INVERSE SCATTERING THEORY FOR SCHRODINGER
OPERATORS WITH STEPLIKE POTENTIALS
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ABSTRACT. We study the direct and inverse scattering problem for the one-
dimensional Schrodinger equation with steplike potentials. We give necessary
and sufficient conditions for the scattering data to correspond to a potential
with prescribed smoothness and prescribed decay to their asymptotics. These
results are important for solving the Korteweg-de Vries equation via the inverse
scattering transform.

1. INTRODUCTION

Among various direct/inverse spectral problems the scattering problem on the
whole axis for one-dimensional Schrodinger operators with decaying potentials takes
a particular place as one of the most rigorously investigated spectral problems.
Being considered first by Kay and Moses [31] on a physical level of rigor, it was
rigorously studied by Faddeev [20], and then revisited independently by Marchenko
[38] and by Deift and Trubowitz [12]. In particular, Faddeev [20] considered the
inverse problem in the class of potentials which have a finite first moment (i.e.,
below with ¢ = ¢y = 0 and m = 1) but the importance of the behavior of
the scattering coefficients at the bottom of the continuous spectrum was missed. A
complete solution was given by Marchenko [38] (see also Levitan [37]) for the first
moment (m = 1) and by Deift and Trubowitz [I2] for the second moment (m = 2)
who also gave an example showing that some condition on the aforementioned
behavior is necessary for solving the inverse problem.

The next simplest case is the so-called steplike case where the potential tends to
different constants one the left and right half-axes. The corresponding scattering
problem was first considered on an informal level by Buslaev and Fomin in [8] who
studied mostly the direct scattering problem and derived the main equation of the
inverse problem — the Gelfand-Levitan-Marchenko (GLM) equation. A complete
solution of the direct and inverse scattering problem for steplike potentials with a
finite second moment (i.e., below with m = 2) was solved rigorously by Cohen
and Kappeler [10] (see also [I1] and [25]). While several aspects in the steplike case
are similar to the decaying case, there are also some distinctive differences due to
the presence of spectrum of multiplicity one. Moreover, there have also been further
generalizations to the case of periodic backgrounds made by Firsova [21], 22] 23] and
to steplike finite-gap backgrounds by Boutet de Monvel and two of us [7] (see also
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[39]) and to steplike almost periodic backgrounds by Grunert [26], 27]. We refer to
these publications for more information.

Our aim in the present paper is to use Marchenko’s approach for the generaliza-
tion of the results of [10] to the case of steplike potentials with finite first moment
which turns out to be much more delicate than the second moment. Note that this
question is partly studied in [4]. In fact, we will also give a complete solution of
the inverse problem for potentials with any given number of moments m > 1 and
any given number of derivatives n > 0 which has important applications for the
solution of the Korteweg—de Vires (KdV) equation.

As is well known, the inverse scattering transform (IST) is the main ingredient
for solving and understanding the solutions of the KdV (as well as the associated
modified KdV) equation. In fact, applications of the IST to the initial value problem
for KAV were already considered by many authors (see for example the monographs
[13], [38], [44]). For the steplike case this was first done by Cohen [9] and Kappeler
[30]. For more general backgrounds we refer to [24] and to the more recent works
[16], [18], [19] as well as the references therein. For the long-time asymptotics of
solutions, we refer to [44], [32], [43], [B], [6] and to [1], [28], [40], [34], [15], [35],
[36] for more recent developments. In a forthcoming paper [14] we will apply the
inverse scattering transform to solve the Cauchy problem for the Korteweg—de Vries
equation for initial conditions in the class of potentials investigated in the present
paper, extending the results from [19].

We consider the spectral problem

2

(11) (LN)(@) 1=~ (@) +a@)f(2) = Mf(&), € R,
with a steplike potential ¢(z) such that
q(x) = cx, as x — too,

where c;,c— € R are in general different values. Everywhere in this paper we
assume that ¢ € L (R) and tends to its background asymptotics cy and c_ with

loc
m "moments” finite:

+oo
(1.2) /0 (1 +[2[)(|a(@) = e[+ lg(=2) = e~ |)dz < oo,

where m > 0 is a fixed integer.

Definition 1.1. Let m > 0 and n > 0 be integers and f : R — R be an n times
differentiable function. We say that f € L (R) if fO(2)(1+ |z|™) € L' (Ry) for
7=0,1,...,n.

Note, that f € £9 (Ry) means that ij: |f(2)](1 4 |z|™)dx < co. By this defini-
tion £3(Ry) = L'(Ry) N LL (R) and £3(Ry) = {f: f® € LY(RL), 0 <i < j}.

loc

Definition 1.2. Let c4 be given real values and let m > 0, n > 0 be given integers.
We say that g € L7 (cq,c-) if qu(-) == q(-) —cx € LI (Ry).

Note that g € £9 (cy,c_) if condition (1.2) holds. If ¢ € L7 (c4,c_) with n > 1
then in addition

(1.3) /(1 + |2[™) ¢ (z)|dz < 00, i=1,...,n.
R
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The aim of this paper is a complete study of the direct and inverse scattering

problem for potentials from the classes £, (¢4, c—) with m > 1. In particular, we

propose necessary and sufficient conditions on the set of scattering data associated

with such potentials. The following notations will be used throughout this paper:
Abbreviate

(1.4) ¢ =min{c_,cy}, ¢ = max{c_,cy},

and D := C\ ¥, where ¥ = X% U X! with X% = {\* = X\ +i0,\ € [¢,00)} and
= {A = X —i0,\ € [¢,00)}. We treat the boundary of the domain D as
consisting of two sides of cuts along the interval [¢, 00), with distinguished points
A% and A on this boundary. In equation the spectral parameter A belongs to
the set clos(D), where clos(D) = DU X* U X', Along with A we will use two more
spectral parameters

(1.5) ki :=+/A—cq,

which map the domains C \ [c4, 00) conformally onto C*. Thus there is a one to
one correspondence between the parameters k4 and .

2. THE DIRECT SCATTERING PROBLEM

2.1. Properties of the Jost solutions. In this subsection we collect some well-
known properties of the Jost solutions for with ¢ € £9(cy,c_) and establish
additional properties of these solutions for a potential from the class L7 (¢4, c_)
with m > 2 or n > 1. All the estimates below are one-sided and hence are generated
by the behavior of the potential on one half axis. For ¢4 (-) = ¢() —cx € LI (Ry),
m > 1, n > 0, introduce nonnegative, as x — 0o nonincreasing functions

2.1)
+oo @) A +oo .
oti(T) = i/ lgx’ (§)|dS,  +i(x) = i/ ori(§)d§, i=0,1,...,n.
Evidently,
(2.2) Uiﬂ'(') S L,ln,l(Ri)7 m>1, &iﬂl(.) € 5727172(Ri), m > 2,

(2.3) 6+4(x) L0 as = — £oo, for gy € LT(Ry), ¢=0,1,...,n.

Lemma 2.1. ([38, Lemmas 3.1.1-3.1.3]). Let q+(-) = q(-) — c+ € LY(R+). Then
for all X € clos(D) equation (L.1) has a solution ¢4 (A, x) which can be represented
as

. im .
(2:4) px(\w) =k | Ky (z,y)e ey,

x

where the kernel Ki(x,y) is real-valued and satisfies the inequality

25 Kl < oo (T3 exp ol - o (132) }.

Moreover,

2
The function K4 (x,y) has first order partial derivatives which satisfy the inequality

8Ki(x1,o:2) 1 xr1 + o
- —~ ) 24 - “
‘ 8$J‘ 4Qi 2

+o0
Ki(z,0)=+1 / g (€)de.

(2.6) <
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1 T+ x R . xr1 +x
<201,0($)Ji,0( ! 5 2>6XP{01,0($1)—UL0< 12 2)}

The solution ¢+ (A, x) is an analytic function of k+ in CT and is continuous up to
R. For all X € clos(D) the following estimate is valid

. 1 N
(2.7) |¢i(>\7x) - e:tlkim| < <6i,0(x) o a’i,O (.’E + kl)) o~ Im(ks)z+640(2)
+
For ky € R\ {0} the functions ¢1 (A, z) and ¢+ (X, x) are linearly independent with
W(d):l:(/\v ')a ¢:|: (>‘7 )) = :lek:t,
where W(f,g) = fg' — gf' denotes the usual Wronski determinant.

