = {O(\/gl—iE) for F € oy,

EE@O’EFI), z# E.

This follows from @;L(%lz = O(V€ = E) together with W (¢) = O(1) if E ¢ o, and

1/W(€) = O(1/y/€=E) by IL, (b) if E € 7,. Therefore, 6+ are integrable and the
third summand of also inherits the properties of (+(z,n).

Finally, the last summand in again inherits the properties of (+(z,7)
except for possible additional poles at the eigenvalues A\;. However, these cancel
with the zeros of W (z) at z = .

(ii). We consider the boundary values next. The only nontrivial term is of course
the Cauchy-type integral as z — A € int(o'gF1 )). First of all observe that by
and @19),

Wit (GO 0E )
Ti (Z)
where the functions 61 W are bounded and nonzero for A € int(ag)) by II, (a).
Hence the Plemelj formula applied to gives

_ J}i(Avn) 91(/\75,71) in (1)u
@ﬂA’”)_iQ(si(A)p;(A)W(A):F]{,g»u £—A %, A€oz,

(5:|:W)(/\)a

where both terms are finite. Here § denotes the principle value integral. Therefore,
the boundary values away from do U do_ exist and we have

(5.21) he(A",n) =he(A,n), A€oyUo_.
By property I, (b),
Yo | thx

5.22 he =Tr' (R Pi) = o= + R, AeoV
(5.22) T (Raths + 1) Ti+T:|:€ ) €oy’,
from which

(5.23) he(\',n) = he(M,n), A€ol

follows. Combining (5.21)) and (5.23) yields (5.14).

(iii). Since the last two terms in (5.12) are O(z71), the asymptotic behavior
follows from (3.5) and II, (c).

(iv). From (5.13)), (3.8), and (3.19) we obtain

W= (s (), ¥+ (V) 1
WE(hz(\), YL (V) = ’ = =4+W(\), A€os.
Hence equality holds for all z € C by analytic continuation. (Il

Corollary 5.6. The functions h=(z,n) admit analytic extensions to C\ o=.

Proof. Property (i) of Lemma [5.4| holds for z € C\ o. Relation ([5.14]) implies that

h+ have no jumps across z € int(og )). To finish the proof we need to show that
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(1)
+

the possible remaining singularities at F € do).’ N do are removable. This follows

from (cf. (5.16])

(5.24)

2 W(z) . vy
(x(z,n) =
:F( ) \/H?ii()+l(z . Eji)

which shows (+(z,n) = O((z — E)~'/?) and hence h+(z,n) = O((z — E)~'/?) for
Ec ag )1 oo.

However, let us emphasize at this point that the behavior of hi(z,n) at the
remaining edges is a more subtle question to be discussed later. [

Eliminating ¢+ from
{ Re(N)ve(\n) +ve(A\n) = hez(\n)Te(\)
Re(N) e\ n) +v(A\n) = he(\n)Te(N)

yields

(A n) (1= [ReN)?) = he: (A, n) Te(X) = Re(N) (A, n) T (N).
We apply I, (c), IT, and the consistency condition I, (d) to obtain

Te (N (Am) = he (o) — R*(Ti)(f;(”h;@, )
(5.25) = h=(\n) + R=(Nhz(\,n), A€o,

This equation together with (5.13]) gives us a system from which we can eliminate
the reflection coefficients R4.. We obtain
(5.26)

Te(N) (@ NY£(A) = he(Mhz (V) = be(Whe(X) = P (WNhe (), A€ol
Now introduce the function

(5.27) G(z) == G(z,n) = w'ﬁ‘(zvn)w—(Z,nv)VzZ})L-;-(Z,n)h_ (z,m)

which is well defined in the domain z € C\ (¢ UogU My UM_). By (5.26) and
(3-19),

(5.28) G(\) = (wi()\)m - ¢i(/\)hi()\)) pr(A), e ol

so we need to study the properties of G(z,n) as a function of z. Our aim is to prove
that G(z,n) = 0, which will follow from the next lemma.

Lemma 5.7. The function G(z,n), defined by (5.27)), has the following properties.
(i) GOAY,n) =G\, n) €R for \e R\ (9o_ Udoy Uay).
(ii) It has removable singularities at the points do_ U doy U oq, where oq4 :=

Dy A )

Proof. (i). We can rewrite G(z,n) as

(5.29) G(z,n) =
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where ﬁi(z, n) = d+(z)h+(z,n) as usual. The numerator is bounded near the points
under consideration and the denominator does not vanish there. Thus G(z,n) has
no singularities at the points (M U M_) \ oq4.

Furthermore, by Lemma[5.4] II, (a), and Lemma [3.1] we know that G(z,n) has
continuous limiting values on the sets o_ and o, except possibly at the edges, and
satisfies

G(A\",n)=G(\,n), A€orUo_.
Hence, if we can show that these limits are real, they will be equal and G(z,n) will
extend to a meromorphic function on C, that is, (i) holds. To this aim we first

observe that , , and Lemma imply

(5.30) G(A\%n) =G(\,n) eR, eint(c?).

