RAREFACTION WAVES OF THE KORTEWEG-DE VRIES
EQUATION VIA NONLINEAR STEEPEST DESCENT

KYRYLO ANDREIEV, IRYNA EGOROVA, TILL LUC LANGE, AND GERALD TESCHL

ABSTRACT. We apply the method of nonlinear steepest descent to compute the
long-time asymptotics of the Korteweg—de Vries equation with steplike initial
data leading to a rarefaction wave. In addition to the leading asymptotic we
also compute the next term in the asymptotic expansion of the rarefaction
wave, which was not known before.

1. INTRODUCTION

In this paper we investigate the Cauchy problem for the Korteweg—de Vries
(KdV) equation
(1.1) qe(z,t) = 6q(x, t)qe(x,t) — qrax(x,t), (2,t) € R X Ry,
with steplike initial data g(x,0) = go(x) satisfying

(12) { qo(x) =0, as x — +oo,

qo(x) =%,  as ¥ — —oo.

This case is known as rarefaction problem. The corresponding long-time asymp-
totics of ¢(x,t) as t — oo are well understood on a physical level of rigor ([28] 20, 24])
and can be split into three main regions:

e In the region x < —6c?t the solution is asymptotically close to the back-

ground c2.

e In the region —6c%t < x < 0 the solution can asymptotically be described
by —&-

e In the region 0 < x the solution is asymptotically given by a sum of
solitons.

This is illustrated in Figure For the corresponding shock problem we refer to
[2, 8, 13, 14, 18, 211, 27].

The aim of the present paper is to rigorously justify these results. Furthermore,
we will also compute the second terms in the asymptotic expansion, which were,
to the best of our knowledge, not obtained before. Our approach is based on the
nonlinear steepest descent method for oscillatory Riemann—Hilbert (RH) problems.
In turn, this approach rests on the inverse scattering transform for steplike initial
data originally developed by Buslaev and Fomin [3] with later contributions by
Cohen and Kappeler [4]. For recent developments and further information we refer
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FIGURE 1. Numerically computed solution ¢(z,t) of the KdV
equation at time ¢t = 1.5, with initial condition go(z) = 3(1 —
erf(z)) — 4sech(z — 1).

to [9]. The application of the inverse scattering transform to the problem (I.1))—
(1.2) (see [10], [I1]) implies that the solution g(z,t) of the Cauchy problem exists
in the classical sense and is unique in the class

(1.3) / lz|(|g(z, t)| + |g(—2z,t) — |)dz < oo, vt € R,
0
provided the initial data satisfy the following conditions: qo € C3(R) and

(L4) /OOO$4(|Q0(1’)|+|110(99)C2|+|q(j)(ff)|)d$<00a j=1,....8

To simplify considerations we will additionally suppose that the initial condition
decays exponentially fast to the asymptotics:

+oo
(15) / e (|go(x)| + qo(—2) — A|)dz < oo,

for some small k > 0. We remark that by [26] the solution will be even real analytic
under this assumption, but we will not need this fact.

This last assumption can be removed using analytic approximation of the reflec-
tion coefficient as demonstrated by Deift and Zhou [7] (see also [12] [22]), but we
will not address this in the present paper. However, we emphasize that all known
results concerning the asymptotic behavior of steplike solutions were obtained for
the case of pure step initial data (go(z) = 0 for z > 0 and go(z) = +c? for z < 0)
only. Moreover, those using the Riemann-Hilbert approach did not address the
parametrix problem, which is one of the main contributions of the present paper.

As is known, the solution of the initial value problem (L.1)), can be computed
by the inverse scattering transform from the right scattering data of the initial
profile. Here the right scattering data are given by the reflection coefficient R(k),
k € R, a finite number of eigenvalues —x2, ..., —H?V, and positive norming constants
Y1,.-.,7YN- The difference with the decaying case ¢ = 0 consists of the fact, that
the modulus of the reflection coefficient is equal to 1 on the interval [—c,c|. At
the point k& = 0 the reflection coefficient takes the values 1 (cf. [4]). The case
R(0) = —1 known as the nonresonant case (which is generic), whereas the case
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R(0) = 1 is called the resonant case. Note, that the right transmission coefficient
T'(k) can be reconstructed uniquely from these data (cf. [3]).
Our main results is the following

Theorem 1.1. Let the initial data qo(x) € C¥(R) of the Cauchy problem (1.1])-
(1.2) satisfy . Let q(z,t) be the solution of this problem. Then for arbitrary
small ¢; > 0, j = 1,2,3, and for § = the following asymptotics are valid as
t — oo uniformly with respect to &:

A. In the domain (—6¢* + €1)t < ¥ < —e1t:

2+ Q(§)

Z
12t7

(1.6) q(z,t) = T(l +0(t™3), ast— 4oo,
where
2 [V~ N K ds 1
1.7 :f/ — log R(s) — 4i J F ,
( ) Q(f) ™ J_ /725 dS g ( ) ; 82 + l“&? \/82 + 2§ 2\/_26

with £ corresponding to the resonant/nonresonant case, respectively.
B. In the domain x < (—6¢? — €3)t in the nonresonant case:

(1.8) q(z,t) = 2 +4/ % sin(16t7% — v1og(192t7%) + 6)(1 + o(1)),

meT=T@%=Jgj3u=u@%=—§Mg@—umwﬂam

0(&) =— ?% +arg(R(7) — 2T (1) + T'(iv))

— l/ lo 1 —|R(s)? sds
T JR\[-7,7] t1- |R(T)|? 82 — 2 — (% +&)1/2(¢2 — s2)1/2°
Here T is the Gamma function.

C. In the domain x > est:

N 22
q(w,t) = - Z 2 3 1 ]'Yj N Ki—HKj
j=1 cosh (Hj.’l? —4rjt — 5 log 5= — > log )

+ O(e_53t/2).

i=j+1 Kit+rj

We should remark that our results do not cover the two transitional regions:
0 ~ x near the leading wave front, and x ~ —6¢%t near the back wave front. Since
the error bounds obtained from the RH method break down near these edges, a
rigorous justification is beyond the scope of the present paper.

Our paper is organized as follows: Section[2]provides some necessary information
about the inverse scattering transform with steplike backgrounds and formulates
the initial vector RH problems. In Section |3| we study the soliton region. In
Section [ the initial RH problem is reduced to a "model” problem in the domain
—6c%t < 2 < 0. It is solved in Section [5] and the question of a suitable parametrix
is discussed in Section @ Justification of the asymptotical formula f is
given in Section[7] In Section[§we establish the asymptotics in the dispersive region
xr < —6c2t.
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2. STATEMENT OF THE RH PROBLEM AND THE FIRST CONJUGATION STEP

Let g(x,t) be the solution of the Cauchy problem (1.1), (1.4) and consider the
underlying spectral problem

(2.1) (H(t)f)(x) := —%f(l") +q(z,t)f(x) = Af(x), zeR

In order to set up the respective Riemann—Hilbert (RH) problems we recall some
facts from scattering theory with steplike backgrounds. We refer to [9] for proofs
and further details.