Formulas (2.5) and (2.6) together with (2.4 and (2.2)) imply
Corollary 2.2. Let g1 € L9 (Ry), m > 1. Then
8Ki (:L‘7 )
ox
and the function ¢ (A, x) is m — 1 times differentiable with 'respect to ki eR.

Note, that the key ingredient for proving the estimates and (| is a rig-
orous investigation of the following integral equation (formula (3.1. 12) of [38])

(2‘8) K:I:(xv ')7 € ﬁ%,l(Ri), m 21,

+oo +oo e
@29) Kewy) =4 [ aw(@ier [ da [T ela- et stz

To further study the properties of the Jost solution we represent (2.4]) in the form
proposed in [12]:

. :tm .
(2.10) pL(\, x) = e <1 :l:/ Bi(x,y)eimkiydy) ,
0
where
+oo
(2.11) By(x,y) = 2Ky (z,z+2y), Bi(z,0)= i/ q+(8)dg,

and equation (2.9)) transforms into the following integral equation with respect to
+y >0

+oo Yy
(2.12) Bi@c,y)ﬂ:/+ s)ds+/+ da/o dBgs(a— B)Bx(a— B, B).

Equation (2.12)) is the basis for proving the following

Lemma 2.3. Letn > 1 and m > 1 be fized natural numbers and let ¢+ € L7, (Ry).
Then the functions By (z,y) have n + 1 partial derivatives and the following esti-
mates are valid for | < s<n-+1

88
Ozl 8y57l

+oo

(2.13)

Bi(a.y) ¢85 D (a+ y>\ < Cu(a)va a(@hva (e + 1),

where
-2

(2.14) vy (x Z (ai (@) + ¢V (2 )|) . 1>2, vig(x)=o0x0(2),

and Cy(x) = Cx(z,n) € C(R) are positive functions which are nonincreasing as
T — £o0.
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Proof. Differentiating equation ([2.12)) with respect to each variable, we get

0B (x, oty

er) IV ety - [ a6 Batsi 4y s
(2.16)
9B ’ z+y +oo
00 o) [ @B ty-9ist [ g(0)Ba(ap)do.
From these formulas and , we obtain

OB (x,0) OBx(z,y) L(E ’

T or = Fq+(v); T‘yzo = Fqx(z) £ 5 /z q+(a)da )

OB (z, OB (, oo

(2.17) ) OBy [7 g ) Bt )

We observe that the partial derivatives of B4, which contain at least one differen-
tiation with respect to x, have the structure

o _
(218) e Be(ey) = Tl @ y) + Do)+
T ap—l
t [ g Belboy-9ds p> k21,
T4y Y

where Dy ,, (2, y) is the sum of all derivatives of all integrated terms which ap-
peared after p—1 differentiation of the upper and lower limits of the integral on the
right hand side of . The integrand in at the lower limit of integration
has value

or—1

%(5)@

Bi(§, x4y — §)|£:w+y =q+(v+ y)Bi,p—l(x +9),
where

(219) Biy(§) = 5 BalE )0

Thus, further derivatives of such a term do not depend on whether we differentiate
it with respect to x or y. The same integrand at the upper limit has the value
q+ (x)%Bi(x,y), and it will appear only after a differentation with respect to
x. Taking all this into account, we conclude that D4 , x(z,y) in can be
represented as

8p—k k ak—s 83_2
(0t

Di,p,k(xvy) = (1_6(ka 1)>ayp,k Oxk—s € ayHBi(xay)) _Di7p(l’+y),
s=2

where §(r, s) is the Kronecker delta (i.e. the first summand is absent for k = 1) and

drP—s
(2.20) Dy (¢ Z = £)Bx,5(€))
see (2.19)). If we differentiate (2.16]) with respect to y, then for p > 2 we get
9P

ay ——B(z,y) = 74 (@ +y) + Daylz +y)+
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T apfl +00 apfl
+/w+yqi(€)8gﬂﬂBi(f’x+y_£)d€+/$ qi(f)WBi(f,y)dfa

where Dy ,(€) is defined by (2.20). We complete the proof by induction taking
into account (2.11)) and the estimates (2.5)), (2.6]) in which the exponent factors are
replaced by the more crude estimate of type Cy(x). O

2.2. Analytical properties of the scattering data. The spectrum of the Schro-
dinger operator L with steplike potential ([1.2)) consists of an absolutely continuous
and a discrete part. Using (|1.4) introduce the sets

2@ = [¢,400), W :=[¢ ¢, T=x@ux®,

The set X is the (absolutely) continuous spectrum of operator L, and YW and £3),
are the parts which are of multiplicities one and two, respectively. As mentioned
in the introduction, we distinguish the points on the upper and lower sides of the
set . Note that the set X is the preimage of the real axis R under the conformal
map k4 () : clos(D) — CT when ¢y < cx. For ¢ € L7,(cy,c_) with m > 1 and
n > 0, the operator L has a finite discrete spectrum (see [2]), which we denote as
Ya={M, ..., \p}, where \y < --- < A\, < ¢. Our next step is to briefly describe
some well-known analytical properties of the scattering data ([8], [I0]). Most of
these properties follow from analytical properties of the Wronskian of the Jost
solutions W(A) := W (¢_(A,-), ¢4 (A,-)). The representations imply that the
Jost solutions, together with their derivatives, decay exponentially fast as © — +o00
for Im(k+) > 0. Evidently, the discrete spectrum X4 of L coincides with the set of
points, where ¢ is proportional to ¢_ and, their Wronskian vanishes. The Jost
solutions at these points are called the left and the right eigenfunctions. They are
real-valued, and we denote the corresponding norming constants by

7?>—(4¢iupmwm)_3

Lemma 2.4. Let q € LI (cq,c_) with m > 1, n > 0. Then the function W(X)
posseses the following properties

(i) It is holomorphic in the domain D and continuous up to the boundary ¥ of
this domain. Moreover, W (A +10) = W(A —i0) # 0 as A € (¢, +00).
(i1) It has simple zeros in the domain D only at the points Ai,..., Ay, where

(2.21) @XWQQ:ﬁ%.

Items (i)—(ii) are proved in [7] for ¢ € L£3(cy,c_), but the proof remains valid
for g € L9(cy,c_). As we see, the only real value apart from the discrete spectrum
where the Wronskian can vanish, is the point ¢. If W(c¢) = 0 we will refer to this
as to the resonant case.

To study further the spectral properties of L, we consider the usual scattering
relations

(2‘22) T:F()‘>¢:t()‘ﬂ 'r) = ¢:F()‘7 x) + R:F()‘>¢:F()‘ﬂ x)v as k:t()‘) €R,

where the transmission and reflection coefficients are defined as usual,
(2.23)

Ti()\) — zi(A)) R:I:()‘) — W(QS:F()‘)’ i()\)) , k:i: cR.

W(95(A), o£(N))

hSS

ASH
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Their properties are given in the following

Lemma 2.5. Let ¢ € L7 (cy,c_) with m > 1, n > 0. Then the entries of the
scattering matrix possess the following properties:
I. (a) Tx(A+10) = T+ (A —1i0) and Ry (A +10) = Ry (A —1i0) for k+(N\) € R.

(b) %8; = R:(N) for A€ SO when ¢y = c.
+

(€) 1 - RO = 2 (L4 (V)2 for A € B
S — :t —_—
(d) Re(N)Tx(N\) + R+ (M\)Tx(N\) =0 for A € 2,
() T+(\) =14+ 0\ "Y2) and R+(N\) = O(A~Y2) for A — occ.
II. (a) The functions Tw(\) can be analytically continued to the domain D sat-
1sfying
(2.24) 21k (N (N) = 2ik-(N)TZH () = W(N),

where W (X) possesses the properties (i)—(ii) from Lemma[2.)
(b) If W(c) =0 then W(X) = iyv/A—c(140(1)), where v € R\ {0}.
ITI. Ry ()) is continuous for ki(X\) € R.

