SCATTERING THEORY FOR JACOBI OPERATORS WITH
QUASI-PERIODIC BACKGROUND

IRYNA EGOROVA, JOHANNA MICHOR, AND GERALD TESCHL

ABSTRACT. We develop direct and inverse scattering theory for Jacobi opera-
tors which are short range perturbations of quasi-periodic finite-gap operators.
We show existence of transformation operators, investigate their properties,
derive the corresponding Gel’fand-Levitan-Marchenko equation, and find min-
imal scattering data which determine the perturbed operator uniquely.

1. INTRODUCTION

Classical scattering theory deals with the reconstruction of a given Jacobi oper-
ator

(1.1) Hu(n) = a(n)u(n+1) + a(n — Du(n — 1) + b(n)u(n),

which is a short range perturbation of the free one Hy associated with the coeflicients
a(n) = %, b(n) = 0. This case has been first developed on an informal level by
Case in a series of papers [B] — [1I0]. The first rigorous results were established by
Guseinov [18], who gave necessary and sufficient conditions for the scattering data
to determine H uniquely under the assumption

(1.2 S ol (Jate) = 1+ o)) < .

Further extensions were made by Guseinov [19], [20], and Teschl [27]. Additional
details and further references can be found, e.g., in [2§].

In addition to being of interest on its own, scattering theory can also be used
to solve the initial value problem for the Toda equation via the inverse scattering
transform. This has been formally developed by Flaschka [14] (see also [29] and
[T1] for the case of rapidly decaying sequences) who also worked out the inverse
procedure in the reflection-less case. Further results and an extension of the method
to the entire Toda hierarchy were given by Teschl in [26] and [27].

The next interesting problem is to replace the free Hamiltonian Hy by one with a
periodic potential. First results in the case of Sturm-Liouville operators have been
obtained by Firsova in a series of papers (see [I3]). For further results, including
potentials with different spatial asymptotics, and additional references see Gesztesy
et al. [I6]. In the discrete case, the investigation has only recently been started by
Boutet de Monvel and Egorova [2] and by Volberg and Yuditskii [31], who treat
the case where H has a homogeneous spectrum and is of Szeg6 class exhaustively

2000 Mathematics Subject Classification. Primary 47B36, 81U40; Secondary 34125, 39A11.

Key words and phrases. Inverse scattering, Jacobi operators.

Work supported by the Austrian Science Fund (FWF) under Grant No. P17762, the Austrian
Academy of Sciences under DOC-21388, and INTAS Research Network NeCCA 03-51-6637.

Comm. Math. Phys. 264-3, 811-842 (2006 ).

1



2 I. EGOROVA, J. MICHOR, AND G. TESCHL

from an operator point of view. Applications to the Toda lattice can be found in
Bazargan and Egorova [I] and Boutet de Monvel and Egorova [3].
Finally, let us give a brief overview of the paper:

Section 2] collects some well-known facts from Riemann surfaces and introduces
the necessary notation. Section [3| introduces the Baker-Akhiezer function and in-
vestigates the quasi-momentum map. In the periodic case, where the integrals can
be explicitly computed, this was first done in [24]. In addition, we characterize
the second solution at the band edges. In Section [4] we prove existence of Jost
solutions and use them to characterize the spectrum of the perturbed operator. In
the periodic case, existence of Jost solutions was first shown by Geronimo and Van
Assche [I7] and the fact that there are only finitely many eigenvalues in each gap
was first proven in Cojuhari [I2] and later rediscovered in Teschl [25]. Section
introduces the transformation operator and proves the crucial decay estimate on
its coefficients. This was first done by Boutet de Monvel and Egorova [2] in the
periodic case under the additional assumption that all spectral gaps are open. We
fix a problem in the original proof and at the same time simplify and stream-
line the argument. Section [0] investigates the scattering matrix. Our main result
here is the reconstruction of the transmission coefficient from the reflection coeffi-
cient, which was not known previously even in the periodic case. Section |7] derives
the Gel'fand-Levitan-Marchenko equation and proves positivity of the Gel’fand-
Levitan-Marchenko operator. In addition, we formulate necessary conditions for
the scattering data to uniquely determine our Jacobi operator. Our final Section [§]
shows that our necessary conditions for the scattering data are also sufficient. It
should be mentioned that, due to the lack of continuity with respect to the spacial
variable n, a significant change in the strategy of the original proof in the continuous
case from [22] is needed.

Our approach uses heavily the fact that the Baker-Akhiezer function is a mero-
morphic function on the Riemann surface associated with the problem. This strat-
egy gives a more streamlined treatment and more elegant proofs even in the special
cases which were previously known. In this respect it is important to emphasize
that, in contradistinction to the constant background case, the upper sheet of our
Riemann surface is not simply connected and in particular not isomorphic to the
unit disc.

2. QUASI-PERIODIC FINITE-GAP OPERATORS AND RIEMANN SURFACES
To set the stage let M be the Riemann surface associated with the following
function
2g+1

(21)  Ry)1a(2),  Raga(2) = [[(:—Ej),  Eo<BEi<-< By,
=0

g € N. M is a compact, hyperelliptic Riemann surface of genus g. We will choose
R%iQ (z) as the fixed branch

2g+1

(2.2) Ry =~ [[ vz B
j=0

where /. is the standard root with branch cut along (—o0,0).
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A point on M is denoted by p = (z, :l:R%ﬁQ(z)) = (z,4),2 € C, or p= ooy, and
the projection onto CU{oo} by m(p) = 2. The points {(E;,0),0 < j <2g+1} CM
are called branch points and the sets

g
(2:3) I = {(z, £R5%5(2)) | 2 € C\ By, Baja]} € M

j=0
are called upper, lower sheet, respectively.

Let {a;, b, }§:1 be loops on the surface M representing the canonical generators
of the fundamental group m1(M). We require a; to surround the points Ea;_1, Ea;
(thereby changing sheets twice) and b; to surround Ey, Es;_; counter-clock wise
on the upper sheet, with pairwise intersection indices given by

(2.4) a;oa;=b;ob; =0, a; o b; = dj, 1<i,j<g.

The corresponding canonical basis {(;}7_; for the space of holomorphic differentials
can be constructed by

(2.5) (=Y )=,

where the constants ¢(.) are given by

j—1 Eog j—1
Cj(k):C-_kl, C_jk::/ MZQ/ ie[@.
: j 1/2 1/2
ax Rygys Eaeo1 Roglo(2)

The differentials fulfill
(2.6) / (x = 5j,k7 / (x = Tjk> Tjk = Tk,j>» 1<jk<g.

J b;

Now pick g numbers (the Dirichlet eigenvalues)

(2.7) ()= = (15, 05)4

whose projections lie in the spectral gaps, that is, p; € [E2j_1, F2;]. Associated
with these numbers is the divisor D which is one at the points fi; and zero else.
Using this divisor we introduce

(2.8) z(p,n) = A, (p) — a,, (Dp) —nA, (c0) —E,, €CY, z(n) = z(cos,n),
where =, is the vector of Riemann constants

2, 1-— g_ T5
(2.9) Zpo,j = 725_1 J’ka Po = (Eo,0),

and A, (on) is Abel’s map (for divisors). The hat indicates that we regard it as a
(single-valued) map from M (the fundamental polygon associated with M) to C9.
We recall that the function §(z(p, n)) has precisely g zeros fi;(n) (with fi;(0) = ;),
where 6(z) is the Riemann theta function of M.

Then our Jacobi operator H,, is given by

g0 1) 1)
q ZEDIEE.

i =0 O(w + z(n))
(2.10) be(n) = b+;cy(g)a%1n(9@uﬂm_1))>’w—o'

sy




4 I. EGOROVA, J. MICHOR, AND G. TESCHL

The constants a, b depend only on the Riemann surface and will be defined in the
next section.