Throughout this paper we will use the following notations: Set D := C\ ¥, where

Y=YyU%, Zp={\Y=X+i0,A€[0,00)}, Xp={\N'=X-i0,\€[0,00)}

(throughout this paper the indices U and L will stand for "upper” and ”lower”).
That is, we treat the boundary of the domain D as consisting of the two sides
of the cut along the interval [0, 00), with different points AV and AL on different
sides. In equation the spectral parameter A\ belongs to the set clos(D), where
clos(D) = DU Xy UXy. Along with A we will use two more spectral parameters

k=vVX ki=+vVA—¢2, where k>0 and k; >0, for \U >

The functions k;(A\) and k(\) conformally map the domain D onto @, := C*\ (0, ic|
and © := C*, respectively. Since there is a bijection between the closed domains
closD, clos® = C* UR and clos®; = ©; UR U [0,ic], U [0,ic];, we will use the
ambiguous notation f(k) or f(k1) or f(A) for the same value of an arbitrary function
f(A) in these respective coordinates. Here the indices | and r are associated with
the right and the left sides of the cut. In particular, if £ > 0 corresponds to AU then
—k corresponds to AL, and for functions defined on the set ¥ we will sometimes
use the notation f(k) and f(—k) to indicate the values at symmetric points AV and
A\

Since the potential g(z,t) satisfies , the following facts are valid for the
operator H(t) ([9)):

Theorem 2.1.

e The spectrum of H(t) consists of an absolutely continuous part Ry plus a
finite number of negative eigenvalues Ay < --- < Ay < 0. The (absolutely)
continuous spectrum consists of a part [0,c?] of multiplicity one and a
part [¢?,00) of multiplicity two. In terms of the variables k and ki, the
continuous spectrum corresponds to k € R, and the spectrum of multiplicity
two to k1 € R.

e Fquation has two Jost solutions ¢(\,x,t) and ¢1(\, x,t), satisfying
the conditions
lim e *p(\ x,t) = wgmoo e %h (N, z,t) =1, for € closD.

T—+00

The Jost solutions fulfill the scattering relations

(22) TN t)p1(A @, t) = o(A,x,t) + R(A, t)p(A, 2, t), Kk ER,
(23) Tl()\7t)¢()"x’t) = ¢1()\,$,t> + Rl()‘at)(bl()ant)a kl € Rv

where T(\,t), R(At) (resp., Ti(\t), Ri(\t)) are the right (resp., the
left) transmission and reflection coefficients.
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The Wronskian
W(/\7 t) = ¢1()‘7 x, t)(b/()‘a x, t) - ¢I1(>\7 z, t)(b(Aa z, t)

of the Jost solutions has simple zeros at the points \j. The only other
possible zero is A = 0. The case W(0,t) = 0 is known as the resonant
case. In this case R(0,t) = 1. In the nonresonant case, which is generic,
R(0,t) = —1.

The solutions ¢(Nj,x,t) and ¢1(N\j,x,t) are the corresponding (linearly
dependent) eigenfunctions of H(t). The associated norming constants are

0-(/ ¢2<Aj,z,t>dz)_l, = ([ ¢%<Aj,x7t>dz)_l.

The function T(A,t) has a meromorphic extensions to the domain \ €
C\ [0,00) with simple poles at the points Ai,..., An. The only possible
zero is at A = 0 in the nonresonant case. In the resonant case T(A,t) # 0
for all A € clos(D).
There is a symmetry T(AY,t) = T(AL t), Ti(\Y,t) = Ty (AL t), RO\Y,t) =
R(\Lt) for k € R, i.e. for A € . The same is valid for ¢(\,x,t) and
#1(\,z,t). Moreover, ¢1(\,z,t) € R for k € [—c,c] and Ry(\Y,t) =
Rl(AL,t) fOT’ k1 € R.
The following identities are valid on the continuous spectrum:
_ M) T

T1(>‘7 t) T()‘v t)
and for k1 € R:

1- |R(A7t)|2 =1- |R1()\7t)‘2 = Tl(Avt)T()‘vt)7

Here argk = m as k < 0.
The spectrum is time independent and the time evolution of the scattering
data is given by (11}, 16} 17 )

= R\, t)e? 8k for k€ [—c,c],

R(\t) = R(k)e®F’t, keR,
Y\ 1) = x(k)e —81tk3—121tk1c ke [—c,d
Ri(\t) = Ry(ky)e 781tk17121tk1c ki €R,
(1) = e St () = e

where

X 1) = ~TiA T (A 1); x(k) = x(A(k),0); R(k) = R(A(k), 0);

Y15 = 71,5(0); v =75(0); 0 < Ky =+/=A;; K1 j = \/2+C2

Under the assumption with 0 < k < ki the solution d(\,x,0) has an
analytical continuation to a subdomain D,, C D, where D, = {\(k): 0 <
Imk < k}. Accordingly, the function R(k) has a holomorphic continuation
to the strip 0 < Imk < &, continuous up to the boundary Imk = 0.
The transmission coefficient as a function of k always has an analytical
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continuation in CT, and is holomorphic in the strip and continuous up to
the boundary R. Identity remains valid in the strip.

e The solution q(x,t) of the initial value problem 7 can be uniquely
recovered from either the right initial scattering data

{R(k), keR; X\j=—k}, 7,>0, j=1,...,N},
or from the left initial scattering data
{Ri(k1), k1 €Ry x(k), k€[-ccl;y Aj, m;>0, j=1,....,N}.

These properties allow us to formulate two vector RH problems. One of them
is connected with the right scattering data, another one with the left one. To this
end we introduce a vector function

(2.11) m(\ z,t) = (TN )1 (N, 2, 1)e™, ¢\, z, t)e )

on closD. By Theorem this function is meromorphic in D with simple poles at
the points A;, and continuous up to the boundary . We regard it as a function
of k € Cy (with Cy the closed upper half-plane), keeping x and t as parameters.
Accordingly we will write m(k) := m(\(k),z,t). This vector function has the
following asymptotical behavior (cf. [§] and [J], Lemma 4.3) as k — oo in any
direction of C:

(2.12)
I 1
i) = (k) ma() = (1 1) =g [ alwddn (-1 )+0(55),
and
q(z,t) 1
(2.13) ma(k)ma(k) = T(k)g(k, z,t)p1(k, 2, 1) = 1+ =57 + O(13).
Extend the definition of m(k) to C~ using the symmetry condition
(2.14) m(k) = m(—k)oy,
where

0 1 0 —i 1 0
(1o)== () e )

are the Pauli matrices. After this extension the function m has a jump along the
real axis. We consider the real axis as a contour with the natural orientation from
minus to plus infinity, and denote by m. (k) (resp. m_(k)) the limiting values of
m(k) from the upper (resp. lower) half-plane.

Theorem 2.2. Let {R(k), k € R; \; = —n?, v; >0, j=1,...,N} be the right
scattering data for the initial datum qo(x), satisfying condition , and let q(x,t)
be the unique solution of the Cauchy problem , . Then the vector-valued
function m(k) defined by and s the unique solution of the following

vector Riemann—Hilbert problem:
Find a vector-valued function m(k), which is meromorphic away from the contour
R with continuous limits from both sides of the contour and satisfies:

I The jump condition my (k) = m_(k)v(k), where

1—|R(E)? —R(k —2t® (k)
[R()P ~R(k)e Chem

(2.15) v(k) = v(A(k),z,t) = (R(k‘)e%q)(k) 1
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II. the pole conditions

. 0 0
Resifij m(k) = hm m<k) (i’yjeM)(i”f) 0) )

216 k—ik;
( ’ ) ) 0 —i’}/‘e_Qt@(iﬁj)
Res_ix, m(k) = lim m(k) J ;
’ k——ix; 0 0

1II. the symmetry condition ;
1V. the normalization condition
(2.17) m(k)=(1 1)+0(k™"), k— oo
Here the phase ®(k) = ®(k, z,t) in is given by
O(k) = 4ik® + ik%.