Proof. Properties I. (a)—(e), II. (a) are proved in [7] for m = 2, and the proof
remains valid for m = 1. Property III is evidently valid for k+ # 0 by 7 the
continuity of the Jost solutions, and the absence of resonances. Since W(¢) # 0
by Lemma @, it remains to establish that in the case ¢ = ¢4+ the function R4 is
continuous as ky — 0. Since ¢4 (cy,z) = ¢+ (cy,x), the property

(2.25) Ri(ci) =-1 if W(Ci) 75 0,
follows immediately from (2.23)). In the resonant case, the proof of II. (b) will be
deferred to Subsection 2.4 O

Since we have deferred the proof of IT. (b), we will not use it until then. However,
we will need the following weakened version of property II. (b).

Lemma 2.6. If W(c) = 0 then, in a vicinity of point ¢, the Wronskian admits the
estimates

O((A=¢)71/?) for Ae X,

(2.26) W) = { O((A=¢)"V27%) forxeC\x,

where § > 0 is an arbitrary small number.

Proof. We give the proof for the case c_ = ¢, ¢y = ¢. The other case is analogous.
In this case the point k- = 0 corresponds to the point A = ¢. To study the
Wronskian, we use for T_(A). First we prove that T_ is bounded on the
set Vo @ {A(k-) : —e < k— < &} for some € > 0. Indeed, due to the continuity
of ¢4 (A, ) with respect to both variables, we can choose a point xy such that
¢4 (c,mg) # 0, respectively ¢ (N, xo)| > F|o4(c,wo)| > 0 in V. for sufficiently

small €. Then by (2.22)),

|R* (>‘)¢* ()‘7 .’1,‘0) + (b* (>‘7 :EO)|

IT-(Ml = 67 Oh, 7o)

<C, XeV.
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Thus, for real A near ¢ we have W—(\) = O((A — ¢)~*/?). For non real A we use
the fact that the diagonal of the kernel of the resolvent (L — \I)~!

P\ )¢ (A, x)
G(A =
is a Herglotz—Nevanlinna function (cf. [42], Lemma 9.22). Hence by virtue of Stielt-
jes inversion formula ([42], Theorem 3.22) it can be represented as

<" Tm G(€ + 10, a0,
G(A,LE(),SC()) :/ = (56 :)\IO xO)d§+ Gl(A)a

c

s /\ED\Zd,

where G () is a bounded in a vicinity of ¢. But G(£ +10,z0,9) = O((€ —¢)~/?)
and by [4I, Chap. 22] we get (2.26)). O

In what follows we set I{;t = y/c+ — A; such that i/i;t is the image of the eigen-
value \; under the map k4. Then we have the following

Remark 2.7. For the function Ty (\), regarded as a function of variable k4,
(2.27) Res, + T4+ (\) = i(,uj)il'yji, where ¢4 (N, x) = pido— (N, ).

2.3. The Gelfand—Levitan—Marchenko equations. Our next aim is to derive
the Gelfand-Levitan—Marchenko equations. In addition to I. (e), we will need
another property of the reflection coefficients.

Lemma 2.8. Let g € L(cy,c_). Then the reflection coefficient Ry (\) regarded
as a function of ki € R belongs to the space L*(R) = L%ki}(R),

Proof. Throughout this proof we will denote by fs.+ = fs+(k+), s = 1,2,...,
functions whose Fourier transforms are in L*(R)NL?(R) (with respect to k). Note
that fs 1+ are continuous. Moreover, a function fs 4 is continuous with respect to

k= for k+ = k=(\) with A € ¥®) and f, 4 € L%k;}(R\ (—a,a)), where the set
R\ (—a,a) is the image of the spectrum %(2) under the map k+(\).

Denote by a prime the derivative with respect to x. Then (2.4)—(2.6) and (2.1))
imply

d+(N0) =1+ fi+, ¢L(N0) = Fiks ¢+ (X, 0) + fo x,
¢+ (AN0) =1+ fa+, ¢L(N0) = £iks ¢+ (X, 0)+ fa+.
Since
Cx — C+

(2.28) ky —ky=—"——=(1+0(1)) as |ki|— o0,
2k

then W (¢+(\), (X)) = f5 4 for large ky. By the same reason
W(A) =21V A(1 +0(1)) as A — oo.

Remember that the reflection coefficient is a bounded function with respect to
kyx € R by I. (b), (c). Moreover, for |ki| > 1 it admits the representation
Ri(N\) = fG)i]f:El. This finishes the proof. O

Lemma 2.9. Let q € L(cy,c_). Then the kernels of the transformation operators
K1 (z,y) satisfy the integral equations

+o0
(229) Ki(z,y)+Fr(z+y) £ Ki(z,8)Fi(s+y)ds =0, =Ly> +z,

x
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where
1 . P +
@30 Fel) =5 [ ReO)EREdh Y e
R .
j=1
R ST QOP ke Tletterd, - er =7
0, CcC+ = C.

Proof. To derive the GLM equations, we introduce two functions
G\ z,y) = (Te(N)dz (X ) — eTHE7) 500 Ly > b,

where z,y are considered as parameters. As a function of A, both functions are
meromorphic in the domain D with simple poles at the points A; of the discrete
spectrum. By property II, they are continuous up to the boundary " U X!, except
at the point ¢, where one of these functions (G+(\,z,y) for ¢ = c4) can have a
singularity of order O((\ — ¢)~'/27%) in the resonant case by Lemma [2.6
By the scattering relations,
Te(Nox (X @) — 57 = Ry (W) (A, 7) + (9 (A, 2) — eTH27)
= Si,l(/\> a:) =+ Si,g()\, 33)

It follows from that
o /R 81 a(A 2)e Yk = Ky (r,y).
Next, according to Lemma 2.8 and (2.8)), we obtain
Ri(V\) Ky (x,s)ef+Ts) ¢ L‘l{ki}(R) X L%S}([x7 +00)) for z,y fixed.
Using again and Fubini’s theorem, we get

1 .
7 / S NeF Rk, =
T JR

1 oo .
= T,:t(x + y) + % / Ki(ﬂ?, S)Ri()‘)eilki(y+5)ds dki
RJzx

+oo
=Fi(z+vy) £ Ky (z,8)F. +(y+ s)ds,

x

where we have set (r for "reflection”)

1 )
(2.31) Fri(x) = g/ Ri(N)et k=2l
R

Thus, for +y > +z,
(2.32)

1 +oo

oy / Gi( Nz, y)dky = Ki(z,y) + Fra(z+y) £ Ky(z,8)F 1+ (y + s)ds.

R x

Now let C, be a closed semicircle of radius p lying in the upper half plane with the

center at the origin and set I'y = C, U [—p, p|. Estimates (2.3), (2.7), (2.28), and
I. (e) imply that the Jordan lemma is applicable to the function G (A, z,y) as a

function of k+ when +y > +x. Moreover, formula (2.27)) implies
¢x(Xj ) Res, = Te (V) = i ¢ (N, ),
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and thus

d)i( x)e:Ffi]-iy

M’U

P
Z Res, = G+(\,z,y) =

j=1 j=1
+oo
(2.33) —i (Fd,i@c tpx [ Ki(es)Fas(st y)ds) ,
where we denote (d for discrete spectrum)
P
Fisla) = 2,77 e

Now let c4+ = ¢, which means that variable k+ € R covers the whole continuous
spectrum of L. Then the function G4 (A, z,y) as a function of k4 has a meromorphic
continuation to the domain C* with poles at the points m . By use of the Cauchy
theorem, of the Jordan lemma and (2.32)),for +z < £y, we get

lim —]{ Gi(\z,y)dk_ = 1ZRes * Gi(\z,y) =Kyi(x,y)
j=1
+o0
+Fi(z+y + Ky (z,8)F, +(y + s)ds.
x

Joining this with , we get equation in the case cx = ¢. Unlike to this,
in the case c+ = ¢ the real values of variable k4 correspond to the spectrum of
multiplicity two only. Then the function G4 (\, z,y) considered as a function of k4
in C* has a jump along the interval [0,iby] with by = \/cx — cx > 0. It does not
have a pole in by because by Lemmal[2.6] the estimate G4 (A, z,y) = O((ks —b4)®)
with —1 < a < —1/2 is valid.