It is well known that the spectrum of H, is purely absolutely continuous and
consists of g + 1 bands

g
(2.11) U Eaj, Eaji1].
For further information and proofs we refer to [28], Section 9.

3. THE BAKER-AKHIEZER FUNCTION AND THE QUASI-MOMENTUM MAP

The Baker-Akhiezer function ,(p, n) = 1¥4(p, n,0) is given by
(3.1)

_ oGl 0000 oo
‘/’q(p’”’”@‘\/ st TG Tstrn) (070 [ Bers)

where W, oo_ is the normalized Abelian differential of the third kind with sim-
ple poles at oo and residues +1, respectively. They are normalized such that

wq(pv no, nO) =1L
The two branches

(3.2) Yex(zn) =[] bg.+(2)

of the Baker-Akhiezer function are solutions of T,u = zu, z € C, where 7, is the
difference expression associated with Hy and ([28], (8.87))

o TRy Ry (2)
(3.3) ¢q,i(27n)_< z:: g ()))’

2aq(n) i=1(z = py(n

Ry (1 (n))
ez, (15 (n) — pe(n))”

However, the Wronskian

Rj(n) =

Ry’ 2)
(3.4) Wq(¥g,—(2),¥q,+(2)) = qgi
j:l( 1)
(5 = p;(0)) shows that they are linearly dependent at the band edge E;, 0 < j <
29 + 1.
The branch v 4, (2,n) has a first order pole at yu; if p; is away from the band
edges

1;(0)
(3'5) le{i‘l (Z - lu])/l/)q gj (Z TL) wq,oj (:u]? n? 1) aj(o)
(use (3.3) and g + (2, n) = ¥g,+ (2,1, 1)dq +(2,0)) and both branches have a square

root singularity if u; coincides with a band edge E;

i [Tyt V10— Ei|
(3.6) lm /2 — ;g4 (2,n) z Yg.+(Er,n, 1).
r 2%(0) Hk;éj VE = ! "

Z— L
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Lemma 3.1. The solutions of Tqu = zu can be characterized as follows.
(1) If Rag1a(2) # 0, there exist two solutions satisfying

(3.7) Vg, x(2,n) = 0+ (z,n)w(2)*", w(z) = exp (/(z,ﬂ Qoo+,oo,),

Po

with 04 (z,n) quasi-periodic.
(11) If Rog12(2) =0, z = Ej, there are two solutions satisfying

(3-8) wq(Eh n) = wQ7+(El’ n) = wq,*(Eh n), 1[)q(El7 n) = wq(Elﬂ n)(él(n) + n),
where 0;(n) is quasi-periodic.

Proof. (ii). We construct a second linearly independent solution at z = F = E;
using (see [28], (1.50))

. ¢q+(27”)—¢q—(2an)
(3.9) sq(E,n) = lim a,(0)== > ,
! :mE W(wq,f(z)a'l/}q#(z))
where s,(z,n) denotes the fundamental solution of 7,u = zu with initial conditions
$¢(2,0) = 0, s4(2,1) = 1. W.lo.g. we assume that E; does not coincide with
one of the Dirichlet eigenvalues p; (otherwise shift the base point). To derive an
expression for 1, 1 (2) at z = F + € we start with

Ryi,(z) =e(R+0(%), R=-[[VE-E;
J#L

Moreover,

R
le(E — W)
and for p = (E + €2, 4) (see (3.11)) below)

Wq (g, (2),¥q.4(2)) = e(1+0(e))

P E 2119, (E — \;
Po Po R

z(p,n) Zé(E,n)ije+O(e3), =

c(f) 7

g 2Fi—1
=1

J
and

Olelpn)) = O((Bn) + 5 ((Bm) 1 e+ O(E).

Using this to evaluate the limit € — 0 shows

g

sq(E,n) = 2a4(0) H

j=1

E—py
E— )

J)q(Eﬂ n) = ’(/Jq(Eﬂ’L)(é(n) + TL),
where

0(n) = g(]E/\j)j;l chk(j)aiwk In6(z(E,n) + w),

and finishes the proof. O
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Remark 3.2. (i). Since ¢,(z,n) has a singularity if z = p; the solutions in
Lemma are not well-defined for those z. However, you can either remove the
singularities of 14(z,n) or choose a different normalization point ny # 0 to see that
solutions of the above type exist for every z.

(ii). In the periodic case Floquet theory tells you that there are two possible cases at
a band edge: Either two (linearly independent) periodic solutions or one periodic and
one linearly growing solution. The above lemma shows that the first case happens
if the corresponding gap is closed and the second if the gap is open.

To understand the properties of 1, 1 (2,n) we need to investigate the quasi-
momentum map

P
(3.10) w(z) = exp (/ wm,oo,), p=(z+).
Po
The differential woe, o_ is given by
g

(m=25)
(3.11) Wooy 00 = ]RTdm

2g+2

where the constants A\; have to be determined from the normalization

i >
(3.12) / Wooy 00 = / 1/2 =0,
aj Eaj_1 Qg+2

which shows )\j S (Egj_l, E2j).
Since \; € (Eaj_1,FE;) the integrand is a Herglotz function and admits the
following representation (c.f. [28], Appendix B)

?:1(2*%’) I A
(3.13) e / dii())

with the probability measure

— 00

(3.14) dii(\) = (= A) (\)dA
' P T TR o

Hence

g(z,00) = /powm,oo /EO/ —du N)d¢

(3.15) = /_o; In (A/\_IZ°> di(N).

In particular, note that —Re(g(z,00)) is the Green’s function of the upper sheet
I1; with pole at coy and fi is the equilibrium measure of the spectrum (see [30],
Thm. IT11.37). We will abbreviate ¢g(z) = g(z, 00).

The asymptotic expansion of exp(g(z)) is given by (28], (9.42))

v a b 1
(3.16) exp(/pO wOO+,DO_> :—7<1+ JrO(z—Q)), 2z — 00,

z z
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where a is the capacity of the spectrum and

2g

+

(3.17) b=

| —

Ll

Theorem 3.3. The map g is a bijection from the upper (resp. lower) half plane
C* = {2z € C| £Im(z) > 0} to

I
<

J

g
(3.18) S§* = {2 € C|£Re(2) < 0,0 < Im(z) < 7}\ U 9(Ej11)]

such that o(H,) = {z | Re(z) = 0}.

Proof. By the Herglotz property of its integrand, the function g(z, 0o) satisfies the
conditions of [23], Theorem 1(b) in Chapter VI, which shows that it is one-to-one.

To prove that g(z,00) is surjective, it suffices to show that the boundary of C*™
is mapped to the boundary of ST. Note that g(\) is negative for A\ < Ey and purely
imaginary for A € [Ep, E1]. At Ej, the real part starts to decrease from zero until
it hits its minimum at A\; and increases again until it becomes 0 at F5 (since all
a-periods are zero), while the imaginary part remains constant. Proceeding like this
we move along the boundary of S* as A moves along the real line. For A > Esg 41,
g()\) is again negative. O

Remark 3.4. In the special case where H, is periodic the quasi-momentum is given
by w(z) = exp(iN ~t arccos A(z)), where A(z) is the Floquet discriminant, and our
result is due to [24].

Therefore the map

w:C* — Wr={weC||w| <1,+Im(w >o}\U w(Eaji1)]
Jj=1
(3.19)  z — exp(g(z2))

is bijective. Denote W = WT U W~ U (-1,1), Wy = W\{0}. If we identify
corresponding points on the slits [w(\;), w(Ea;j4+1)] we obtain a Riemann surface
W which is isomorphic to the upper sheet II,.