Remark 2.3. Note that by property (2.6) we have |R(k)| = 1 for k € [—c, (]

implying
0 _R{k)e2te®)
v(k) = R(k)e2te(®) ) , kel-c¢d.

Proof of Theorem[2.4 Since our further considerations mainly affect k, we drop
z and t from our notation whenever possible. Let m(k) be defined by .
In the upper half-plane it is a meromorphic function, its first component mq (k)
has simple poles at points ik;, and the second component mq(k) is holomorphic
one. Both components have continuous limits up to the boundary R, moreover, for
k € R we have my(—k) = m4 (k). To compute the jump condition we observe that
if my = (T(blz, ¢z_1), where z = ¢'**, k € R, then by the symmetry condition

m_ = (52, T(;Slz’l) at the same point k£ € R. Write (:Eg g((:))) for the unknown

jump matrix. Then
Tz = pza+Thrz ', ¢zt =¢zB+Th1z7'0.

Multiply the first equality by 2!, the second one by z, and then conjugate both
of them. We finally get
(2.18) ap =Th, — THp1 2, Tép1 = ¢ — Bz~ 2.
Now divide the first of these equalities by 7' and compare it with as k; € R.
From it follows that « = AT =1 — |R|?, 7272 = Rif k; € R. For k € [—c, (]
we use the first equality of taking into account that ¢, = ¢;. Then by
a¢ = $1T(1 —722R) and therefore @ = 0, v272 = R if k € [—c,c]. Taking into
account (2.8) and z = €** we finally justify the 11 and 21 entries of the jump
matrix (2.15). Comparing the second equality of with gives § = 1 and
—B272 = R. This justifies the 12 and 22 entries.
The pole condition is proved in [I2] or in Appendix A of [8]. The symmetry
condition holds by definition, and the normalization condition follows from .
It remains to prove that the solution of this RH problem is unique. Let m(k)
and m(k) be two solutions. Then (k) = m(k) — m(k) satisfies I-TII (note, that
condition IT does not guarantee that 7i is a holomorphic solution!) and condition
IV is replaced by m(k) = O(k™!). Therefore the function

F(k) := riv (k)i (k) 4 e (k)rng ()
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is a meromorphic in C* with simple poles at the points ix; and with the asymp-
totical behavior F(k) = O(k~2) as k — oo. Since —k = k for k € iR condition II
implies
(2.19) Resi,, F(k) = 2iy;|ima(in;)[?e*®05) € iR, .
Moreover, F'(k) has continuous limiting values Fy (k) on R, which can be repre-
sented, due to condition III, as Fly (k) = 4 (k) — (k) + 1o 4 (k)he,— (k). From
condition I we then get
Fi(k) = (1= |R[*),— + Ring,_ )1y — + (o, — Ring,—)1ia,—
= (1= |RP)ia,— > + |/, |* + 2i Im (Rrhy, — g, ).
Now let p > k1 and consider the half-circle
Co={k:kec[—ppl, ork=pe? 0<6<nr}
as a contour, oriented counterclockwise. By the Cauchy theorem and (2.19))

N N
7{ F(k)dk = 27riZResm F(k) = _47TZ7j|m2(mj)|262tq>(mj).
c, = =
Using F(k) = O(k™2) as k — oo we see lim,_, [, F(pe'?)pel?df = 0 implying
N .
/ F,(k)dk + 4w Zryj|m2(i,€j)|262t¢>(mj) —0
R

Jj=1

Taking the real part we further obtain

N
/R (1 = [RK) ) lrivr,— (R)[? + [ring,— (k) |*)dk + 4m Y 5 lrina (ire) Pe* 00 = 0,

j=1
which shows
e, (k) =0as k€ (RU; {ik;}), and 7y _(k) =0 as k1 € R.

Thus, function F(k) is entire and taking into account its behavior at infinity we
conclude that it is zero. This proves uniqueness of the RH problem under consid-
eration. 0

For our further analysis we rewrite the pole condition as a jump condition,
and hence we turn our meromorphic Riemann-Hilbert problem into a holomorphic
one literally following [12]. Choose 6 > 0 so small that the discs |k —ik;| < 0
lie inside the upper half-plane and do not intersect any of the other contours,
moreover Ky — 0 > , where k is the same as in estimate (L5)). Redefine m(k) in
a neighborhood of ix; (respectively —ix,) according to

1 0 )
m(k) iy eRteling) uE |k71/£j|<5,

k—ik;

2.20 m(k) = fyge 7
(2.20 (k) m(k) (1 ketin; ) , |k +ik;| <6,
0 1

m(k), else.

26D (irs)
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Denote the boundaries of these small discs as TV and T/% (as usual, indices U
and L are associated with "upper” and ”lower”). Set also
269 (irj)

92.21 Y (k. j) = 00
(221) (k) 1= =

i 0200 (iK )
) hL(kvj) = 7L'
k+ik;
Then a straightforward calculation using Resi, m(k) = limy_;,.(k — ik)m(k) shows
the following well-known result (see [12]):

Lemma 2.4. Suppose m(k) is redefined as in (2.20). Then m(k) is holomorphic
in C\ (R U U;\le('ﬂ‘j’U U ']I‘j’L)), Furthermore it satisfies conditions I, III, IV and
11 is replaced by the jump condition

L 0), ke THV

WY (k,j) 1
2.22 my (k) =m_(k
(222) #) = m- (k) (1] h%f,ﬁ), ke ik,

where the small circles TPV around ik; are oriented counterclockwise, and the circles
T5F around —ir; are oriented clockwise.

This "holomorphic” RH problem is equivalent to the initial one, given by con-
ditions I-IV. Thus, it also has a unique solution. We use it everywhere except of
small regions of (x,t) half-plane in vicinities of the rays x = 4&?75, which correspond
to the solitons. In what follows we will denote this RH problem as RH-k problem,
associated with the right scattering data. This problem is convenient for investiga-
tions in the region x > —6¢%t. In the remaining region it turns out more convenient
to use an RH-k; problem, associated with the left scattering data. In this region
we study the nonresonant case only.

Let ©1 = C*\ (0, ic] be the domain for k1, which is in one-to-one correspondence
with the domain D for A as well as with the upper half-plane for k. As already
pointed out before we will simply consider the scattering data and Jost solutions
as functions of k;.

In the C plane of the k; variable we consider the cross contour consisting of the
real axis R, with the orientation from minus to plus infinity, and of the vertical
segment [ic, —ic|, oriented top-down. The images of the discrete spectrum of H ()
are now located at the points +iki j, K1, > ¢ (see Theorem formulas ,
, ) By definition, x(k), considered as the function of ki, is defined on
the contour [ic,0] as x(k1) = —T1(k1,0)T(k1,0), as k1 € [0,ic],, i.e. k € [0,¢].
We define it on [0, —ic] as x(—k1) := —x(k1). In the nonresonant case this is a
continuous function for &y € [—ic,ic] with x(—ic) = x(ic) = x(0) = 0.

In ®; we introduce the vector-valued function

(2.23) m M (ky, @, 1) = (Tu(kr, )k, 2, )" g (ky, 2, 1)el*1?)
and extend it to the lower half-plane by the symmetry condition
(2.24) m(l)(—kjl) — m(l)(kl)al.