For large p > 0, put b, = b4 + p~

C,= [=p~hiby = p U [p™ by + p U [iby — p ik, +p 7,

L introduce a union of three intervals

and consider a closed contour T, = C, UC), U [=p, —p~ ] U [p™", p] oriented coun-
terclockwise. The function G4 (A, z,y) is meromorphic inside the domain bounded
by I', (we suppose that p is sufficiently large such that all poles are inside this
domain). Thus,

(2.34)
1 P
plLrI;o % " Gi(\ z,y)dky :i;Resmf G\ z,y) = Ki(z,y)
+oo
+F i (r+y) + Ki(z,s)F. 1+ (y+s)ds
1 [° ’
+ 5= (G:E(A+10ax,y)7G:|:()‘7107x7y)) dk:l:

2

In the case under consideration, that is when cL = ¢, the variable ki = ik, k > 0,
does not have a jump along the spectrum of multiplicity one, and the same is true
for the solution ¢4 (A, z). Thus the jump [G1] = Gi()\—i—i() xz,y)—GL(A—1i0,z y)
stems from the function T4 (\)¢+(\, ). By ([2:24) and 1. (b) we have To T =
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1577 g —R- on Y. To simplify notations we omit the dependence on A and
x. The scattering relations (2.23]) then imply

Tidr — Tads = —Ti (b7 + Red) = —TaTsos,
and, therefore, [G+] = —e™*+=YTL (XA +i0) T (A 4 i0)p+ (), x). Set
X(A) = ~Te(A+i0)Tx(A +10), A€ [,
By use of (2.4), we get

1 0
% " (Gi(A—"_lO)xvy)_Gi()‘_lovxay))dki
iby
+oo
=F+(x+y) £ Ki(x,s)Fy +(s+y)ds,

xT

where

L[ i L/ - dA
FX,i(.%‘) / X()\)eilkixdki - X()\)e:tlkix

_% iby 47 c ,/)\—C:t.

Combining this with (2.34]), , and (2.31)) and taking into account that by
(2.24),

x(\) - ~
== TsWPkz|"' >0, A€ (),
A — Ct
gives (2.30) in the case cx =¢. O

Corollary 2.10. Put I:_'i(:r) := 2Fy(2x). Then equation (2.29) reads
+oo
(2.35) Fi(z+y)+ Bi(z,y) £ / By(z,8)Fy(z+y+s)ds =0,
0

where By (x,y) is the transformation operator from (2.10)).

This equation and Lemma [2.3] allows us to establish the decay properties of
F:t (:L‘)
Lemma 2.11. Let g € L (cq,c—), m > 1, n > 0. Then the kernels of the GLM

equations (2.29) possess the property:
IV. The function Fy(x) is n+ 1 times differentiable with F, € L (R1).

Proof. Differentiation of (2.35)) j times with respect to y gives
. . +oo (o
(2.36) Fj(tj)(:c +y)+ ng}y(a:, y) £ / By (z, s)Ff) (x+y+s)ds=0.
0

Set here y = 0 and abbreviate Hy j(z) = Bgy)y(x,O). Recall that the estimates
and imply Hy j; € LF17I(RL), j = 1,...,n+1. By changing variables
T+ s=E&, we get

+oo
(2.37) PO + Hes@) £ [ Baog - 2) PP ()¢ =0,

x

Formula (2.11) and the estimate (2.5)) imply

| By (2,6 — )] < 0 g(§)e”*0(P) 70O
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and from it follows

(2.38) [F @)e™*=0® <|Ha j(@)le™*=0®)
e
=[Hy j (@)™ 750 4 & ;(x),

where @4 ;(z) ==+ fzioo |Fij)(s)|e_‘;i»°(s)ai,0(s)ds. Multiplying the last inequal-
ity by o1 o(z) and using (2.1), we get

d -6 —26
F o (@ j(@)e”700) < He ()]0 o(w)e 70,
By integration, we have
+oo
Dy () < £Ce7+5 (@) Hy j(s)o4 o(s)ds.

This inequality implies ®1(-) € L}, (Ry) because Hy; € LTI(Ry), j > 1,
o010 € LL | (Ry). Property IV now follows from (2.38]. O

2.4. The Marchenko and Deift—Trubowitz conditions. In this subsection we
give the proof of property II. (b) and also prove the continuity of the reflection
coefficient Ry at the edge of the spectrum ¢ when ¢y = ¢ in the resonant case.
As is known, these properties are crucial for solving the inverse problem but were
originally missed in the seminal work of Faddeev [20] as pointed out by Deift and
Trubowitz [12], who also gave a counterexample which showed that some restric-
tions on the scattering coefficients at the bottom of the continuous spectrum were
necessary for solvability of the inverse problem. The behavior of the scattering co-
efficients at the bottom of the continuous spectrum is easy to understand for m = 2,
both for decaying and steplike cases, because the Jost solutions are differentiable
with respect to the local parameters ki in this case. For m = 1 the situation is
more complicated. For the case ¢ € £{(0,0) continuity of the scattering coefficients
was established independently by Guseinov [29] and Klaus [33] (see also [3]). For
the case g € L9(cy,c_) property II. (b) is proved in [2]. We propose here another
proof following the approach of Guseinov which will give as some additional formu-
las of independent interest (in particular, when trying to understand the dispersive
decay of solutions to the time-dependent Schrédinger equation, see e.g. [I7]). Nev-
ertheless, one has to emphasize that the Marchenko approach does not require these
properties of the scattering data. In [38] the direct/inverse scattering problem for
q € LY(cy,c_) was solved under the following less restrictive conditions:

1) The transmission coefficient T'(k), where k* = X, is bounded for k¥ € C* in a
vicinity of k = 0 (at the bottom of the continuous spectrum);

2) limy_o kT~ (k) (R (k) + 1) = 0.

Our properties I. (b) and IT imply the Marchenko condition at point ¢. Namely,
if W(c) # 0, then property (i) of Lemma implies W(c) € R, and from I. (b)
it follows that R4 (c+) = —1 for ¢ = c+. The other reflection coefficient R+(c_) is
simply not defined at this point. Of course, it has the property R+(¢) = —1 (cf.
(2.25), because W (<) # 0, but we do not use this fact when solving the inverse
problem. Our choice to give conditions I-III as a part of necessary and sufficient
ones is stipulated by the following. First of all, getting an analog of the Marchenko
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condition 1) directly, without I1. (b), requires additional efforts. The second reason
is that in fact we additionally justify here that the conditions proposed for m = 2
in [I0] are valid for the first finite moment of perturbation too.

The proof is given for the case ¢ = c¢_, the case ¢ = ¢ is analogous. For ky € R

denote h4 (A, ) = ¢+ (A, x)eT*+% then (2.10]) implies

+oo
he(A) =he(A,0)=1 i/ Bi(O,y)eiziyki dy,
0

+o0
R (A) = W (A, 0) = i/ %Bi(ojy)eimykidy.
0

We observe that for ¢ = c_ we have 2ik;(¢) = —b = —2\/cx —c_ < 0, and
therefore, in a vicinity of ¢,
9] . A —
239 heW =14 [ By, () =2
0 k+ lb/2

where 7()\) is differentiable in a vicinity of ¢ and 7(c) = 0. Since B, (0,y)e™% €
LY(R}) and By ,(0,y)e™" € LY(R;), s =1,2,..., then
€006, (A, 0+ (A, 0), (€,0) = hp (WA, () — hs ()R, (V)

£k + By @Ry (V) = CO - (1 +0(1)), A—e

Now consider the function ®(A) = h_(A)h_(c) — h_(c)h’_(\), where k_ € R. One
can show (cf. [I7]) that it has a representation

(2.40)

(2.41) ®(N\) = 2ik_TU(k_), where U(k_) = A H(y)e 2VF=dy,

with H(z) := D(z)h_(c) — K(x)h"_(c),

0
/ B_(0,y)dy, D(w)=/ %B—(O,y)dy-

Note that the integral in is to be understood as an improper integral. Using
(2.35)) and (2.36]) one can get (see [29]) that the function H () satisfies the following
integral equation

R_

H(z)~ [ H(y)F_(z+y)dy = h-(c) (/R B_(0,y)F(z + y)dy — F(f)) :
By property IV we have F' ¢ LY(R_). Using this and (2.5 one can prove that
H € L1(R_) and therefore ®(\) = 2ik_¥(0)(1 + o(1)), with ¥(0) € R. Moreover,

¢ (X, 0)0"(c,0)—¢—(c,0)¢" (A,0) = —2ik_h_(A)h—(c) + ©(A)
=2ik_(h_(c)* + ¥(0))(1 +O(1)), X —c,
where h_(c) € R. Combining this with (2.40), we get the following

Lemma 2.12 ([2]). Let ¢ = c—. Then in a vicinity of ¢ the following asymptotics
are valid:

(a) If p_(c,0)p1(c,0) # 0 then

O B A ) O O ) B A ) R e TN
-0 br(e0) OO G o) = VA e+ on);
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(b) If ¢' (c,0)¢', (c,0) # 0 then

o+(A0)  94(c,0) . ¢-(A0)  ¢-(c,0) _ 14
TGN A R o VA= e+ o(1),

where o, & € R.