Remark 3.5. In [24] the largest band edge Eog 1 is chosen for py and w will map
C* — WT in this case. Moreover, in the periodic case the slits [w(\;), w(Eaj11)]
appear at equal angles %”, where N is the period.

Since z — w(z) = exp(g(z)) is a bijection, we consider the functions 1, + as
functions of the new parameter w whenever convenient. For notational simplicity
we will write g, 4 (w,n) for ¥ + (A(w),n) and similarly for other quantities. The
functions 1, 1 (w, n) are meromorphic in W and continuous up to the boundary with
the only possible singularities at the images of the Dirichlet eigenvalues w(y;) and
at 0. More precisely, denote by M. the sets of poles (and square root singularities
if uj = Ep) of the Weyl m-functions m4 (A), i.e. My UM = {;}_; (see and
[28], Section 2.1). Note that p; € M N M_ if and only if u; = E;. Then

(B1) tg,+(w,n) are holomorphic in W\ ({w(u;)}7_; U {0}) and continuous on
OWN\{w(p;)}-
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(B2) 94,4 (w,n) has a simple pole at w(gp;) if u; € My \{E;}, no pole if p; & My,
and if p; = £y,

i'C(n)

w — wy

where C'(n) is bounded and real.

(B3) g+ (w,n) =gz (w,n) for jw| = 1.
(B4) At w = 0 the following asymptotics hold

Yy x(w,n) ==+

+O(1),

n—1 41
doslwn) = ()" (T]" alm) ™ (5

m=0

)= (1+O(w)).

By Section 2.5 of [28] the vector valued functions

B 1 Vg, + (A1)
(3.20) U(Am) = \/ 4a4(0)27Im(m (V) < z/}q:(&n) )

form an orthonormal basis for the Hilbert space L?(a(H,),C?,d)\). The Weyl m-~
functions my (z) satisfy (see [28], eq. (8.95))

. 51/2
132;+2(/\)

(3:21) ) = 50 P T, O )

A€ o(Hy).

Using our map w(z) = exp(f( =) Woo, 00 ) We can transform this into an or-
thonormal basis on the unit c1rcle

Lemma 3.6. Both functions ¥ +(w,n) and 1 _(w,n) form orthonormal bases in
the Hilbert space L*(S*, 5k-dw), where

(3.22) dw(w) =[] W‘Z"
j=1 !

Proof. Just use

I (2= A
(3.23) fl—w = w%ﬂ
o R2q+2( )

O

Observe that dw is meromorphic on W with a simple pole at w = 0. In particular,
there are no poles at w(A;).

Remark 3.7. In [2] a different normalization is used. To establish the connection
observe

N-—

(3.24) Z¢q+zn¢q_zn

if Hy is periodic with period N .
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4. EXISTENCE OF JOST SOLUTIONS

After we have these preparations out of our way, we come to the study of short-
range perturbations H of H, associated with sequences a, b satisfying a(n) —
aq(n) and b(n) — by(n) as |n| — oo. More precisely, we will make the following
assumption throughout this paper.

Hypothesis H.4.1. Let H be a perturbation such that

(4.1) > Il (la(n) = ag(m)] + [b(n) = by(m)]) < ox.

neEZ

We first establish existence of Jost solutions, that is, solutions of the perturbed
operator which asymptotically look like the Baker-Akhiezer solutions.

Theorem 4.2. Assume (H[4.1)). Then there exist solutions 4 (z,.), z € C, of
T = 2 satisfying
(4.2) lim |w(z)™(Ye(z,n) —g4(2,n))| =0,

n—=4o0o

where g 1+ (2,.) are the Baker-Akhiezer functions. Moreover, ¥4 (z,.) are contin-
uous (resp. holomorphic) with respect to z whenever Vg 1+ (2,.) are and inherit the

properties (B1) and (B2), where now ¢y (z,n) = llciﬁ + O(1). (B4) has to be
Z=py

replaced by

(4.3)
ba(m) = (1] a() (14 (Betn) = : byl — )% +0(5)),
where
A = 11 A B - _i (balm) — b)),
j=n m=n+1
(44)  A(n) — ;H_; jq({j?), B_<n>=m§m<bq<m>—b<m>>.

Proof. The proof can be done as in the periodic case (see e.g., [17], [25] or [28],
Section 7.5). The only problem is to show that the second solution at a band edge
grows at most linearly. In the periodic case this follows from Floquet theory, here
we just use Lemma [3.1] O

From this result we obtain a complete characterization of the spectrum of H.

Theorem 4.3. Assume (H[{.1). Then we have oess(H) = o(Hy), the point spec-
trum of H is finite and confined to the spectral gaps of Hg, that is, o,(H) C
R\o(H,). Furthermore, the essential spectrum of H is purely absolutely continu-
ous.

Proof. Again the proof can be done as in the periodic case (see e.g., [25] or [28],
Section 7.5). O
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5. THE TRANSFORMATION OPERATOR

We define the kernel of the transformation operator as the Fourier coefficients
of the Jost solutions %4 (w,n) with respect to the orthonormal system given in

Lemma {tg+(w,n)}nez,
1

(5.1) Ki(n,m) = — i (w, n)hg +(w, m)dw(w).

271 Jjw)=1

By the Cauchy theorem, this integral equals the residue at w = 0,

1
(5.2) Ki(n,m) = ResoEwi(w,n)wq;(mm).
In particular, since ¢4 (w, n)Y, =(w, m) = O(wt™~™))  we conclude
(5.3) Kyi(n,m)=0, +(m —n) <0.
Lemma 5.1. Assume H. The Jost solutions ¥4 (w,n) can be represented as
+oo
(5.4) Y (w,n) = Ki(n,m)g s (w,m), lw| =1,
m=n

where the kernels Ky (n,.) satisfy Ky (n,m) =0 for £m < +n and

+oo
(5:5) Km0 Y (lal) = a )+ bG) = b)) %m > +n.
J="5"]

The constant C' depends only on H, and the value of the sum in .

Proof. We prove the estimate for K (n,m) and omit "+” and ”2” whenever pos-
sible. Define p(n) = ¢ (n)K(n,n)~!, then ¢ fulfills
(5.6) p(n) =tg(n) + D J(n,m)p(m),
m=n+1
where
(5.7) J(zmm) = a(m — 1)5E M =D gy sa(znm)
' o ag(m —1) aq(m)
with the abbreviation
2 ~
6.9 alm) = S —ayfm). ) = b(m) by ().

On the other hand, ¢(n) is given by

oo

o(n) = Z K(n, m)he(m), (n,m) = m7
therefore :
(5.9)
3 ko) = 3 S+ 325 I mintm
m=n m=n+1 m=n+ll=m+1

Multiplying both sides of (5.9)) by tq,— (k) and integrating over the unit circle yields

o0

(5.10) k(n, k) = Z L(n,m,m,k) + Z Z (n,m,l, k)k(m,l),

m=n+1 m=n+1l=n+1



SCATTERING THEORY FOR JACOBI OPERATORS 11

where
G Ttk = o ) (0, o).
Using 28], (1.50),
(5.12) Sq(n,m) _ g1 (m)g,— (1) = g+ (n)bg,— (M)
a(m) W (g, +,%q,—) ’
we obtain
(5.13) D(n,m, 1, k) = b(m)Ty(n,m,1, k) + a(m — DT y(n,m — 1,1,k)
with
Ly(n,m,l,k) = To(m,n,l,k)—To(n,m,l, k),
1 wq,+(w>n)¢q,—(w,m)¢q,+(w7l)¢q,—(w7k)
Lk = — d
FPolmm.LB) =5 | o) W ($gs (W), g (w)) ()
_ / Vg1 (2,0) Vg, (2, M)y + (2, )g,— (2, k) [1(2 — “j)dz
2ri W (g, +(2), 14, (2)) RggiQ(z)
1/Jq, Z,N wq, (Z m)"/}QFF(Z?l)’(/}q’*(Z’ k)
5.14 = dz.
(5.14) / W (S s (2), g, (2)) :