In the nonresonant case this vector function has continuous limits on the boundary
of the domain D; and has the following asymptotical behavior as k; — oo:

(2.25) mW(ky,z,t) = (1 1)+ i (/;(q(y,t) - c2)dy) (1 -1)+o0 (%) .
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Theorem 2.5. Let {R1(k1), k1 € R; x(k1), k1 € [0,ic]; (k1,4,m,5), 1 <j < N}
be the left scattering data of the operator H(0) which correspond to the nonresonant
case. Let TY (resp., T) be circles with centres in iky; (resp., —iki ;) and with
radit 0 < & < }Lmln |/$1J k1j-1|, k1,0 = 0. Then m(l)(kl) = m(l)(kl,x,t),
defined in , (2.24), is the unique solution of the following vector Riemann—
Hilbert problem Fmd a vector function m() (k1) which is holomorphic away from
the contour Ujvzl(Ty UTE)URU[—ic, ic], has continuous limiting values from both
sides of the contour and satisfies:

(i) The jump condition mg_l)(kl) = m(_l)(kl)v(l)(kl)

L= |Ri(k1)[? —Ri(ky)e 2otk
<R1 (Ky)e2t®1(k1) 1 ’ ki €R,
0 .
X(k th:'l(kl) 1 kl € [107 0]’
1 72tq>1(kl .
(2.26) W (k) = <0 x(k k1 € [0, —ic],
0
vy e”’l(ml 3) 1 ]{11 S ng,
k1 —iKk1,;
1 i,h’].e—f¢1(—i'<1,j)
b )’ e

(ii) the symmetry condition (2.24);

(ii) the normalization condition lim,_,., m™M (i) = (1 1).
Here the phase ®1(k) = ®1(k1,x,t) is given by
x
19t
and the circles are oriented in the same way as in Lemma[27)

(k1) = —4ik? — 6ic*k; — 12i€k;, €=

The proof of this theorem is analogous to the proof of Theorem

Remark 2.6. In our above formulations of the RH problems we could replace the
continuous limits by non-tangential L* limits (cf. [5, Sect. 7.1]). Locally this is
clear and globally this follows from the normalization conditions (which is supposed
to hold around the contour as well). All our RH problems will satisfy the stronger
condition from above (except for possibly a finite number of points in the model
problems later on) and hence we have chosen to use this simpler formulation.

Our first aim is to reduce these RH problems to model problems which can be
solved explicitly. To this end we record the following well-known result (see e.g.
[12]) for easy reference.

Lemma 2.7 (Conjugation). Let v(k) be a continuous matriz on the contour 3,
where 3 is one of the contours which appeared in Theorem or . Let m(k),
k € C, be a holomorphic solution of the RH problem m4 (k) = m_(k)v(k), k €
f], which has continuous limiting values from both sides of the contour and which
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satisfies the symmetry and normalization conditions. Let ¥ C S be a contour with
the same orientation. Suppose that ¥ contains with each point k also the point —k.
Let D be a matriz of the form

(2.27) D(k) = (d(’“o)_l d(ok)) ,

where d : C \X = Cisa sectionally analytic function with d(k) # 0 except for a
finite number of points on X. Set

(2.28) m(k) = m(k)D(k),

then the jump matriz of the problem my = m_7v s

2 ~
( vy viad ) ’ ke S\S,

—2
vo1d V22

’Ulldild, 'U12d+d, =
A A , ke
’U21d+ di Uzgdi d+

If d satisfies d(—k) = d(k)~" for k € C\'%, then the transformation ([2.28) respects
the symmetry condition (2.14). If d(k) — 1 as k — oo then (2.28]) respects the
517,

normalization condition (|

Note that in general, for an oriented contour 3, the value fy (ko) (resp. f— (ko))
will denote the nontangential limit of the vector function f(k) as k — ko € ¥ from
the positive (resp. negative) side of 33, where the positive side is the one which lies
to the left as one traverses the contour in the direction of its orientation.

3. SOLITON RECION, x > 0.

Here we use the holomorphic RH problem with jump given by , ,
and . We consider x and t as parameters, which change in a way that the
value § = 75; evolves slowly when x and ¢ are sufficiently large. In the region under
consideration we have £ > 0. To reduce our RH problem to a model problem which
can be solved explicitly, we will use the well-known conjugation and deformation
techniques ([12], [8]).

The signature table of the phase function ®(k) = 4ik3 + 12i¢k in this region is
shown in Figure

Namely, Re®(k) = 0 if Imk = 0 or (Imk)? — 3(Rek)? = 3¢, where the second
curve consists of two hyperbolas which cross the imaginary axis at the points 4i/3€.

Set
X
HO—1IZt>0.

Then we have Re(®(ik;)) > 0 for all k; > ko and Re(®(ik;)) < 0 for all k; < Ko.
Hence, in the first case the off-diagonal entries of our jump matrices are
exponentially growing, and we need to turn them into exponentially decaying ones.
We set

k + il‘{j

k — i/ﬁlj ’

Ak, €) = A(k) =

Kj>Ko
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. Re@® >0
\\TJQU® /
Re(‘b) <0 S ,_-i—;i"
0

‘ R
Ti,L @
Re(®) >0 =0
ST N
Re(®) <0

FIGURE 2. Signature table for Re ®(k) in the soliton region.

and introduce the matrix

I | B
~hY(k, ) 0 Do(k), |k—ir;| <6, j=1,...,N,
0 hE(k,j . ’
D(k) = —hE(k, j) <1 J)) Do(k), |k+ik;|<d, j=1,...,N,
Do (k), else,
where

2o = (M0 af):

Observe that by the property A(—k) = A~1(k) we have
(31) D(—]{}) = 0'1D(k‘)0’1.
Now we set

m(k) = m(k)D(k).

By (3.1)) this conjugation preserves properties III and IV. Moreover (for details see
Lemma 4.2 of [12]), the jump corresponding to ko < k; is given by

| AW -
=, ™EI), ke,

1 0 .
ﬁ(k) = (_1 1) ) ke T%La
hL(k,j)A2 (k)

(3.2)

and the jumps corresponding to kg > x; (if any) by

- 1 0 gy
o(k) = (hU(k),j)A_Q(k‘) 1> ) keT U7

B(k) = ((1) hL(k’jl)AQ(k)> . ket

In particular, all jumps corresponding to poles, except for possibly one if k; = kg,
are exponentially close to the identity for ¢ — oco. In the latter case we will keep
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\ /
Re(®) <0 N cv
R
CL
Re(®) >0 P
/// A
" Re(®) <0

FicUre 3. Contour deformation in the soliton region.

the pole condition for k; = k¢ which now reads

~ . b 0 0
Resix, (k) = kl—lﬁr}cj (k) (i’YjeM)(mj)A(i"Ej)z 0) ’

i a2t (iR5) A (G )2
Res_i,, m(k) = lim (k) (8 inje T A(ikg) )

k——ik; 0

Furthermore, the jump along R is given by

_ 2 CA2(\ B () a—2t® (k)
1~ |R(F) (1) R ) -

33 o0 = (4o e
The new Riemann—Hilbert problem
i (k) = (k)i (k)

for the vector m preserves its asymptotics as well as the symmetry condi-
tion . It remains to deform the remaining jump along R into one which is
exponentially close to the identity as well. We choose two contours CV = R + i /2,
Ct = R —ig/2, where ¢ = min{k, sy — d} with x is from (see Figure
This choice of ¢ guarantees that the reflection coefficient can be continued ana-
Iytically into the domain 0 < Imk < ¢, and CY does not cross TNV, Since by
definition R(k) = R(—k), then the function R extends analytically into the domain
—e <Imk < 0, and thus up to C~.
Now we factorize the jump matrix along R according to