Now suppose that W(c) = 0, that is, ¢_(c,x) = Cp4(c,z) with C € R\ {0}
being a constant. Therefore at least one of two cases described in Lemma[2.12] holds
true. Since the functions ¢4 and ¢_ are continuous in a vicinity of ¢, then in the
case (a) we have ¢_(\,0)¢4(X,0) = B(1+ o(1)) with 8 € R\ {0}. Thus,

s v (£ L8

_ ¢/+()‘) O) (b/jL (Qa 0) —ia — .
¢+(A,0) - ¢>+(C,O)> =iaf /A —c(l+0(1)),

where a8 € R. In fact, v = af # 0 because of property . The case (b) is
analogous, and thus II. (b) is proved. To prove the continuity of the reflection
coefficient R_ at ¢ when ¢ = c_ it is sufficient to apply a ”conjugated” version of
Lemma which is valid if we consider the asymptotics as A — ¢, A € ¥, to
formula .

We summarize our results by listing the conditions of the scattering data which
shown to be necessary in the present section, and we will show them to be also
sufficient for solving the inverse problem in the next section.

Theorem 2.13 (necessary conditions for the scattering data). The scattering data
of a potential ¢ € LT (c4,c_)

S (cp,c ) = {R+(/\), Te(\), VA—cr €R; Ro(\), T-(\), VA —c_ € R;
(2.42) /\1,...,/\p€(foo,g),fyli,...,’yrijR+}

possess the properties I-II1 listed in Lemma|2.8. The functions Fy(x,y), defined
in (2.30), possess property IV from Lemma (2.11]

3. THE INVERSE SCATTERING PROBLEM

Let 87 (¢4, c—) be a given set of data as in satisfying the properties listed
in Theorem 213

We begin by showing that, given Fi (z,y) (constructed from our data via (2.30))),
the GLM equations can be solved for Ky(x,y) uniquely. First of all we
observe that condition IV implies Fy € £ (R1) (and therefore Fi. € L'(Ry) N
LL (R)) as well as F. is absolutely continuous on R for m = 1. Introduce the

loc
operator

+oo
(Feaf)y) = i/o Fi(t+vy+2x)f(t)dt.

The operator is compact by [38] Lem. 3.3.1]. To prove that I + Fy , is invertible
for every z € R, it is hence sufficient to prove that the respective homogeneous
equation f(y) + ij: Fy(y+t+ 22)f(t)dt = 0 has only the trivial solution in the

space L'(Ry). Consider first the case ¢ = c_ and the equation

(3.1) fy) +/0°o Foly+t+20)f(t)dt =0, feL'(Ry).
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Suppose that f(y) is a nontrivial solution of (3.1)). Since F(z) is real-valued, we
can assume f(y) to be real-valued too. By property IV, the function F,(t) is
bounded as t > z and hence the solution f(y) is bounded too. Thus f € L*(Ry4)
and

0—27r< . f(y)mdy+//w Fi(y+t+22)f(t) f( dydt) Z%

C+ 2 R
+/ |A|T£)|1/z( Vdr+ / R (N)eH™ (k) J(k)dk + /R |f (k) [dk,

where k 1=kt = /A —cy,
fvz) = / e VAU f(y)dy,  and  f(k) = / ™ f(y)dy
R4 T

Since f (A, x) is real-valued for A < ¢4, the corresponding summands are nonnega-
tive. Omitting them and taking into account that (cf. [38, Lem. 3.5.3])

/ Ry (N F(— k) Flk)dk: < / IRy (V)| F () 2dk,
R R

we come to the inequality [,(1 — IRy (M) f(k)|[2dk < 0. By property I (c),
IRy (\)| < 1 for A # cy, therefore, f(k) =0, i.e. f is the trivial solution of (3:1).

For the solution f of the homogeneous equation (I + F_ ;) f = 0 we proceed in
the same way and come to the inequality [, (1 — IR_(\))|f(k_)|?dk_ < 0, where
|[R_(X\)| < 1for A > c. Thus f(k) is a holomorphic function for k € C*, continuous
up to the boundary, and f(k) = 0 on the rays k2 > c; — c_. Continuing f(k)
analytically in the symmetric domain CT via these rays, we come to the equality
f(k‘) = 0 for k € R. The case ¢ = ¢4 can be studied similarly. These considerations
show that condition IV can in fact be weakened:

Theorem 3.1. Given S, (c,c_) satisfying conditions I-1I1, let the function Fy(x)
be defined by (2.30)). Suppose it satisfies the condition

IV The function Fy(x) is absolutely continuous with F/. € L*(Ry) N LL (R).
For any xo € R there exists a positive continuous function 74 (x,x¢), decreasing as
T — Foo, with T4 (-, x0) € L' (R+) and such that |Fy(z)| < 7+ (x,z0) for £ > +x0.
Then

(i) For each x, equation (2.29)) has a unique solution Ki(z,-) € L*([z,£c0)).
(i) This solution has first order partial derivatives satisfying

d
%Kﬂ:(x,m) € Ll(R:I:) N Llloc(R)‘

(iii) The function
+oo
(3-2) $r(N z) = e £+ Ky (z,y)e™+vdy

solves the equation
d
—y"(2) F 2y(2) K (2,2) = (ke)’y(@), z€R.

(iv) If Fy satisfies condition IV, then qi(z) == F2L K. (z,z) € L (Ry).
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Proof. If Fy satisfies condition IV for any m > 1 and n > 0, then at least F/, €
LY(R+), and we can choose 7 (z,70) = 74 (x fR |F' (x4 t)|d¢t. Since |Fy(z)| <

74 (z) and 72 (-) € L'(R+) is decreasing as z — 00, condition TV™* is fulfilled.

Item (i) is already proved under the condition Fy € L'(Ri) N L{ (R) and
F' € Ll (R), which is weaker than TV"***. Therefore, we have a solution K4 (z,y).
To prove (ii) it is sufficient to prove B , = B%Bi(a:,()) € L'[xg, +o00) for any zg
fixed, where By (z,y) = 2K (z,z + 2y).

Let £z > +xo. Consider the GLM equation in the form (2.35). By (i), the
operator [ +]:"i7x generated by the kernel Fi is also invertible and admits estimate
I{I + Fox}7t| < Ci(x), where Ci(z), 2 € R is a continuous function with
Cy(x) — 1 as © — Fo0. Introduce the notations

Ti,l(x):/R EL(t+ )| dt, Ti,o(x)z/R |Fu (t+ )| dt.
+ +

Note that |EFy(z)] < 74 1(z). From the other side, |Fy(x)| < 274 (2x,2x0), where
74 (2, x0) is the function from condition IV™¥eak From (2.35)), we have

(3.3) / Bz, y)ldy < |{T + Fia) Y| / Py + 2)|dy < C (2)rao(2),

and, therefore,

(34) [Ba(w.) <|F(+ )|+ / |Ba(z, 5)F(x 4y + )|ds

Ry

<14 (22 + 2y, 220) (1 4+ Cx(2)74 0(2)) < C(20)7+ (22 + 2Y, 220).

Being the solution of ([2.35) with absolutely continuous kernel Fy, the function
By (z,y) is also absolutely continuous with respect to x for every y. Differentiate

(2.35)) with respect to x. Proceeding as in (3.3]), we get then

|Bix(‘r y)ldy <|{T + Fe oz} (/R /]R | Bac(a, ) F' (¢ +y + )| dtdy
+

(3.5) + /R [Py + x)dy> < Ci(@) (T,0(2) + Cx(2) 7.1 (2)72.0(2)) -

Now set y = 0 in the derivative of (2.35) with respect to x. By use of (3.3)), (3.5
and IVV°** we have then

B (2) + By o (2,0)] < / Bl (. t)Fu (t 4+ 2)|dt + / B (e, ) EL (¢ + 2)|dt

Ry Ry
<Cy(z)A+ Cr(z)re 1(x)) s 0(x) T2 (22, 220) + Hi (),
where Hy(2) = [, [Bx(z ) FL(x +t)|dt. By (3-4),

Hy(z) < C(xo)/ T+ (22 + 2, 2x0)\ﬁ’j’t(x +t)|dt < C(xo)7+ (2%, 220) 7+ 1 (),
Rt

which implies
(3.6) B (2,0)| < |F'(2)| + C(20)Te,1(2) 72 (22, 220).