Here ~ is a path on the upper sheet encircling the spectrum. The integrand of [y is
meromorphic on the Riemann surface M with poles of order one at E; and poles of
order O(z*(=m+1=k)=2) near oo (there are no poles at the Dirichlet eigenvalues
;). We apply the residue theorem twice, first on the side of v including oo, then
on the other side including the spectrum (and thus co_)

Vg4 (n)1hg — (M) g 1 (1), (k)
Fo(n,m,l,k) = —Ress : : . ’
ol m: k) S T CRRTI 2
BN Pyt () g — M)y (g — (k)
5.15 = (Reseo + Resg. ( Cins €= IR A [ ) )
(>19) ( 2 Ress,) W (s,
The order of the poles at oot implies
2g+1
Vq, +( )wq f(m)"/)q +(l)'¢’q 7(k) _ _
Lo(n,m, 1, k) = ]ZO Resg, W (g + b, )2 n-mtl=k<0
0 n—m+Il—k>0,

which shows that I'g(n,m,l, k) is real and bounded since ¢, +(E,.) = ¢, —(E,.)
are (if u; = Ej, use (B2)). Together with (5.14)) this yields

(5.16) To(n,m,l, k) = —To(m,n,k,l) = =To(m,n, k,1) = —To(n,m, k,1).

Moreover,

Ly(n,m,l,k) = 0, l—k>|m-—n|
(5.17) Ly(n,m,l,k) = =T,(m,n, k1) = Ty(n,m,k,1),
which then implies
(5.18)
2g+1
: _ % +(n)Yg,— (M)thg,+ (Dthg, — (k) _ _
T, (n,m, 1, k) — 4 &0 =m) E Resp WPars P )7 |l =kl <[m —n|

0 [l — k| > |m —n]
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and I'(n,m,l, k) = 0 for [l — k| > m —n if m > n. Note that the residue at E; is

given by

21_[4 1( ,Ué)
He;éj (EJ Ey)

Now we obtain for x(n, k)

(5.19) Vq(Ej,n)thg(Ej, m)hy(Ej, D)ipg(Ej, k).

k(n, k) = Z L(n,m,m,k) + Z Z (n,m, 1, k)k(m,l)
m=n+1 m=n+1l=m+1
oo %) m+k—m—1
(5.20) = Z T'(n,m,m, k) Z Z T(n,m,l, k)k(m,1),
m:["T*k]-i-l m=n+1l=n+k—m+1

since I'(n, m,m, k) # 0 only if |m — k| < m — n implying m > "% In the third
sumofweneedthat |m+6 —k| <m —mn for § > 1 which yields 6 <k —n
and § > n+k —2m. Two remarks might be in order: m+k—n—1>n+k—m-+1
since m —n > n —m + 2, and the starting point | = n + k — m + 1 of the third

sum actually has a lower limit, namely m < ”T'Hf, since we require [ > m + 1 for
k(m, 1) # 0,1. Note that

> Tmmmk)| < D Y [|b(m)+alm)| = ¢(=5*),
m=[24E] 41 m=[24%]
m+k—nm—1
Z IT(n,m, k)| < D(m—n—1)|l~7(m)+&(m)\ =: ¢(m) € 1M(7Z),
l=n+k—m-+1

where D is the estimate provided by (5.18)), (5.19)). We set up the following iteration
procedure

ko(n, k) = Z T'(n,m,m, k),
m=["F2]+1
(o) mt+k—nm—1

Z Z I'(n,m,l, k)k;—1(m,1).

m=n+1l=n+k—m+1

(5.21) kj(n, k)

Then using induction one has
00 A J
+k) (Zm=n+1 C(m))
4!
and hence the iteration converges and implies the estimate

annk < gtk )exp( Z é(m))
7=0

m=n+1

(5.22) [k (n, k)| < g

(5.23) |k, k)| =

Associated with K4 (n, m) is the operator
(5.24) (K+f)(n Z Ki(n,m)f(m),  fetZ(z,C),

which acts as a transformatlon operator for the pair 7, 7.
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Theorem 5.2. Let 7, and T be the quasi-periodic and perturbed Jacobi difference
expression, respectively. Then

(5.25) TRy f=Kitgf, f et (z,C).
Proof. It suffices to show that HKy = K4 H,. Indeed,
1
HKy(n,m) = o » Hpi (w, n)hg +(w, m)dw(w)
w|=1
1
= 54 AMw)p+ (w, n)Yg 5 (w, m)dw(w)
T Jw|=1
1
(5.26) = o Y (w,n) Hytg 5 (w, m)dw(w).
T Jlw|=1
O
Lemma 5.3. Forn € Z we have
a(n) K. (n+1,n+1) K_(n,n)
(5.27) = = ,
aq(n) K(n,n) K (n+1,n+1)
B Ki(n,n+1) Ki(n—1,n)
b(n) bq(n) - aq(n) K+ (n’ n) aq(n 1)K+ (n _ 17 n — 1)
B K_(n,n—1) K_(n+1,n)
= ag(n—1) K_(n,n) CLQ(n)K,(n +1,n+1)

Proof. Consider the equation of the transformation operator HKX+ = K4 H,, which
is equivalent to (c.f. (5.26))
a(n —1)Ki(n—1,m) +b(n)Kx(n,m) +a(n)Ki(n+1,m) =
=aq(m—1)Ki(n,m—1) + by(m)Ki(n,m)+ a;(m)Ki(n,m+1).

Evaluating at m = n we obtain the first equation and at m = n 1 the second. [

In particular, observe

1 _ By(n)
e R Al TS w e

(5.28) Ki(n,n) =

6. THE SCATTERING MATRIX

Let H, be a given quasi-periodic Jacobi operator and H a perturbation of H,
satisfying Hypothesis H To set up scattering theory for the pair (H, H,) we
proceed as usual.

The Wronskian of our Jost functions can be evaluated as n — oo and is given
by
(6.1)

E Ry)o()

W (£ (N), Y (V) = Wo(thga (), ¥+ (N) = Frg—ry—

j=1 (A — p5)

Hence ¢4 (A), ¢+ (A) are linearly independent for A in the interior of o(H,) and we
consider the scattering relations

A€ o(Hy,).

(6.2) Y (A n) = a(N)v (A, n) + BN\, n), A€ o(Hy),
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where
W (@£ (A, Y (V) I (A=)
6.3 a(A = = _(N), A)),
(6.3)  a()) G2V, 5200) R0 W (- (A), ¢+ (M)
W (\), v+ (V) S (A= 1y)
A = = F— W A, A)).
Be(N) W (e (0). 52 0) F R0 (V£ (A), ¥£(N)

While «(\) is only defined for A € o(H,), (6.3) may be used as a definition for
A € C\{E;}. Therefore a(w) can be continued as a holomorphic function on W
and it is continuous up to the boundary except possibly at the band edges.

Remark 6.1. Note that a()\) does not depend on the normalization of ¥+ (\) at the

base point ng = 0 whereas By = B1 o does. Using s (z,n,n0) = g+ (2,n0)  px(2,n)
and

W (e (. 6-0) = TT 298 (4, (0, o) i (A, mo))

=1 T
we see
1/)11 $()‘7 nO)

6.4 A) = ————=04 0 (N).
(6.4) B+,0(N) wq,i()\,no)ﬂi’ (M)

A direct calculation shows
(6.5) aw) =a(w),  BiW) = Pi(w) = —Px(w)
and the Pliicker identity (c.f. [28], (2.169)) implies
(6.6) la(w)* =1+ [Be(w)]?,  |w| =1

We will denote the eigenvalues of H by
(6.7) op(H) ={p;}j_1-

Our next aim is to study the behavior of a(\) at the eigenvalues p;, therefore we
modify the Jost solutions 4 (A, n) according to their poles at p; and define the
following eigenfunctions ¢ (A, .)