_ A2 _ 672t<1>(inj)
’f)(k‘) = bzl(k)bU(k) = ((1) A (k)R( 1k) ) (AZ(k)R(lk)GQﬂb(inj) (1))

and set

m(k)bgt(k), 0<Imk <e/2,
(3.4) m(k) =< m(k)b;'(k), —e/2<Imk <0,
m(k), else,
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such that the jump along R is moved to CY UC” and is given by

(A_Q(I{J)R(I{J)G%(b(mj) 1) ) kecC )
o(k) =
_ A2 _ —2t®(ikj)
((1) A2(k)R( lk)e ) keck

Hence, all jumps v are exponentially close to the identity as ¢ — oo and one can
use Theorem A.6 from [I9] to obtain (repeating literally the proof of Theorem 4.4
n [12]) the following result:

Theorem 3.1. Assume f and abbreviate by c; = 4&? the velocity of the
J’th soliton determined by Re(®(ik;)) = 0. Then the asymptotics in the soliton
region, x/t > € for some small € > 0, are as follows:

Let 6 > 0 be sufficiently small such that the intervals [c; — 0,¢; + 0], 1 < j < N,
are disjoint and cy — 9 > 0.

If |$ —¢j| <0 for some j, one has

—4k;vi(z,t)
(1+ (2K5) "1y (x,1))?
where min{k, ky — 0} > €4 > £/2,

N 2
vl t) = pge st T (m m Hj)

Ki + K;
i=j+1 i T hy

If |12 —¢;| > 6, for all j, one has q(x,t) = O(e“").

+ O(e™ 1),

q(z,t) =

4. REDUCTION TO THE MODEL PROBLEM IN THE REGION —6c%t < x < 0

When the parameter ¢ passes through the point 0 and changes its sign from
positive to negative, the hyperbolas Re ®(k) = 0 start to cross the real axis at the
points k = £4/—¢, € < 0. Thus in the holomorphic RH-k problem with the jump

matrix 0(k), given by (3.3) with

N .
(4.1) Ak, &) = A(k) = TT EAi%s

N k—ik;’
j=1 J

and (3.2), 7 = 1,..., N, all jumps (3.2) are exponentially close to the identity
matrix for large t. Set

(4.2) R(k) = R(k)A™2(k).

This is a continuous function with [R(k)| # 0 for k € R. Since A(k) = A~1(k) for
k € R the matrix 9(k) can be written as

- 2 () e—2te(k)
(4.3) B(k) = (;z(k@’;)(k) Rk) X > k€eR.

Moreover, by (2.6)), R(k) = R~'(k) for k € [~¢,¢]. We keep the notation (k)
for the unique solution of the holomorphic RH problem with the jumps and
where A(k) is defined by for j = 1,..., N, satisfying conditions ITI-IV
of Theorem

The aim of this section is to reduce the RH problem for m (k) to a problem with
“almost constant” jumps, which can be solved explicitly. To this end we perform
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FIGURE 4. Signature table for Re(g) together with the level curve
Re(®) = 0 (dashed).

a few conjugation and deformation steps. The first one is connected with the so-
called g-function [6], which replaces the phase function such that the jump matrix
can be factorized in a way which reveals the asymptotic structure. In fact, in
the current formulation of the RH problem, the part of the contour from —+/—¢&
to v/—& would require a lower/upper triangular factorization of the jump matrix
which is impossible since |R(k)| =1 for k € [—¢, ¢]. Hence the idea is to perform a
conjugation as in Lemmawith a function d(k) such that d (k)d_ (k)e=2/®(*) =1
on [—a,a] and dy(k,t)d_*(k,t) = o(1) with respect to t — oo as k € (—a,a) for
some a > y/=¢, but otherwise the function g(k) = —1 log d(k) + ®(k) preserves the
qualitative behavior of ®. This will lead to a jump matrix

(R(()k) _%(k)> +o(1), k€]l—a,aq],

as t — oo. A further conjugation step will then turn this into a constant (w.r.t. k)
jump which subsequently has to be solved explicitly.

Set a = a(§) = +/—2€. This parameter is positive and monotonous with respect
to £ for £ < 0 and covers the interval (0, c¢) when £ covers the region under consid-
eration. In particular, we will use a > 0 in place of £ in this section. Explicitly we
choose

(4.4) alk) o= g(k,6) = 4i(k — *)V/R2 a2, a= /2,

defined in the domain D(§) = clos(C \ [—a, a]). We suppose that Vk? — a? takes
positive values for k > a. By definition g(—k) = —g(k) for k € D(§), g has a jump
along the interval [—a,a], and g4 (k) = —g_(k) > 0 on the contour [—a,a], taken
with orientation from —a to a. The signature table for Re g is shown in Figure
Since

@ (k) — g(k) ﬁG“%$—®MJ&)1+§>
(4.5)

12¢2
= 2 (140, koo,
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the function
J(k) = et ®R)—9(k) L e C,
satisfies all conditions of Lemma 271 )
STEP 1. Let D(k) be the matrix (2.27) with d = d. Put m( (k) = m(k)D(k),
then m ) (k) solves the holomorphic RH problem mgrl)(k:) = m(j)(k)v(l)(k‘) with

0 —R(k)
(R(k) e_th+(k)> , ke [—a7a}7
1— |R(/€)|2 _We—%g(k)
(R(k’)eztg(k) 1 BN
(46) ’U(l)(k) = “u
1 ] j
( h (ka])>7 kGT]’U7 j:17...7N7
0 1
1 .
L . ) ) ke T, Jj=1...,N,
where
) A2(k) - !
U N L AR 2t(@(k)—g(k)) L e —— G Q)
hY (k,j) : hU(k,j)e . h¥(k,j): AQ(k)hL(k,j)e ’

and hY (k,7), ht(k,j) are defined by (2.21)).
Lemma 4.1. Let the radii 6 of the circles T and T9V satisfy the inequalities

(4.7) (ky — 8)3 > 36 ((m +0)% 4 622)

and § < Ky —k, where k is from (1.5). Then, uniformly with respect to & € [0, —ﬁ],
|17 (k. )] + [h" (=k, )] < C1(8)e” ", k € TH; C(8) > 0, C1(8) > 0.

Proof. Tt is sufficient to check that for sufficiently small § > 0 we have Re(®(k) —
g(k) — ®(ik;)) < 0 when |k — ik;| = 6. The rough estimates, which are valid for
¢ € (0,¢%/2] show that

@ (k) — ®(irg)| <12 ((r1 +0)* +1€]) § < 120 ((m +0)? + C;) :

and Re g(k) > 4(kx — §)3. Thus, it is sufficient to choose d satisfying (4.7)). O

Now set ‘ ‘
Ts = UL, (T2Y U T?)
and denote by I the identity matrix. We observe that the matrix (4.6) admits the
following representation on Ts :
(4.8) oW (k,z,t) =T+ Ak, &, 1), Ak, 1) < C1(8)e” Dt C(6),C1(8) > 0,
where ||A|| = max; j=1 2 |A;;| denotes the matrix norm and the estimate for A is

uniform with respect to k € Ts and £ € [0, —;]

To perform the next transformation step, we first consider the following scalar
Conjugation problem: Find a holomorphic function d(k) in C\ [—a,a] which
solves the jump problem

(4.9) di (k)d_(k) = R O)R(k), k€ [~a,a],
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and satisfies symmetry and normalization conditions

(4.10) d(—k)=d '(k), ke€clos(C\[~a,a]); dk)—1, k- .