Therefore, under condition IV¥*** | we get ¢+ (z) := By ,(x,0) € LY(RF)NLL_
which proves (ii).

(R),
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Repeating literally the corresponding part of the proof for Theorem 3.3.1 from
138] we get item (iii) under condition TV™eak,

Now let Fi satisfy condition IV for some m > 1 and n > 0. As we already
discussed, in this case one can replace 74 (z, zo) by 7+ 0(x), and then formulas

and (3.4)) read
B (z,y)| < C(zo)re1(z +y), |Bro(w,0)| < Clao)ri i (2).

Since 71 1(x) € L}, ;(Ry) and 72 ,(z) € L) (Ry) for m > 1, then qi(zx) €
L0 (R). To prove the claim for higher derivatives, we proceed similarly. Namely,
in agreement with previous notations, set

i ix) = A FO(+a)dt, i=0,...,n+1,
+

and also denote D\ (z,y) = - "B, (z,y). Denote by (; ') the binomial coefficients.
Differentiating (2.35)) ¢ times with respect to & implies

F (@ +y) + DY (2,9) == <Z) / F (@ +y+ )DL (a, t)dt,
Ry

i=0 M

and, therefore,

[ D2 )iy <1+ P { | 1 iy
+

Rt

Z( >/R /R 19 (2 +y+ t)DV ) (2, 1) |dtdy

j=1

Sci,i( Ti i—1(x) + ZTi,J piz 7( B

where Ci’i(x) = Ki||{I+Fi,w}_1|| = KZCi(LE) with Ki = max;<; (;), and pi’j(m)
is defined by the recurrence formula

p£,0(2) = Cx(2)7x0(7), pts:=Cxo(x)[Txs-1( ZT:EJ z)p+ s—j(x)].
Thus, for every i =1,...,n+1,
[ 102wy < g o) € 28y R).
Respectively,
¢ (2)] = DV (2, 0)] < |FO(x |+Z( )ad )ps,i-j(t) € Lo, (Re),

which finishes the proof. |

Our next aim is to prove that the two functions ¢4 (z) and ¢_(x) from the
previous theorem do in fact coincide.
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Theorem 3.2. Let the set S (cq,c—) defined by (2.42)) satisfy conditions I-TII
and TVY®*™ Then q_(z) = q1 () =: q(z). If S (cy,c_) satisfies conditions I-TV
then g € L7 (cq,c_).

Proof. This proof is a slightly modified version of the proof proposed in [38]. We
give it for the case ¢ = c_. We continue to use the notation $(?) for the two sides of
the cut along the interval [¢,00) = [¢4, 00), the notation X for the two sides of the
cut along the interval [¢,00) = [c_, 00) and we also keep the notation D = C\ X.

The main differences between the present proof and that from [38] concern the
presence of the spectrum of multiplicity one and the use of condition ITV™Veak,
Namely, recall that the kernels of the GLM equations can be split natu-
rally into the summands Fy = F, ; + Fy 4+ + F, y and F_ = F, _ + F; _ according
to ([2.30]).

We begin by considering a part of the GLM equations

+oo
Gi(z,y) =Fro(z+y)+ Ki(z,t)Fr £ (t +y)dt,

where K4 (z,y) are the solutions of GLM equations obtained in Theorem (3.1} By
condition IVV**¥ | we have F, 1+ € L*(R), therefore, for any fixed z,

[ Froslo gy = Re (e,

R

and, consequently,

(37) [ Gata ey = ReyosOv0) ks € R
R

where ¢4 are the functions obtained in Theorem and the integral is considered
as a principal value. On the other hand, invoking the GLM equations and the same
functions ¢+, we have

P
Gi(z,y) = —Ki(z,y) =Y e Yo, (N, x)
j=1
i ‘ weih(ﬁ)y@r(g,x)d& y >z,

Cam ), k—(€)
and
P
G_(l',y) = 7K—(x7y)+Z’7j_enjy¢—()‘j7x)a y<wz
j=1
Since for two points k' # k'’

+oo +i(k'—k" )z
+i(k'—k" .€
then
. T . +oo )
(3.8) / G (2, y)e vy = / Gilwy)e vy — [ Ko (o.y)e ™ dy
R —00 T

L ‘ = (§)|2¢+(§, z)ei(k+(§)*k+()\))x
e (ka(§) = ke ) VE— o

e(fik_#fn;r)z

)

p
A&+ 7f o (V)
j=1

Kl;r + 1ki+
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and

(3.9) /}RG,(x,y)eik*ydy =

—+o0 x
G_(x,y)e*Ydy —/ K_(z,y)e*Ydy
—o0

z
e(ik,+m]._)a:

p
T RO Vi R

Since for k4 € R

+ o Ki(z,y)eT Ydy = ¢ (N, z) — Tk,
then, combining x and with , we infer the relations
(3.10) Re(N) 6+ (\2) + 6 (\,2) = Te(N0z (N, 2), ks €R,
where
0_(\ )= ()\) ( —ikrw / G (z,y)e  *+vdy
HT_(OPWe(E N, 1) Ajs A, @
(3.11) / | | *f N dé + Z ; 7+/\( ’AJ’ s
o G :OO G(x,y)eiwdwiﬂ;{jy) ,
and
(312) Wl a) = igu (&, 2)e COTED(hy (€) + ks (V).

It turns out that in spite of the fact that 6. (\, z) is defined via the background
solutions corresponding to the opposite half-axis R, it shares a series of properties
with ¢4 (A, ).

Lemma 3.3. The function 01 (\, ) possesses the following properties:

(i) It admits an analytic continuation to the set D\ {cy,c_} and is continuous

up to its boundary 3.

(i1) It has no jump along the interval (—oo,c4], and it takes complex conjugated
values on the two sides of the cut along [cx,00).

(iii) For large X € clos(D) it has the asymptotic behavior 04 (\, z) = eTF+T(1 +
o(1)).

(tv) The formula W (61 (X, z), ¢+ (N, z)) = FW(A) is valid for X € clos(D), where
W () is defined by formula ,

Proof. The function T 1()\) admits an analytic continuation to D by property II.
(a). Moreover, we have G¢(z,) € L*([z,£00)). Since e**¥¥ does not grow as
+y > 0 then the respective integral (the second summand in the representation for
0+ ) admits analytical continuation also. The function 61 does not have singularities
at points {A1,..., A, } since T;l()\) has simple zeros at ;. The function W< (&, A, x)
can be continued analytically with respect to A for £ and x fixed. Next, consider
the Cauchy type integral term in . The only singularity of the integrand
can appear at point ¢ = c¢_, because in the resonance case T_(c_) # 0. Thus,
if W(c_) = 0, then the integrand in behaves as O(¢ — c¢_)~'/2. By [41],
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the integral is of order O(& — ¢_)~%/279 for arbitrary small positive §, moreover,
T7Y(N) = Cy/A—c_(1+0(1)). Therefore for A — c_

JOo((A=c)™), ifW(eo)=0,
(8.13) b-(1 o) = {0(1), i W(c) #0.

Since W (cy) # 0 by IL (a), then 77 (\) = O(X — ¢4 )~Y/2, respectively
(3.14) 0_(\z)=0 (()\ - c+)_1/2) . 0.(\z)=0(1), A= ey

Properties (i) of Lemma[2.4] and IL. (a) together with (3.1T)) and (3.12) imply that

6, and 6_ take complex conjugated values on the sides of cut along [c,c0). Since
Wi(€, A\, 2) € R when A\, € < cy, then 01 (\,z) € R as A < ¢_. Due to property

I. (b), we have T-'T_ = R_ on both sides of cut along [c,¢], and from (3.10) it
follows that

0, =¢_ T '+¢_T 'R

Therefore, 0, has no jump along the interval [¢,¢]. At the point ¢ = c_, the function
04 (x, ) has an isolated nonessential singularity, i.e. a pole at most. But at the
vicinity of point c_ 64 (A, z) = O(T=*(\)) = O(\ — c¢_)~'/2. Thus this singularity
is removable,

(3.15) 0 (N z)=0(1), A—c_.