(6.8) 1[}+()\,.) = H (A=) ¥ (AL, "Z}*()‘P) = H (A=) p—(A,.).

mEMy meEM_N\{E;}

Define iq’i()\, .) accordingly. Moreover, @i(pj,n) = cflz);(pj,n) with c;rc; =1
The norming constants 74 ; are defined by

L oS W)

(6.9)
V£ mEZ

To compute the derivative of a()\) at p;, note that

W (- ()5 ()

(6.10) a(\) = ey
By virtue of [28], Lemma 2.4,
611)  SWE ), = = (o k(s ) =

Pi kez R
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Therefore
d W' (_(p;), v (p ~1
(612) aOL()\) | _ ('lz/} 1(/@])71/)+(p])) _ - 7 )
Pi R29+2(pj) ¢ 'V:t,jR29+2 (ps)
From ((6.12) we obtain a connection between the left and right norming constants
1
(6.13)

Vi V=5 = .
T (a(p)))? Rag2(p))
As a last preparation, we study the behavior of a(w) as w — 0. By (4.3,

(6.14) W (- (), s () = gaw™ +Ofw)
with A = A_(0)A4(0) and

1/2
(6.15) Ry 2(A(w)) ~ =aw ' +0(1),

J=1(Aw) = A7)
therefore a~!(w) is bounded at 0 with

o0

aq(J)
6.16 a(0) = 4
(.10 =11 %
We now define the scattering matrix

(6.17) S(w) = < RTEEQ) ];*(EU“;) ) | =1,

where T'(w) := a~}(w) and Ri(w) := a~}(w)B+(w) are called transmission and
reflection coefficients. Equations (6.5 and imply

Lemma 6.2. The scattering matriz S(w) is unitary. The coefficients T(w), Ry (w)
are bounded for |w| = 1, continuous for |w| = 1 except at possibly w; = w(E;), fulfill
(6.18) T(w)* +[Re(w)* = 1, |u|=1,
(6.19) T(w)Ry(w) +T(w)R_(w) = 0, |lw| =1,
and T(w) = T(w), Ry (w) = Ry (W) for |w|=1.

Moreover, R;ﬁ_Q(w)T(w ~1 s continuous (in particular T(w) can only vanish
at wy) and

. 1/2 Ry (w
(6.20) dim Ryl (w) B =0, wipg)
. . 1/2 R — :
S o (w) 5 =0, wn = w(uy)

The transmission coefficient T(w) has a meromorphic continuation to W with
simple poles at w(p;),

2
(6.21) (ReSPjT()\)) = V4,7-.iR2g+2(p;)-
In addition, T(z) € R as z € R\o(H,) and

(6.22) 7(0) = K+(n7n)1K_(n7n) = 11 ay)

j=—o0

where K (n,n) are the coefficients of the transformation operators.
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Proof. To show (6.20) we use the definition (6.3]),

Ri(A)—Fl _ g

R;g‘imw = 1O = 1) (W (= (), 9 (V) F W (o (N), 9 (V).

j=1
There are two cases to distinguish: If p; # E; then ¢4 are continuous and real

at A = E; and the two Wronskians cancel. Otherwise, if 1; = E; they are purely
imaginary (by property (B2) of the Jost functions) and the two terms are equal in

the limit and add up. O
The sets
(6.23) S+(H) ={Rs(w),|w| =1; (pj,7+,;), 1 <J < q}

are called left/right scattering data for H.

First we want to show that the transmission coefficient can be reconstructed
from either left or right scattering data.

Let g(w,wq) be the Green function associated with W and let
(6.24) p(w, wo)dwy = @(w,reie) e'?dp, wy = e,

or r=1-

be the corresponding harmonic measure on the boundary (see, e.g., [30]). Since
Wo is simply connected, we can choose a function h(w,v) such that §(w,wq) =
g(w,wp) + ih(w,wp) is analytic in Wy. Clearly g is only well-defined up to an
imaginary constant and it will not be analytic on W\{0} in general. Similarly we
can find a corresponding v(w,wp) and set fi(w,wgy) = p(w,wy) + iv(w, wy).

Theorem 6.3. Fither one of the sets S+ (H) determines the other and T(w) via
the Poisson-Jensen type formula

(6.25)
T(w) = exp (ng,w(pj))) exp (; [ |Ri<wo>|2>ﬂ<w,wo>dwo> ,

where the constant of § has to be chosen such that T(0) > 0, and

R (w) _ T(w) e (Res,, (X))
R, (W) T(w)’ B 29y — By

Proof. Tt suffices to prove the formula for T'(w), since evaluating the residua pro-
vides 7+ ;, together with {\;}, {E;}. The formula for T'(w) holds by [32], Theo-
rem 1, at least when taking absolute values. Since both sides are analytic and have
equal absolute values, they can only differ by a constant of absolute value one. But
both sides are positive at w = 0 and hence this constant is one. ]

Note that neither the Blaschke factors nor the outer function in (6.25)) are single
valued on W in general. In particular, the eigenvalues cannot be chosen arbitrarily,
which was first observed in [21].

7. THE GEL’FAND-LEVITAN-MARCHENKO EQUATIONS

In this section we want to derive a procedure which allows the reconstruction
of the Jacobi operator H with asymptotically quasi-periodic coefficients from its
scattering data Sy (H). This will be achieved by deriving an equation for Ky (n,m)
which is generally known as Gel’fand-Levitan-Marchenko equation.
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Since Ky (n,m) are essentially the Fourier coefficients of the Jost solutions
¥+ (w, n) we compute the Fourier coefficients of the scattering relations (6.2]). There-
fore we multiply

(7.1) T(w)yx(w,n) = Re(w)p+(w,n) + s (w,n)

by (27i) 14y 1 (w,m)dw, where +m > 4n, and integrate around the unit circle.
First we evaluate the right hand side of ([7.1)) using (5.1)

72 [ T mdsw) = K,

o R (o)) = gmm,nﬁw,m),
where
73 Fm) = /.w_1 R ()1 (w, )8 1 (w0, m)deo(w).

Note that Ft(I,m) = F*(m,1) is real.
To evaluate the left hand side of ([7.1)) we use the residue theorem. The only
poles are at the eigenvalues and at 0 if n = m, hence

L Py (w, n)y 4 (w, m)dow)

27Ti |w|:1
5(n7m) i (T(A)"[)—()‘vn)d}q,+()‘ﬂm)>

= ==+ Res,.
K (n,n) J; P Ry, (\)

Here 6(n, m) is one for m = n and zero else. By (6.12)) the residua at the eigenvalues
are given by
T(/\)i)— ()\7 n)i) ,-‘r(/\a m)
Res,, ( VPR
R2g+2(>‘)

(7.4) ) =~y 94 (05, W) (95 m).

Collecting all terms yields

(7.5)
+oo q
Ki(n,m)+ > Ki(n,)FE(l,m) = m = vt (ps ) g (pj, m)
l=n ’ j=1

and we have thus proved the following result.

Theorem 7.1. The kernel Ki(n,m) of the transformation operator satisfies the
Gel’fand-Levitan-Marchenko equation

+oo

(76) Kalom) + 3 Kaln P m) = M L > 4,
where

q
(7.7) FE(Lm) = FE(Lm) + Y v jtbg £ (05, Dby +(pj, m).