Here R is defined by and .

Lemma 4.2. The function arg(R(k)R~1(0)) is an odd smooth function on R.

Moreover, R(0) = —1 in the nonresonant case and R(0) =1 in the resonant case.

Proof. First of all, recall that R(k)R~1(0) is continuous and nonzero for k € R.
Therefore its argument is a continuous function. We observe that
arg A(k) = arg A(0) + G(k) = =N + G(k),
where G(—k) = —G(k), G € C(R). Furthermore, the Levinson theorem (cf. [IJ,
formula (4.3)) yields
+7Y
7N = % +argT(0+0),

where Y = 1 in the nonresonant case, and Y = 0 in the resonant case. By ([2.6)

lim arg R(k) = lim (2argT(k) — 2argk — 2arg A(k)) = —7Y.

k—0 k—0

Thus, the function arg(R(k)R~1(0)) is a smooth odd function. Since A%(0) = 1 the
value of R(0) coincides with the value of the reflection coefficient (see Theorem,
that is, R(0) = —1 in the nonresonant case, and R(0) = 1 in the resonant case. O

To simplify notation introduce
1
4.11 S(k) :=R(EYR™Y0), P(k):= ———, k¢€[—a,a|.
@) S =RERTO), PE)= e ke [-ad)
To find the solution of the conjugation problem, we transform it to an additive
jump problem

f+(k) = f—(k) 4+ P(k)log S(k);  f(k) =0, k— oo,
for the function
F(k) = (K* = a®)""*log d(k).
The Sokhotski-Plemelj formula and the property |S| = |R| = 1 imply
1 % P(s)logS(s)
4.12 = it =l S
(112) ) = 5 [ HLE

where the values of logS(s) = iarg(S(s)) are chosen continuous according to
Lemmal4.2] Since log S(s) is odd and P(s) is even we note f(—k) = f(k). Moreover,
from the oddness it also follows that

fk) = 2;; (/ P(s)log S(s)ds + O <]1€)> =0 (;) , k= oo0.

Thus Vk2 — a2f(k) = O(k™!) and the function

VA () oy VEZ—a? [* log(R(s)R™'(0)) 5
(4.13) d(k):= = exp ( o Vs 5B ds |,

satisfies (4.9) and (4.10). Since f(k) is even and vk? — a2 is odd, it also satisfies
the symmetry condition (4.10). Note also that d(k) is a bounded function in a
vicinity of the points +a as will be shown in Lemma below.
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v
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C cv
\QN TiU @ ﬁ/
—a a
y Tl () \%
L L

C C
T (o)

FIGURE 5. Contour deformation.

STEP 2. Set m® (k) = m™(k)D(k) and apply Lemma with d given by
(4.13)). Then we obtain the following RH problem: Find a holomorphic vector
function m(® (k) in the domain C\ (RUTj), satisfying conditions ITI, IV of Theorem

and the jump condition m(f)(k) =m? (k)v® (k), where

0 —R(0)
(’R(O) g+gz;e—2tg+(k)> ) k € [—a,a],
v (k) = Lo [RE)Z —d(k)R(Rye2o®)
(d(k)zR(k)Qth(k) 1 , ke R\ [_a” a]v
I+ D=1 (k)A(k,&,t)D(k), k€ Ts,

with d(k) is given by (4.13]) and A(k,&,t) given by (4.8)).
STEP 3. The next upper-lower factorization step is standard (cf. [7], [12]). Set

v® (k) = BX(k)(BY (k))™", keR\[-a,d],
with

1 —d(k;)QR(—k)e_ztg(k) B 1 0
BL(k)‘(o | ) BU(k)‘(—d(k)?R(k)eW’“) 1)'

Recall that R(k) = R(—k) for k£ € R. This allows us to continue the matrices
BT(k) and BY (k) to a vicinity of the real axis. Introduce the domains QY and QF,
bounded by contours CY and C% which are contained in the strip | Im k| < /2, and
asymptotically close to its boundary as k — oo, as depicted in Figure [5| Redefine
m® in QU and QF according to

m® (k)BY (k), keQY,

m® (k) =< m@&)BE(k), ke L,

m® (k), else.
Then the jumps along the intervals (—oo, —a] and [a, 00) disappear and there appear
new jumps along CY and C* which are asymptotically close to the identity matrix

as t — oo away from the points +a. Moreover, set A®) (k) = D= (k)A(k, &,t)D(k),
k € Ts, where D(k) is the diagonal matrix associated with (4.13) and A is from
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(4.8). Then (4.8) and the boundness of d(k) and d~'(k) uniformly on Ts and
uniformly with respect to & € [—¢?/2,0] imply

(4.14) |A® (k)| < Ce™t, C >0, keTs.

Moreover, we observe that offdiagonal elements of matrices B (k) and BY (k) are
continuous on the contours C* and CY respectively and decay as k — oo along
the contours exponentially. Indeed, by Lemma and we see that BY| (k) —
—R(0) as k — Fa and k € CY; BL; (k) — —R(0) as k — +a and k € CL; moreover,
vg)(k) —~1lask—a—0and k — a+ 0, where k € R. Since contours CV and CF
are chosen inside the strip | Im k| < k, then by the initial condition go(z) € C®(R),
the function R(k) = R(k)A(k) behaves as R(k) = O(k™%) as k — oo, k € CY uCF
(cf. [@]). From the other side, the estimate is valid

(4.15) exp{tg(k)} = O(exp{—2t| Re k|*/?k}), k — o0, keCY,

and by symmetry we get that the offdiagonal elements of BY and B decay expo-
nentially for each ¢ as k — oo. We proved the following

Theorem 4.3. Let & € [—c?/2,0]. Then the RH problem I-IV (cf. Theorem is
equivalent to the following RH problem: Find a holomorphic vector function m(3) (k)
in C\ (CU UCtUTsU |[—a, a]), continuous up to the boundary of the domain, which
satisfies:

a) The jump condition m® (k) = m(_g) k)v®) (k), where
+

< 0 ~R(0) ) be o
dy(k) — ) € —a,aj,
R(0) dfﬁkge 2tg (k)
1 0
) kecY,
(4.16) v® (k) = (d(k)—zn(k)eztg(k) 1)
_ 2 (_ —2tg(k)
(1 d(k)?R(—k)e ) Eech
0 1
I+ A®(k), k e T;:

(b) the symmetry condition (2.14));

(c) the normalization condition (2.17)).

Here d(k) is defined by (4.13)), g(k) by (4.4), R(k) by (4.2) and (4.1)), and the
matriz A®) (k) admits the estimate ([4.14).

For |Imk| > k141 the solution m(k) of the initial problem I-IV and the solution
of the present problem (a)-(c) are connected via

@17 m® k) = mk) (h_10<’“) h?k)), h(k) = d(k)A (k)e!(® 030k

We observe that the jump matrix v(3) (k) has the structure
—iR(0)oy + AW (k), k€ [—a,a],
(4.18) v® (k) = { T+ AG)(k), kecVuct,
I+ A®)(k), k € Ts,
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where o is the second Pauli matrix and the matrices AY)(k) admit the estimates
(4.19) |AD (k)| < Ce~ UK =a®D =4 5

Here v(k), k € R4, is an increasing positive function as k # 0 with »(0) = 0
and v(k) = O(k3/*) as k — 4o00. This structure suggests the shape of a limiting
(or model) RH problem, which can be solved explicitly. A solution of this model
problem is a contender for the leading term in the asymptotic expansion for the
solution of problem (a)—(c) from Theorem as t — oo.