Thus, it remains to prove

(5.31) GO\",n) =G\, n)eR for Aeint(cM)U int( .

Let us show that G(A, n) has no jump on the set int(o @ )) Umt( ) We abbreviate

(5.32) [G] := G(\) — G(\) = V;f‘] - ﬁ;j‘] . Aeom

and drop some dependencies until the end of this lemma for notational simplicity.
Let A € 1nt( (") then ¢, hy € R and Tx = —(W pg)~L. By (3.19), (1), (b),

and we obtaln for A e int(o(;))

(5.33) [W‘} _— [%] = petos (VT + 0, T5) = pphave|Te ]

w w

Since p+ € R for A € int(ox (1), ", | implies

[};] = p+ [h£T4].

The only non-real summand in (5.12)) is the Cauchy-type integral. The Plemelj
formula applied to this integral gives

o 1
(heTy] = _P¢¢i|TﬂF\2W( qi’wfzt) = P¢¢i|TﬂF|2p:a

and by (5.33) we get

hyh_ .
(5.34) [ + } [ww }:pwihiwﬂ?, A€ int(olM).
Since W # 0 for A € 1nt(a$)) the function
02 Yihs
hy|Te|* = ——F =
pxsha | Te| W

is bounded on the set under consideration. Finally, (5.34]) and (5.32]) imply (5.31]).
(ii). Now we prove that the function G(z,n) has removable singularities at the
points do_ U do4 U o4. We divide this set into four subsets

(5.35) QF =00 nint(o5), Q=00 Ndo, QF =00 Ndor, Q=04
Since all singularities of G are at most isolated poles, it is sufficient to show that

(5.36) G(z) =o((z— B)7")
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from some direction in the complex plane.

Qq: Consider E € Qj’ (the case E € Q7 being completely analogous). We will
study limy .z G(\,n) as A € int(0?) using with the “—” sign. Note that
Y- = 0(1), p_ = O(1), and W(FE) # 0. Moreover, we obtain from Lemma
respectively IT that

O<1)a E ¢ M-‘ra 1 O ,71 s E M y
¢+()‘) = O 1 E M T.(\ = ( A7E> ¢ A+
_F ) € My, +(A) o(1), EeM,,
which shows
V(A + Ry (M) (A) ( 1 )
h7 )\ - = O
) T () A—FE
for A € ¢(?). Inserting this into shows G(A\,n) = O( Al_E) and finishes the

case F € Q.
Qo: For E € 96® N0, we use (5.28) and take the limit A\ — E from ¢(?). First
of all, observe that

S (Ry-+9_) = { 00((11)) e g o

The case E € o, is evident. If E ¢ o, then (3.11) and (3.25)) yield

) gy (WY )+ (Ro+y), E¢M. _
> (wa_)—{ (oo +D)+ (B -1owl),  Bear X

Therefore, both for virtual and non-virtual levels the estimate
(5.37) O_ (R_p_ +9_)W =0(1), E€do_,

is valid. Inserting (5.13) into the summand ¢ hip; of (5.28) (for the second
summand we use an analogous approach) we obtain (recall (2.2]))

1).

Vphypy =0ipip- (Y- + Ry )W = 040-0_(V_ + Ry )W

_ @+ 5+
P, P_

Combining the estimate

P, P_

(5.38) o- (Rey— +9_)W.

.0

%7* -0 L

P.P_ A—F
with (5.37) we have G(z) = o((z — E)™') as desired.

Q3: Suppose that E € 9oV oo (the case E € aa(j) NOo is again analogous).
Now we cannot use (5.28]), so we proceed directly from formula (5.27)) estimating

the summands “£%= and separately. We investigate the limit as A — E from
the set int(ag)). By Lemma and (3.22) we have
o gt ( 1 )
5.39 =——=0 )
( ) W W VA-FE

hence the first summand has the desired behavior. To estimate the second sum-
mand, we split the function h_ (A, n) according to

h_(A,n) = hi(A,n) + ha(A, n),

hyh_
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where

hi(A,n) = WqJ,rnfl(Cf()‘» )sd—(An,0)),  ha(A,n) =h_(A,n) —hi(A,n),

2 ) (€,
(5.40) eOn)= [ () ‘Z’;(_i Wil6) 4y ()

It follows from the proof of Lemma that ha(A) = O(C=(A)) for A — E. Recall
that at the point under consideration singularities E € {uf, e ,,u;;} U M_ might

occur (in the case 9P Ndo one can have E € M, UM, and in the case oo 08053)
one can have E € M, ). Introduce

(5.41) ¢4 (z,n) = 5+(z)1;3'(z,n)
and recall that implies
(5.2 6 (2.m) — 6 (E,m) = O(VZ— ).