Jj=1
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Defining the Gel’fand-Levitan-Marchenko operator

(7.8) FEfG) =Y FEnxlntj)f(l), fel(No,C),
=0

yields that the Gel’fand-Levitan-Marchenko equation is equal to
(7.9) (1+FHKi(n,n=+.) = (Kx(n,n)) .

Our next aim is to study the Gel’fand-Levitan-Marchenko operator F.¥ in more
detail. The structure of the Gel’fand-Levitan-Marchenko equation suggests that
the estimate (5.5) for K. (n,m) should imply a similar estimate for F'*(n,m).

Lemma 7.2.
+oo

710)  (FEem) <o Y (laG) - () + bG) b G)).
i=["5"]
where the constant C' is of the same nature as in ,

Proof. We abbreviate the estimate ([5.5) for K (n,m) by

(7.11) |Ky(n,m)] < CCy(n+m),
where
Ciln+m)= > cd), i) = la() = ag(d)] +[b(5) = bg(4)-
J=1"5"]

Note that C(n + 1) < C4(n). Moreover, Cy(n) € ¢} (Z) since the summation by
parts formula (e.g. [28], (1.18))

(7.12)
N N
> gm)(f(m+1)—=f(m)) = g(N) f(N+1)—g(n—=1) f(n)+ > (9(m—1)—g(m)) f(m)

implies for g(m) =m, f(m) = C(m) that
(7.13) > mem) = (n - )C.(n) + 3 i),

where we used lim,,_,oonCy(n + 1) < lim, oo > o mec(m) = 0. Solving the
GLM-equation (7.6)) for F*(n,m), m > n, we obtain

FHn,m)| < 1<|K+<n7m>|+ 3 |K+<n,Z>F+<z,m>|>

Ky(n,n) v

IN

C1(n) <C+(n+m)+ Z Cyi(n+1) |F+(l,m)}> ,

l=n+1

where C1(n) = C'|Ky(n,n)|™! — C for n — oo (see (5.28)). For n large enough,
ie. C1(n)C4+(2n) < 1, we apply the discrete Gronwall-type inequality (cf. [2§],
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Lemma 10.8),

Frnm)| < Cin)Ciln+m) x

l
<1+ Yo amweim+ [] (1+Cl(n)C+(n+k))>,

l=n+1 k=n-+1
(7.14) < CCyi(n+m),
which finishes the proof if n > m. The case n = m is similar and the case n < m
follows from symmetry. O
Furthermore,

Lemma 7.3. Let F(n,m) be solutions of the Gel’fand-Levitan-Marchenko equa-
tion. Then

+o0
(7.15) S nl|FE(nn) - FEnE+Ln+1)| < oo,
n=no
+oo
(7.16) Z In| ’aq(n)Fi(n,n +1) —ag(n — 1)FE(n — Ln)| < oo
n=no
Proof. E|We first prove (7.16)) for F'+. Lemmaimplies
(7.17) b(n) — by(n) = ay(n)k.1(n) — ag(n — Dk (n—1),
where
. K-‘r(nvn +.7)
1 ; = ="
(7 8) K/+7] (TL) K]_;,_ (n7 n + J) K+ (TL7 n)

Ablzreviate Fj"’(n) = F*(n + j,n). With this notation, the GLM-equation |D
reads

8(1,0)

+
(7.19) kiypa(n) + F, +Z'€+J “(n+1l) = Ky ()2’

[>0.

Insert the GLM-equation for F*(n,n+1), F*(n—1,n) (recall F*(n,m) = F*(m,n))

ag(M)FfF(n) — ag(n — F (n— 1)
= —ay(n)rp(n) + ag(n — Drga(n—1)

(7.20) (@) s ()5 (04 1) = ag(n = Dy 5(n = DFF ().
j=1

LThis proof is wrong, as pointed out to us by A.Kh. Khanmamedov. Everything works if the
first moment |n| is repaced by the second moment |n|? (here and hence troughout the paper), but
we do not have a proof otherwise.
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Since —aq(n)r4+1(n) +aq(n—1)k4 1(n—1) = by(n) —b(n) the only interesting part
is the sum. For N, J < oo,

Z Z (aq n)k ;( Ftl(n +1)—ag(n—1)ky j(n— 1)Fj+_1(n))

J
- (Naq(N)mﬁj(N)thl(N +1) = (ng — Dag(ng — s j(no — 1FE (no)

(T.21)  + Z ~ kg gln = DF (),

n=ng

where we used the summation by parts. Estimates (7.11)), (7.14) imply for the first
summand
J

\ZNaq Jor g (NE(N 41| < 3 INJag(N)ECL (2N + j)C4 2N +j + 1)
j=1

IN]ag(N)EC (2N +1),

which holds uniformly in J, and (compare (7.13]))

IN

(7.22) Jim Nay(N)CC, (2N +1) = 0.
Moreover,
J N
NBTJ;";O ag(n = 1)rs i(n = DEE (n)]
J
< m Y Z [ag(n = Vg i(n = VF, ()

IA
M
1
8
I
kY
2
o
3
_|_
>
o
o
3
_|_
<
+
=

Therefore |n||ag(n)F*(n,n+ 1) — ag(n — 1)F*(n — 1,n)| € £4(Z) as desired. To
apply Lemma for F~ use the symmetry property F'~(n,m) = F~(m,n). For
(7.15)), inserting the GLM-equation yields

Frnn) —Ft(n+1,n+1)= K *(n,n) — K;*(n+1,n+1)

+3 (Rt + DEf (n+1) = ks Ff ().

j=1
By (.28),
‘K;2(n,n) - K;z(n +1,n+ 1)’ < CW H ;((jj))z la(n) — aq(n)]
j=n+1 "1
(7.23) < Cla(n) — aq(n)],

and the same considerations as above imply (7.15)). O
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Remark 7.4. The Gel’fand-Levitan-Marchenko equation is symmetric in K4 (n,m)
and F*(n,m), therefore we can invert the analysis done in Lemma and obtain
estimates for Ky (n,m) starting with an analogue of estimate for F*(n,m)

and the estimates , (c.f. Lemma .

Theorem 7.5. Forn € 7, the Gel’fand-Levitan-Marchenko operator Fr : 02 — (2
is Hilbert-Schmidt. Moreover, 1 + F. is positive and hence invertible.

In particular, the Gel’fand-Levitan-Marchenko equation (@ has a unique solu-
tion and Sy (H) or S_(H) uniquely determine H.

Proof. That F& is Hilbert-Schmidt is a straight-forward consequence of our esti-
mate in Lemma

Let f € £2(Np) be real (which is no restriction since F'*(n,[) is real and the real
and imaginary part of (7.24) could be treated separately) and abbreviate f,(w) =

Z; 0 f(3)Yq,+(w, n+j) Then

Zf DFLFG) =D FG) Y Frn+h,n+0)f(0)
j:O =0
:2%”. ) S P (w4 3 s (w4 1) £(1) disfao)

7,1=0

A0 Pk Pat (ks + 5 g1 (s + D) F(1)

k=1 j,1=0
=5t [, B @@ ) +Zv+k|fn ()
w2 =on | Rl fo) i) + 37 sl o)
wl= k=1

~ —_— 1 . ~ ~
where Ry (1) = Ry (w)fu(w) (Fa(@) ™" with Ry ()] = Ry ()] and fu(w) =
P im0 [ )wq +(w,n + j). The integral over the imaginary part vanishes since

R, (w) = R, (w) and we replace the real part by
- . . 1 .
Re(Ry(w)) = §(|1 + Ry (w)] =1 —[Ry(w)?) = S+ Ri(w)P? +|T(w)?) -1,

(vecall | R4 (w)|?+|T(w)|?> = 1). This yields using 3 |f(§)|> = 5% wl=1 | fr(w)|?dw

o0

S G+ FNf Z%an pi)|?
=0
(7.25) (11 + B () + |T(w)]?)] fr(w) [Pdeo(w)

47 |lw|=1

which establishes 1+ F;F > 0. According to Lemma[6.2} |T(w)|? > 0 a.e., therefore
—1 is not an eigenvalue and 1 + F," > ¢, for some ¢, > 0. O

To finish the direct scattering step for the Jacobi operator H with asymptoti-
cally quasi-periodic coefficients we summarize the properties of the scattering data

S (H).
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Hypothesis H.7.6. The scattering data

(7.26) Se(H) = {Ry(w), |w|] = 1;(pj,7+,5),1 <j < q}

satisfy the following conditions.