Items (i) and (ii) are proved.
The main term of asymptotical behavior for 84 (A, z) as A — oo is the first

summand in (3.11). Thus, by I. (e) and (2.28)),
0 (0, ) = T2 (Ve o 1 o(1) = e¥7(1 1 o(1)),
which proves (iii). Property (iv) follows from (3.10)), , and (2.24) by analytic

continuation. O
Now conjugate equality (3.10)) and eliminate ¢+ from the system
Rigy + o+ =014,
= k+ € R,
{ Rigs +6r =05Ts,
to obtain
¢+(1—|Re|?) = 0:Tx — Re0:Ty.

Using I. (c), (d) and IT shows for A € (2| that is for ky € R, that

Tr¢r =07 + Ry0= Xex®.

This equation together with (3.10]) gives us a system from which we can eliminate
the reflection coefficients Ry. We get

(316) T:I:(¢:|:¢¥ — GiG;) = (b:tg:t — gzl:e:b A€ 2(2)
Next introduce a function

QJ)Jr()‘v x)d)* ()" .%‘) _ 9+<>" 33)9,()\, :B)

d(N) = B\, z) = ey 7
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which is analytic in the domain clos(D)\ {A1,...,Ap,¢,€}. Our aim is to prove that
this function has no jump along the real axis and has removable singularities at the

points {A1,...,Ap, ¢, ¢}. Indeed, from (3.16]) and (2.24) we see that

/\’ x)ei(ka 1:) — ¢i(>‘7 z)ai ()‘7 1‘)

ik ’
By the symmetry property (cf. IL. (a), (iii), Theorem and (ii), Lemma [3.3),
we observe that both the nominator and denominator are odd functions of k.,
therefore ®(\ 4+ i0) = ®(\ —i0), as A > ¢, i.e., the function ®(\) has no jump
along this interval. By the same properties II. (a), (iii) of Theorem [3.1| and (ii) of
Lemma the function ®(A) has no jump on the interval A < ¢ as well. Let us
check that it has no jump along the interval (c,) also. Lemma[3.3] (ii) shows that
the function 04 (A, z) has no jump here. Abbreviate

@(A):i¢i( Aex®,

[®] = P(N+10) — P\ —i0) = ¢4 [?;} — 04 ﬁ’d , A€ (g0,

and drop some dependencies for notational simplicity. Using property I , (b) and

formula , we get
[‘25—} 0T 6T (¢p-R +¢ )T _ 60,7 T-

W 2ik 2ik o 2ik
that is,
¢-1 _ 0404 |T- |

1 e e el
(8.17) O+ {W} 2ik_
On the other hand, since ik € R as A < ¢, we have

0_ 0_T, 1

.1 — | = = _Ty].

(3.18) [W} [ 2k, ] 2k, 6T ]

By (3.11)) the jump of this function appears from the Cauchy type integral only.
Represent this integral as

_1/0 O+ (,€) (—1) (k+ (A) + ko () Ok INT_(€)]>  dg
2mi J, 2ik_(&) E-XN
and apply the Sokhotski—Plemejl formula. Then (3.18)) implies

0 m 0o TP

w 2ik_
Comparing this with (3.17)), we conclude that the function ®(A) has no jumps
on C, but may have isolated singularities at the points E = Ay,..., A, c_,cy

and oo. Since all these singularities are at most isolated poles, it is sufficient to
check that ®(\) = o((A — E)~!), from some direction in the complex plane, to
show that they are removable. First of all, properties I. (e) and (iii), Lemma
together with and imply ®(\) — 0 as A — co. The desired behavior
®(A\) = o((A—cx) ™) for A — c4 is due to property IT and estimates (3.13), (3.14),
(3.15)). Next, to prove that there is no singularities at the points of the discrete
spectrum, we have to check that

(3.19) (2, Aj)d— (2, A5) = 04 (2, A7)0 (x, A;).
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Passing to the limit in both formulas (3.11f) and taking into account (2.24]) and
B2 gives

aw

O+ (A, ) = —— (M) b= (Ak, )75,

d\
which together with (2.21]) implies (3.19). Since ®(\) is analytic in C and ®(A) — 0
as A — oo, Liouville’s theorem shows
(3.20) O(z,\)=0 for NeC, zeR
Corollary 3.4. Ry(cy)=—1if W(eq) #0.
Proof. In the case ¢ = c¢_ discussed above we have W(cy) # 0. Formula ([3.20)
implies that instead of (3.14) we have in fact 6_(xz,\) = O(1) as A — c¢4. Since

Ti(cy) = 0 and ¢(z,cq) = ¢(x,cy), then by (3.10) we conclude Ry (cq) = —1.
Property R_(c_—) = —1 in the nonresonant case is due to I. (b), (2.24), and property
W(c-) € R\ {0}, which follows in turn from the symmetry property (i) of Lemma

(]
Formula implies
(3.21) dr N z)p_ (N z) =0, (N x)0_(N\x), AeC, zeR.
Moreover,
(3.22) pr(N )0\, x) = pL(N, 2)0L (N, z), Ae D@,

It remains to show that ¢4 (A, z) = 64 (\, x), or equivalently, that for all A € C and

reR
p()\7x) — gb_(/\,$) — 0+()‘7$)
9*()‘7‘%) ¢+(>‘7$)
We proceed as in [38], Section 3.5, or as in in [7], Section 5. We first exclude from
our consideration the discrete set O of parameters x € R for which at least one
of the following equalities is fulfilled: @¢(E,z) = 0 for E € {A1,...,\p,c_,cy}.
We begin by showing that for each z ¢ O the equality ¢+(5\,ZL‘> = 0 implies the
equality 6, (A, z) = 0. Indeed, since A ¢ {\y,.. .y Ap,C—,c4 } we have W(A\) #0
and therefore by (iv) of Lemma that 6_(\,z) # 0. But then from the
equality 9+(5\, x) = 0 follows. Thus the function p(\, z) is holomorphic in D. By
(ii) of Lemma it has no jump along the set (c_,cy), and by it has
no jump along A > c¢;. Since ¢ (cy,z) # 0, then and (3.15) imply that
p(A, z) has removable singularities at ¢ and c_. By (iii) of Lem p(A) =1
as A — oo, and by Liouville’s theorem p(\,z) = 1 for x ¢ O. But the set O is
discrete, therefore, by continuity ¢+ (A, z) = 01 (A, x) for all A € C and z € R. In
turn this implies that ¢—(z) = ¢4+ (x) and completes the proof of Theorem [3.20 O

=1.

4. ADDITIONAL PROPERTIES OF THE SCATTERING DATA

In this section we study the behavior of the reflection coefficients as A\ — oo
and its connection to the smoothness of the potential. One should emphasize that
the rough estimate I. (e) is sufficient for solving the inverse scattering problem
(independent of the number of derivatives n), because this information is contained
in property IV of the Fourier transforms of the reflection coefficients. That is
why we did not include the estimate from Theorem [{.I] proved below in the list
of necessary and sufficient conditions. On the other hand, this estimate plays an
important role in application of the IST for solving the Cauchy problem for KdV
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equation with steplike initial profile. Lemma [£.3] and Theorem [£1] clarify and
improve corresponding results of [7] and are of independent interest for the spectral
analysis of L.

We introduce the following notation: We will say that a function g(\), defined
on the set A := ¥ N {\ > a > ¢}, belongs to the space L?(oc0) if it satisfies the
symmetry property g(A +i0) = g(A — i0) on A, and

+oo 2d)\
[y <o

Note that this definition implies g(\) € Ly k?i}( \ (—a,a)) for sufficiently large a.
Theorem 4.1. Let ¢ € L (c4,c_), m,n > 1. Then for A — oo
ds n
Ri(N) =ge(MNA ", s=01,...,m—1,
dks. ’

where g1 s(A\) € L?(c0).

Note that the case n = 0 and m = 1 already follows from Lemma [2.8] since
(using the notation of its proof) Ri(\) = fe +ki' admits m — 1 derivatives with

respect to ki for m > 1, and féfi {k?i}( \ (—a,a)). The general case will be
shown at the end of this section. Using Lemma and formula (2.17), we can
specify an asymptotical expansion for the Jost solution of equatio with a
smooth potential.