Then (see (2.2) and (2.13))) we have

hyG hidy hydydf hyds
.4 = = _— = +
(5.43) 0( T 0 B O o oy

Now we distinguish two cases: (a) E € oM n 805_1) and (b) F € 9o Moo

Case (a). By and we have
(Roypo +9_)bp _ WO_(Ry_+9_) _ 0( 1 )

(5.44) bihy =

T P VA-E

therefore

(5.45) h+(A)C(A)O< 1 >¢q+(A)

W(X) VA—E)Pi(\)

+
As a consequence of ?;—1 = O(ﬁ) we obtain

1
(5.46) fihs _ o( ), E € 0o_.

w A—FE
Next, we have to estimate
hyhy hy(-
(5.47) = W;fn_l( = ,d,).
By (5.42)) we can represent (5.45)) as
he () _ < 1 ) ( g ()
W(A) VA-E)\VA-F

(5.48)

Then (5.47)) implies
th()‘v n)hl()‘a TL) ( 1 > <
——— " 2 =0 O(d-(An)) +0(d-(A\,n—1
o T ) (0@ (um) + 0@ (n 1)
L9 (Wehns (¢Z{(E)7d(A)))>
VA—E '

To estimate d_ in the first two summands we distinguish between the resonance
case, F € o,, and non-resonance, E ¢ o,. First let E ¢ o,, that is, W(E) # 0.

o).

(5.49)
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From (5.19) and (5.20) we see that the integrand is bounded as A — F ¢ o, then
d_(\) =0(1) by [17].
If E € 0,, then (3.22) (see also (5.19)) yields

|T_<s>|2p_<s>¢+<a,~>w;<s,~>o< L )

and [I'7, Eq. (29.8)] implies

1
5.50 d_(A) = —_— .
(5.50 M=o =)
For the estimate of the last summand in (5.49)) we use (5.19)) and (5.40)) to represent
the integrand in W, (7,/}*( ), d (A)) as

T_ ()P p— () (& )Wy (5 (), &5 (B))

_ E— By, + +
_O(|W( W (560,01 (0) ).

It follows from and - ) that
q,n 1(¢+(§) ¢+< )) (\/g E)
which implies together with (3 - the boundedness of the integrand near E. Thus,
(5.51) Wino1 (65 (B),d-(N)) = O(1),
and combining ((5.46)), (5.49), (5.51)), and (5.50] ﬁnlshes case (a).
ﬁi

Case (b). Now we do not have estlmate ( (cf. II1, (b)) at our disposal, but
we can proceed as in , since Py (E) # 0 and arrive at

(5.52) h;va = O(hydy) = O(W *(R*P@f* HM) - 0(\//\WiE>.

This estimate is sufficient to conclude that (5.46) is valid in case (b) as well. For
h1, we use the following estimate (cf. (5.50)) and (5.52))) instead of (5.47):

h;{fl :O<hJI;I§_>O(d—)=O<\/)\ﬁi7E>O(\/)\I_7E>'

Combining this with (5.46) finishes case (b).
Q4: Finally we have to show that the singularities of G(z,n) at the points of the

discrete spectrum are removable. Since W(z) has simple zeros at z = A, it suffices

by to show that
(5.53) By Ak, ) (M) = (A, n)y (g, m).

By Lemma the functions ﬁ; = xh given in 1) are continuous at the points
M. Since (0+T1") (M) = 0 and ((&T;lw;t)()\k) = 0, only the last summand in
(5.12) is non-zero. We compute the limit of this summand as A — A\ using (3.19)),

(5~54) iL:F()\k) = —Vi,kl/;i(kk)dv‘;()\)\k%

and apply (3.20)) to obtain (5.53). O
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The identity G(z,n) = 0 implies
(5.55) Yi(z,n)Y_(z,m) — hy(z,n)h_(z2,n) =0, Vn€Z.

For z — oo we obtain by (2.16]) and (5.9)

n—1
'(/}+(Zan)¢—(z7n) K+(TL n K— n n H
7=0

Formulas and ((3.24) imply

B S SRR K () 1 e )

and by (5.55),

The value on the left hand side does not depend on n, so using (5.7) we conclude
(5.56) ar(n)=a_(n)=a(n), VYnez.

It remains to prove by(n) = b_(n). If we eliminate the reflection coefficient Ry

from (5.13) at n and (5.25) at n + 1 we obtain
Ci(An) = Ve n)Y_(An+1) —hi(A\n+1)h_(\n)
(5.57) W\
= P+(/\) (h/i()H n + 1)wi(A, n) — ’Lpi()\7 7’7,)hi()\7 n 4+ 1))7 pN= 0.(2),11,1.

Proceeding as for G(\, n) in Lemma we can show that that the function G1(z,n)
is holomorphic in C. From (5.15), 1 9), (3.24), (2.16), (5.56), and the Liouville
theorem we conclude that

Vi (z,n)Yp_(2,n+1) — hy(z,n+1)h_(z,n)

= —1/a(n).
We compute the asymptotics of

W (z,n) = a(n) (s (z,n)— (2,0 + 1) — hy (2,0 + 1h_(z,n)) = —W ()
as z — oo and obtain (compare (3.5))
(5.58) 0=W(zn)— W(zn—1) = (by(n) — b_(n))K.(0,0)K_(0,0).

This implies in particular by (n) = b_(n) = b(n), hence the proof of Theorem [5.3|is
finished.
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