5. THE SOLUTION OF THE MODEL PROBLEM

In the previous section we were lead to the following model RH problem:
Find a holomorphic vector function m™°4(k) in the domain C\ [~a,a], contin-
wous up to the boundary of the domain, except of the endpoints +a , where the
singularities of the order O((k + a)~/*) are admissible, which satisfies the jump
condition

i) = m ) () ") kel

and the symmetry and normalization conditions:
m™d (k) = m™°d(—k)oy, mmed(k) = (1 1)+0(k™1).

We remark that the solution of this model problem is unique as can be shown using
a similar argument as in Theorem However, this will also follow directly from
existence and uniqueness of a solution (to be constructed below) for the associated
matrix problem. Indeed, two solutions for the vector problem would give two
solutions for the matrix problem, violation uniqueness for the matrix problem.
We look for the matrix solution M™°d(k) = M™mod(k £ ¢) of the matrix RH
problem:
Find a holomorphic matriz-function M™% in C \ [~a,a], which has continuous
limits to the boundary of the domain, except for the endpoints +a, where M{;‘Od =

O((k+a)~*), 4,7 = 1,2, and which satisfies the jump
MPed (k) = —iR(0)M™ Y (k)o2, k € [~a,al,

and is normalized according to M™°4(k) =1+ O(k™') as k — co.

Note that det(—iR(0)os) = 1 and, respectively, det M™°4(k) is a holomorphic
function in C \ {a, —a}, with isolated singularities det M™% (k) = O((k 4 a)~'/?),
which are, therefore, removable. By Liouville’s theorem and by the normalization
condition one has det M™°4(k) = 1. Thus (M™°Y)~1(k) = O((k+a)~'*), k — Fa,
and the rest of the arguments proving uniqueness are the same as in [5, page 189].

The uniqueness and the symmetry i0901 = —0o9 then imply M™°d(—k) =
o1 M™4(k)ay. In turn, the vector solution to our model problem is given by

mmod(k) _ (1 1) MmOd(k),

and hence it fulfills the symmetry condition.
We construct the solution of the matrix problem following [I5]. First consider
the resonant case. Since

_ 14+i/1 1 _ 1—1/1 —i
(5.1) o3 = So03S5 Y, So = 1(. ) Syt = 1(1 .1>

2 1 —1 2 i
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then we can first find a holomorphic solution of the jump problem M$°® = —iM *°os3,
M®>(0) = 1, where o3 is the third Pauli matrix. The solution can be easily
computed:

Here the function (k) is defined on clos(C \ [—a, a]) and its branch is fixed by the
condition B(c0) = 1. Note that 3(—k) = B(k)~!. For the original matrix function
M™od (k) this yields the representation

GRS T GRS T
(5.2) M™d(k) = SoM>(k)S;* = '

_BR)=BR)" BR+BHR)!
2i 2

in the resonant case. In the nonresonant case one has to replace (k) by 5(—k).
The solution of the vector model problem is

1
(5.3) mmed(k) = =

5 (B —=1)+ B(k) (i +1), BR)(+1) + B(k) (1~ 1))
In summary we have shown the following

Lemma 5.1. The solution of the vector (resp. the matriz) model RH problems,

m™°d (k) (resp. M™°4(k)) is given by formula (5.3) (resp. (5.2)), where B(k) =

¢/ k—a in the nonresonant case, and B(k) = { ’,:%Z in the resonant case.

k+a

Before we justify the asymptotic equivalence m®) (k) ~ m™°d(k) as t — oo for k
outside of small vicinities of +a, let us compute what this will imply for the leading
asymptotics of the solution of the KdV equation. By (4.17)) we have for sufficiently
large k

(5.4)  mq(k) = mg‘g)(k)d(k)A(k)et(<I>(k)—g(k)) ~ min"d(k)d(k)A(k)et(q’(k)_g(k))
as t — oo. By we have

0 . .
q(l‘,t) = _% kll)H;o 2ik (ml(k7£at) - 1)7

and defining h(§) via

mo h f ].
(5.5) AR, mi (k€)= 1~ &) 1 o <,€2) ,
we have by
(5.6) Jim2ik (my(k, &, 1) — 1) ~ 12t£% — h(&).

Thus formally differentiating (2.12)) we arrive at

0 O 1%
(5.7 ) ~ 1 (1267) 4 () 0o = 2 4 IE)

and hence the leading order comes from the phase alone.
The next two sections are devoted to the proof of this result. In fact, in the
following section we will also compute the next term Q(¢) in the asymptotic ex-

pansion q(,t) ~ —& + % + o(t™1) and show that the only contribution is from
(5.4). So let us also compute this contribution. Since A(k) does not depend on &,
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it does not affect Q(¢). Thus, h'(¢) depends on the respective terms of d and m°4
only. By (5.3)), in the resonant case

m;md(k)—;i( )+ ’“‘aoﬂ))

k+a
= (0 )= D)+ (1= )64 1) + 0 ) =1 — 5+ O(72).

Consequently, in the resonant case

mPed(k) =1+ ﬁ + O(k72).

Next recall that P(s)logS(s) is an odd function on the interval [—a, a], where P
and S are defined by (4.11)). Then taking into account ([£.13) and £ P~1(s) = sP(s)

one has
a? P(s)logS(s)
d(k:)—<1 2k2+0( )eXp( 27“/ =z d)
— 1 ¢ -2
=1 ik _asP(s)logS(s)ds+O(k )
4t / P1(s) L log R(s) ds + O(k~2)
T AP Mt it '
Thus

al 1 [° d
h(¢) =4 ita—— 2—a?2+i0—logR(s)d
&) j;nj a 77/—(1 V2 —a?+i 75 108 (s)ds

where + corresponds to the resonant/nonresonant case, respectively. Since
da da 1 1
Or d¢é12t  12at’

then

52 —a? 410

B (€) = —é (il +- j

Once (5.7) is justified this will prove (|1.7]).

4 1og R
s 108 R(s) ds | .

6. THE PARAMETRIX PROBLEM

To justify formula we study first the so called parametrix problem, which
appears in vicinities of the node points +a = +a(&). In these vicinities the jump ma-
trices A® (k) and A®) (k) (cf. [4.16), (4.18), ([@.19)), which were dropped when solv-
ing the model problem, are in fact not close to the identity matrix. The parametrix
problem takes their influence into account.

Consider, for example, the point —a(&). Let B_ be a small open neighborhood
of this point. Abbreviate X1 = [~a, a] N B_, ¥ =CY NB_, and X3 = C* N B_.
We choose the orientation of these contours as outward from the node point —a,
that is, the orientation on ¥o and X3 is opposite to the orientation on CY and C%,
respectively. Inside B_ the solution m() has jumps only on these contours.