(i). The reflection coefficients Ry(w) are continuous except possibly at w; =
w(Ey) and fulfill

(7.27) R:(w) = Ry ().

Moreover, |Ry(w)| < 1 for w # w; and

2g+1
(7.28) 1— [Re(w)]> > C [ w—wi*.
1=0
The Fourier coefficients
- 1
@20 P = g [ R D )
wl=1
satisfy
~ +oo
From) < S aG), a() >0, ljlaG) € £(@),
j=n+m

+oo

Z |n\|]5i(n,n) ~Ffmn+l,n+ 1)| < oo,

n=ngo

+o0 ~ _

Z |n\|aq(n)Fi(n,n—|— 1) —ag(n —1)E*(n — 1,n)| < cc.

n=no

(ii). The values p; € R\o(Hy), 1 < j < q, are distinct and the norming constants
V+,5, 1 < 7 < g, are positive.

(iii). T'(w) defined via equation extends to a single valued function on W
(i.e., it has equal values on the corresponding slits).

(iv). Transmission and reflection coefficients satisfy

i (o) 0w,
(7:30) i 0= w) B =0, = w(),
and the consistency conditions
R_(w) _ T(w) (Res,, T(V)”
R.@  T@ T T - By

Remark 7.7. Note that implies that In(1 — |R+(w)|?) is integrable and en-
sures that is well-defined, at least as a multi valued function. Condition (iii),
which is void in the constant background case, shows that the reflection coefficient
and the eigenvalues cannot be chosen independent of each other.
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8. INVERSE SCATTERING THEORY

In this section we want to invert the process of scattering theory, that is, we
want to reconstruct the operator H from a given set S1 and a given quasi-periodic
Jacobi operator H,.

If S+ (satisfying H (1)-(ii)) and H, are known, we can construct F*(l,m)
via formula and thus derive the Gel’fand-Levitan-Marchenko equation, which
has a unique solution by Theorem This solution

Ki(’fl, n) = <50, (1 + .7:7:::)7150>1/2

(81) Kennd)) = g (b. (14 ) 0)

is the kernel of the transformation operator. Since 1 + F.F is positive, K (n,n) is

positive and we can set in accordance with Lemma [5.3

Ki(n+1,n+1)

(82) ar(n) = aq(n) Ki(n,n)
- K_(n,n)
a—(n) = aq(n) RS WEE
bi(n) = bﬂn)ﬂ—a“n)% — ay(n— 1)K+K(;(ﬁziaﬁ)l),
b,(n) = bq(n)+aq(n_ 1)% K*(n—’—lan)

K_(n,n) aq(n) K (n+1,n+1)
Let H4, H_ be the associated Jacobi operators.

Lemma 8.1. Suppose a given set Sy satisfies H[7.6 (i)-(ii). Then the sequences
defined in satisfy nlas(n) — aqg(n)|, nlbe(n) — by(n)| € LL(N).

Moreover, ¥y (A, n) = Zi‘fn Ky (n,m)g (A, m), where Ky(n,m) is the solu-
tion of the Gel’fand-Levitan-Marchenko equation, satisfies T+ = \ipy.

Proof. We only prove the statements for the 74" case. Define F*(n,m) by (c.f.

(7.7))

q
Fr(lm) = FH(l,m) + Y va g+ (0 Dibg 4 (pjm).

j=1
Hypothesis H[7.6] (i) implies
(8.3) [FH(n,m)| <C " q(j) = Cy(n+m),
j=n+m
(8.4) > nl[Ft(n,n) = Fr(n+1,n+1)| < o,
(8.5) Z Inl|ag(n)FT(n,n+1) — ag(n — 1)F*(n—1,n)| < oo,
n=no

since iq,Jr(pj,n) decay exponentially as n — oo and }_; 'er,jz&q,Jr(pj, Vg +(p5,-)
form a telescopic sum. Note that Cy(n+1) < Cy(n).
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Set k4 (n,m) := Ky(n,m)K,(n,n)~t. Then as in the proof of Lemma we
obtain
(8.6) kg (n,m)| < Cy(n+m)(1+0(1)).
Now we have all estimates at our disposal to prove n|b; (n) — b,(n)| € £*(N). By
definition (c.f. (8.2)),
(87)  be(n) = by(n) = aglnys (0 + 1) — ag(n — Dy (n—1,7).
We insert the GLM-equation for k4 (n,n+1), ky(n —1,n) and use estimate (8.5)),

the summation by parts formula, and estimates ({8.3]), in the same way as in
Lemma [7.3] Similarly using (8.4) we see

8.8 _ <o
(88) n:ZnO |n|‘Kﬁ(n,n) Ki(n—l—l,n—&-l)’ o©
Equation (8.2) yields
L 1 1 1 a+ ])2 2 9
Ki(n,n) B Ki(n—f— 1,n+ 1)’ - aq(n)? (j_llﬂ aq(j)2)‘a+(n) —aq(n)7].

The product converges and therefore |n||ay(n)? — a,(n)?| € ¢1(N).
Next we consider 14 (A, n). Abbreviate
(8.9) (AK;)(n,m) =aqg(n—1)ky(n—1,m) + ai(n)a;l(n)mr(n +1,m)

—ag(m — 1) (1, — 1) — ag(m)ss (n,m -+ 1) + (b4 () — by(m) s (0, m).
AK, = 0 is equivalent to the operator equality Hy K = K H,, which in turn
implies that ¢ (A, n) satisfies Hy1y = A\

(810)  Hytby = Hy Kty = Ky Hobgos = KoMyt = MKyt = Moy
To show that AK, = 0 we insert the GLM-equation into and obtain

(8.11) (AK ) (n,m)+ Y (AK)(n,)FF(l,m) =0, m>n+1.
l=n+1
In the calculations we used
ag(n—1)F*t(n—1,m) +by(n)F"(n,m) + a,(n)F"(n+1,m) =
ag(m — 1)FT(n,m — 1) + by(m)FT (n,m) + ag(m)F*(n,m+ 1)
which follows from . By Theorem equation has only the trivial
solution AK; = 0 and hence the proof is complete. O

Now we can prove the main result of this section.