Lemma 4.2. Letq € L, (cq,c_) and g (x) = q(x)—cy. Then for large ky € R the
Jost solution ¢+ (A, x) of the equation Loy = Adp+ admits an asymptotical expansion
ug 1(x) Ug () Ui n(A ) )

— tikix >
(41) ¢x(hz)=e (ui*’(x)i oike T E2ike)r T (E2ike)n

where
+oo
(42) wnle) =1, wsen@ = [ WO e Oued O =1, on.

Moreover, the functions Uy (A, ) and 2Uy (X, z) are m—1 times differentiable
with respect to k+ with the following behamor as A — oo and 0<s<m—1:

aS
ok,
Proof. Formula (2.17)) implies

*Bi(r,y)  9°Bi(z,y) /i‘” *'Bi(a,y)
(4.4) dy* T 90yt + ; g+ (cv) dys—1

Integrating (2.10) by parts and taking into account (4.4)) with s = n+1 and Lemma

23] we get

1 (=)™ 9" 1Bi(x,0)
Fiktx -1 B ’
9= (ks z)e F g D@0+ e T g

(—1)™* (0"Ba(x,0) / oo
ik o )y \azagn Be(z,y)

(4.5) + /T - g+ ( )gnBi(a,y)da> eﬂikiydy}.

(4.3)

0° 1 0
UenOha) € £260), i (1 mUsn(n) ) € Lo0).

da, s>1.
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Set -
007 B 0
us (x) == (~1)" ayf(f’), I<n+l.
Then (4.4) implies (4.2]). Put
!
4.6 U4 1 (x :lelaBii(x’y) [<n
( ) U+ ( 7y) ( ) 6:[/[ 3
By (1.2), (L.3), (2.1), (2.14), and (2.13) we have vy ;(-) € £2 _,(R4). This implies
0
(47) ui,n—i—l(x, ')7 %ui,n-‘rl(l" ) € E?n—l(Ri)'
Comparing (4.1]) with . ) gives
+oo 9
(48) U:I:,n()‘vx) = u:l:,nJrl(x) +/ (axu:t,nJrl(xvy)
0

+oo
:I:/ qi(a)ui,n+1(a,y)da) eiQikiydy,

where the function uy ,41(z,y), defined by (4.6)), satisfies ug n41(x,0) = ug py1(x).

From ([4.2)), it follows that the representation for u; 4 () involves qi_Q) (z) and lower
order derivatives of the potential. Thus uy ,4+1(z) can be differentiated only one
more time with respect to z. But we cannot differentiate the right-hand side of
. directly under the integral. To avoid this, let us first integrate by parts the
first summand in this integral. By (4.6), we have ay“i (@, Y) = —ug ni1(z,y).
Taking the derivative with respect to x outside the integral, we get

+oo +oo
/ 783 U i1 (2, y)e Y dy = — <Ui,n(x) F 21k / Ui,n(z,y)eﬂ‘kiydy) :
0 X dx 0

According to (4.2), we have vy ,, 4 (z) + v, () = g+ (z)us n(z), and therefore

0 e g+ (T)us n(z) /ioo 0 +£2ikyy
U n(e) = ik (HEORERE) 2 [75 0, ooty

+oo i
- / w1 (2, ) qe ()220 dy,
0

which together with (4.7) proves (4.3)). O
Our next step is to specify an asymptotic expansion for the Weyl functions
¢ (A )
4.9 m4i A’ xr) = ——m—m—m——-
(49) %) ¢+ (X, )

for the Schrodinger equation. Note that due to estimate and continuity of
&(x) for any b > 0 there exist some ko > 0 such that for all real ki with |k+| > ko
the function ¢+ (), z) does not have zeros for |z| < b. Therefore, my(ki,x) is
well-defined for all large real k1 and z in any compact set L C R.

Lemma 4.3. Let q € L] (cy,c_). Then for large A € Ry the Weyl functions (4.9)

admit the asymptotic expansion

(4.10) my (k,z) = i“f*Z izlf A)i +TE2T\(/AX;)
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where
d -1
(4.11) ma(e) = q(z), M (@) = ——m(z) - > muj(w)m; (@),
j=1
and the functions my n (X, x) are m — 1 times differentiable with respect to ki with
as
(4.12) ——mp(\x) € L*(0), s<m—1, Yz eKk.
ok3

Remark 4.4. The recurrence relations are well-known for the case of the
Schrédinger operator with smooth potentials and are usually proven via the Riccati
equation satisfied by the Weyl functions. Our point here is the fact that 18
m — 1 times differentiable with respect to ki together with .

Proof. We follow the proof of [38], Lemma 1.4.2, adapting it for the steplike case.

From (4.9) and (1.1), we have my (A, &) = ikx + k4 (A, ), where ki (A, x) satisfy
the equations

K0 2) % 2ikare (0, 2) + 1200 2) — gu(2) =0, £a(A2) = o(1), A oo,
Introduce notations ¢4 (A, x) = eT*=2Q 4 (X, x), where (cf. Lemma

Ui n()\,x)
4.1 =P, o \nil
(4.13) Qin(A ) (A @) + (£2iky )"t
ut 1 () Uy ()
4.14 Pya(\z) =1 1 - SACIY
(4.14) en(Aw) =14 Fo s e
Then

_PLaa) UL (A a)Pren(A @) — U (A, 2) P o (A 2)
P\ 1) (£2ikg )Py (N, 2)Qu (A )

Decompose the first fraction in a series with respect to (2ik+)~! using (4.14]). Since
Py (A x) #0 for z € K and sufficiently large A, then we get

Pli,n(/\’x) o . Kji,‘(ﬁﬁ) fi,n(Aaz)
(4.15) Pontng) ~ 2 ok T (2iks)

k(A x)

j=1
where k4 ;(x) are polynomials of uy ;, I < j, and the function f1 (A, z) is infinitely
many times differentiable with respect to k4 for sufficiently big k4, and

!

(4.16) Wf(/\,x) € L*(c0), 1 =0,1,...
+
Correspondingly,
" kg j(z) Kt n(A )
4.1 A = -
(4.17) wx(%7) 2 (@2ike) ik
where

U:,i: n(>‘7w) U:t n(/\vx)P:/t n()‘7x)
A\ z) = k : - ’ = .
R @) = fenlk0) + o D) 2ika P (0 2)Qan ()
Taking into account (4.2), (4.7), (4.3), (4.13)), (4.14), and (4.16)), we get
85

—— k(N 2) € L*(c0), s<m—1, VzeKk.
oksy
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Next, due to (4.2)), the functions w;(z) depend on ¢~ (z) and lower order deriva-
tives of the potential, and can be differentiated at least twice more with respect
to x for I < n. Since the function ¢4 (A, x) itself is also twice differentiable with
respect to x, the same is valid for Uy ,,(A, ) and x4 (A, z). Hence each summand
of (4.14) can be differentiated twice, and we conclude that all k4 j(z), j < n, in
e differentiable with respect to z, and so is k4 ,, (A, x).
Next, for large A, we can expand ki with respect to v/A and represent my (A, x)
using [@.17) as m+ (X, z) = iV + &+ (\, z), where
n ~

_ Rx j(z) ma n(A, )

R+(\ ) Z (2iv/)7 + v
Here k4 j(z) are some other coefficients, but they also depend on the potential and
its derivatives up to order n—1, i.e., one time differentiable together with £ ,, (A, x)
with respect to z. Moreover, my (A, x) satisfies the same estimates as in .
But R4 (), x) satisfies the Riccati equation

B (@) £ 20V ke (N, z) + k1 (N, 2) — g(z) = 0,
and therefore 74 ;(z) = f_(z) = my(z), where my(z) satisfies (£.11)). O
Corollary 4.5. Let g € L (cy,c—) withn > 1 and m > 1. Then for any K C R,
x € K and sufficiently large A > € the function
FeaOa) = k2 (me(va) = me (A, 2))
is m — 1 times differentiable with respect to ki with

P )€ L2(), 0<s<mo1
k3 '+

The claim of Theorem follows immediately from (2.23]), evaluated for x € K,
12.8), (4.9), Lemma and Corollary
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