Theorem 8.2. Hypothesis H[7.0] is necessary and sufficient for a set Sy to be the
left/right scattering data of a unique Jacobi operator H associated with sequences

a, b satisfying H[4.1]

Proof. Necessity has been established in the previous section. By Lemma [8.1] we

know existence of sequences a4, by and corresponding solutions ¢4 (w, n) associated

with Sy (or S_). Hence it remains to establish a4 (n) = a_(n) and by (n) = b_(n).
Consider the following part of the GLM-equation

(8.12) Oy(n,.) =Y Ki(n,)F(l,.) €} (Z).
l=n



SCATTERING THEORY FOR JACOBI OPERATORS

Then by use of (7.2) and Lemma

3 @ () (w0 m) Z(Zmnz ) ) ()

meZ meZ

S (1. /|w_1 R+<w>w+<w7n>wq,+<w,m)dw<w>)wq,_<w,m>

27
meZ

Z <wqﬁ (w7 m)? R+ (w)er (wa n)>wq,* (w’ m)

meZ
B13) = Ri(w)y(w,n).
On the other hand, inserting the GLM-equation yields for |w| =1

Z Py (n,m)ihg,— (w,m) =

et
= Z P, (1, )y, (w,m) + i (600, m) K (n,m) = K (n,m)
—IiK+<n,wilv+,j«$q,+<pj,Z>¢q,+<pj,m>}wq,_<w,m>
~ p
= Z P, (1, M)y, (w,m) + g, (w,n) K5 (n,n) — § (w, n)
(8.14) —lem pjm Z Wyt (s M), (w,m),
;
(recall the definition of ¢, + from (6.8)) and therefore
(8.15)  T(w)h_(w,n) =Yy (w,n) + Ry (w)ips (w,n),  |w| =1,
where
b = D) (mln S+ ig_fwm n m>W
(3.16) ¥ JXZ Tt (1) Wj/;;‘l(ff;) o))

since Green’s formula ([28], eq. (1.20)) implies for A € o(H,)

(A =03) D gt (pgs m)tbg,— (A m) = W1 (g1 (p)), Ygm (V).

Similarly, we obtain
¢q+(w,n)< 1 wq-&-( m)
hy(w,n) = ’ —|—
+{wrm) Tw) \K_(mm) mznﬂ ™) B (1)

Wq’n(@[’qﬁ (P5); Yg,+(w)) >
Vg, +(w, n)(A(w) — p;)

(8.17) =3 7 t-(pjim)
j=1

25
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with
n
®_(n,m) = Z K_(n,))F~(I,m).
l=—00
For n € Z, |w| = 1, we see that hz(w™',n) = hz(w,n), since Ky(n,m) and
@ (n,m) are real. The functions hs(w,n) are continuous for |w| = 1, w #

w(E;), since T~!(w) is continuous on this set by the Poisson-Jensen formula
(|R(w)| < 1 for w # w(E;) by H[7.6 (i)) and ¢+ (w,m) are continuous on
OWN\{w(ur)}. The functions h(w,n) have a meromorphic continuation to W\{0}
with the only possible poles at w(p;) and w(p;). At w(p;) there are no poles, due to
the zeros of T~ (w) at w(p;). For w = w(u;) we have the same type of singularity
as g,+. In summary, hy(w,n) have simple poles at w(u;) and are continuous at
the boundary except possibly at w(E;).

To study the behavior of hy (w,n) as w — 0, we recall 2~! = —w/a (1 + O(w)).
Then

(5 + Ow?) W1 (.- (p7): - (w))
(_l)nan—l

= 2 ! Aq i, — 1)+ O(w)),
TGy Waslonn =1+ 0(w)

2 O(w?)) W (g (p5), gt (w))

DT aq(J A
- B0l s, (p,m41)+ 0w,

(

and property (B4) implies

Foo
(8.18) Z q)i(n,m)d)q,;(mm)g/};l;(w,n) = O(w), w — 0.

m=nF1
We conclude that

. 1
(8.19) J}lino hz(w,n)g +(w,n) = m

H (iv) and (6.1) imply the following behavior of iL;()\, n) as A — p;

3 7 n . W, n— ) i), b A
Jim he(An) = Fyes9e(psn) lim =% 1(&1&??5/;%)(;\/);;( )

2g+1

(8.20) = gt (p,m) (Res,, TOV)) ™[] Vs — B,
=0

where ﬁi are defined as in .
By virtue of the consistency condition T'(w)R4(w) = —T(w)R_(w) we obtain

hi(w,n) + Ry(w)hy(w,n) =

- T(lm(ij(w7n) +W> +

Ri (w)
T (w)

(95 (w.n) + R () (w,m))

%WMGM+M%$M
= Y3(w,n)T(w), jw] = 1.

)+ Plw ) (
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If we eliminate R4 (w) from the last equation and (8.15) we see

T(w) Ry L (w) (4 (w, n)d_ (w,n) — hy(w,n)h_(w,n)) =

Mw) — I .
W(hi(w,n)wi(w,n)—wi(w,n)hi(w,n)) — Glw.n)
R2g+2( )

for |w| = 1. Observe that G(w,n) = G(w,n) = G(w,n), |w| = 1, since hythy —
Pihy and R;;Jr;( ) are odd functions for |w| = 1. The function G(w,n) can be

(8.21)

continued analytlcally on W since the difference ¢+w — h+h vanishes at the poles
w(p;) of T'(w) by (8.20). Note that the product Y41p_ and hence also by h_ do not
have poles at w(uj). Moreover since W is just the image of the upper sheet, we can
extend it to a compact Riemann surface W by adding the image of the lower sheet.
Now by G(w,n) = G(w,n) we can extend G to W by setting G(w,n) = G(w™,n)
for |w| > 1.
Now let us 1nvest1gate the behavior at the band edges: If w; # w(u;), we obtain
by , , and real-valuedness of ¢i at the band edges that

lim R2g+2( )H()\(w) = ) h(w, n)Yg (w,n)

w—w; -
J

1/2 .
_ wlij?u R29+2 H%(A MJ) (¢:+Ri¢i)@
1/2 —
_ wli_):[l;lu[ R29+2 H%(A Mj)((Ri'i‘l)@[J:t"_w:_wi)E:O'

If w; = w(p; ), the same calculation shows that

Jim Ryl (w ) TTOw) = ) (w0, m) b (w0, )
Ri(w)—1

Tw)

= (=1)*'CL()C(n) lim Ryt (w)

w—wyp

by , where we used ¥4 (w,n) = i'Cy(n)(A(w) — p;) "2 + O(1).

Consequently, Rag4o(w)G(w,n) is continuous at w = w; and vanishes at the
band edges. Thus the singularities of RQQ To(w)G(w,n) at w; are removable. Fur-
thermore, Rzé To(w)G(w, n) is purely imaginary for |w| = 1 and real on the slits
and hence must vanish at w; by continuity. So the singularities of G(w,n) at w,
are removable as well. Thus G is holomorphic on all of W and vanishes at w = 0,
that is, G(w,n) = 0 which implies (compare (B4))

lim (¢+(w7n)w, (w,n) — hy(w,n)h_ (wm))

w—0

= K (n,n)K_(n,n) — (T(0)*K(n,n)K_(n,n))"! =0.
i i 2 -2
Using 1' we finally obtain from 7'(0)* = (K4 (n,n)K_(n,n)) ~ that

(8.22) ay(n) =a—_(n) = a(n), Vn € Z.
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It remains to prove by (n) = b_(n). Proceeding as for G(w,n) we can show that

T(w) Ry {3(w) ($+ (w,n)yp_ (w,n + 1) — hy (w,n + 1h_(w,n)) =
IT;(A\w) — 1)

(823) 1/2 (h—i-(wan+ 1)w+(wan) - ¢+(w7”)h+(wvn+ 1))
R29+2(w)
is a constant equal to —1/a(n). Thus
W(w,n) = a(n)(@4(w,n)_(w,n+1) —hy(w,n+1)h_(w,n))
RL/2 (w)
(8.24) = 2g+2

- T(w) [T;(Mw) — )’
Computing the asymptotics at w = 0 (compare (4.3])) we see

(8.25) 0=W(w,n)—W(w,n—-1)= %(bJr(n) —b_(n))

and in particular by (n) = b_(n) = b(n).
Our operator H has the correct norming constants since as in (6.12)) it follows

2g+1

(826) 3 biloy b (psm) = (Res,, TON) " [[ Vs — B
=0

nez
and by (8.20),
> ds(pjn)bs(pjin) =5k
nez
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