As a preparation we investigate the behavior of d(k) from as k — —a.
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Lemma 6.1. The following asymptotical behavior is valid as k — —a:

(6.1) d(k)*R(k) = R(0)+OWE T a), k5 “H) 1L o(ETa), ket

d_(k)
Proof. To prove (6.1)) we use (4£.11)), and represent the integral in (4.13) as
@ P(s)logS(s .
(6.2) / (()S_gk)()ds = I1(k) +iarg S(—a) Iz (k),
with logS log S d
¢ P(s)(logS(s) —logS(—a ¢ P(s)ds
sy — [ P88 ow Sty gy _ [ Flk

—a —a

Since for a € (0, ¢) both the reflection coefficient and the Blaschke factor A(k) are
differentiable, we have S(s) — S(—a) = O(s + a). Thus
(log S(s) — log S(—a))(s*> — a®) /2 = O((s + a)"/?)
in a vicinity of —a. Consequently, (cf. [23], formulas (22.4) and (22.7)) the function
I, (k) is Holder continuous in a vicinity of —a with the finite limiting value
I(—a) = 1 [ argS(s) —argS(—a)
' 2)_a /]a?—s%|(s—a)

from any direction. The second integral is given by

1 1
om0 = S s

as a solution of the jump problem Fy (k) = F_(k) + P(k), k € [—a,a]; F(k) — 0 as
k — oo. Substituting this into (4.13)) and taking into account (6.2)) yields

log d(k) = —%iargS(—a) + %\/ k2 —a?+0(k+a)
(6.3) = Mo S(—a) + F(—a)VEFa+ Ok +a),

2
where
- V2a [ _ —
(6.4) F(—a) = a arg S(s) —arg S( a)ds.
21 J_o Va2 —s%(s+a)
Note that the main term in the representation of logd, (k) and logd_(k) in the
vicinity of —a is evidently the same. Formula (6.3]) then proves (6.1)). O

This lemma allows us to replace the jump matrix (4.16)) inside B_ approximately
by the matrix

(6.5) P (k) == e~ t9-(k)os Set_c1+(k’)<7e,7
where
Sy = 0 —R(0) , kex,
RO) 1
1 0
6.6 S = S = , k c Z ,
1 R(0)
S3 = , ke Xs.
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B> D,

FIGURE 6. The local change of coordinates w(k).

Since R(0)? = 1 we have 5159255 = I and det(S;) = 1.
We look for a matrix solution in B_ \ (21 U X2 UX3) of the jump problem

(6.7) MY (k) = MP* (k)vP* (k),

which is, in some sense to be made precise below, asymptotically close to M™°4(k)
on the boundary 0B_ as t — oo (cf. also [15]). If MP?" solves (6.7]), then the matrix
function

M(k) = Mpar(k)e—tg(k)aa
solves the constant jump problem
M (k) = M_(k)S,

with the normalization M ~ M™°de=t993 on OB_.

To simplify our considerations we will next use a change of coordinates which will
put the phase into a standardized form and at the same time rescales the problem.
To this end note that in a small vicinity of —a the g-function can be represented as

g(k) = 8V2a*2(k + a)*/>(1 + O(k +a)), as k — —a,

where the branch cut is taken along [—a, +00) and the branch is fixed by (e++i0)%/2 >
0 for € > 0. The error term depends only on a and is uniform on compact sets.
Thus we can introduce a local variable

(6.5) w(k) = (3“%(’“’)/

for which we have
6.9  wk)=t3Ci(k+a)1+0(k+a), C,=2-6*%a>0, k— —a,

such that w(k) is a holomorphic change of variables. Moreover, we choose the set
B_ to be the preimage under the map £ — w of the circle D, of radius t2/3C p,
with p < a/4, centered at w = 0. Furthermore, without loss of generality we can
choose the contours CY and C¥ such that the segments ¥; U X U X3 are mapped
onto the straight lines (I'y UT'2 UT'3) ND,, where

o A
FQ:{wGC:argw:?m}, ng{wGC:argw:?m}, Ty =10, +00).

Compare Figure [f| Then the matrix problem (6.5)(6.7) can be considered as
problem in terms of w € D,,.



RAREFACTION WAVES OF THE KDV EQUATION 25

From now on we have to distinguish between the resonant and nonresonant case.
Consider first the generic nonresonant case where

0 1 1 0 1 -1

and the function 8(k) is locally given by (cf. Lemma
B(k) = w4 (w), weD,,
where 7 is holomorphic and satisfies

im w
y(w) = 22/31/5 Jae F41/0(1 + O<t27))’ as w — 0,

where the error depends only on a and is uniform on compact sets, which do not
contain the point a = 0. In turn, (5.2)) can be represented as (cf. (5.1]))

(6.11) M0 (k) = Soy(w)™w™ T 55 1.

Since I, grows as t — oo this suggests to look for a matrix A(w) satisfying the
jump condition

(612) A+ = SjAf on Pj,

and the normalization

3/2

(6.13) A(w) = w*%’(SO_1 +O(w™3/?))e 5w 0 ag w — oo,
in any direction with respect to w. Then
M (k) = Soy(w) s Aw)ed s
o03/6 .
(6.14) = M™4(k)S, (Bth(k)) A ((Sth(k))?/?’) ota(k)os

will satisfy
(6.15) MP (k) = M™Yk)(I+O0(p~3/%7Y)), as t— oo, ke€B_,

with the error term again depending only on a and uniform as a € [e1, ¢ — €3] for
arbitrary small €; > 0. The solution the problem (6.12), (6.13) can be given in
terms of Airy functions. To this end set

I 1
1 (w) = Ai(w) := — exp(= 2 — wz)dz,
2mi —ico 3

and let
27i

ya(w) = e Ai(e%ﬂw), and y3(w) = e Ai(e

These functions are entire functions, and they are connected by the well-known
identity [25] (9.2.12)]

(6.16) y1(w) + ya(w) + yz(w) = 0.

Furthermore, set

2 o 4 S
O = {w: argw € <o, ;)} O, = {argw € (; ;)} Q3 =C\ {0, UL


http://dlmf.nist.gov/9.2.12
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We chose the cuts for all roots of w along the contour I'y and argw € [0, 27). With
this convention the asymptotics of the Airy functions (cf. [25](9.7.5),(9.7.6)]) read

_2,3/2 _
(6.17) yi(w) = We 3:’2 (1+O(w 3/2)), w e,
srared (L 0w, we g,
L 2480 _
618) () =5 mmet 1 OW™), wem U,
1 2,82 .
(6.19) ys(w) = N (140w 2)), we QU Qs

and can be differentiated with respect to w. Set

(1—i)/m ( y1(w) yz(ﬂf))) — M), we .

—yi(w)  —yp(w
Then det A;(w) = 1 (cf. [25, [(9.2.8)]), and by (6.17)), (6.18) we have the correct

normalization (6.13]) in ;.
Next, by (6.16)
e = =i (G 1) = st
and we will use this definition in the sector 5. Again det As(w) = 1 and by (6.18)),
(6.19) the matrix As(w) obeys the normalization (6.13)) in Q5. Finally,
A3 = A (w)ST = (1 —i (‘y?’(w) ‘yl(w)> = Az(w),
25 = A5 = A=DVr{ ) i) ) =AW

has the desired properties in the domain 3. In summary, A(w) = A;(w) for
w € €5 is the solution we look for.

Corollary 6.2. The parametriz MP* (w) defined in (6.14]) satisfies det MP?" =1
and is bounded in C.

Taking into account the second term of the Airy functions (cf. again [25, (9.7.5),
(9.7.6)]), we get from (6.15) that
1 T T

6.20 M™Y )T MP (k) =T+ o [, o2
6200 sy =1+ s (L) o
uniformly on the boundary 0B_.

Let By be a vicinity of the point a, symmetric to B_ with respect to the map
k — —k. Using the symmetry properties of the jump matrices in B4+ and the
symmetry of the model problem solution M™°d(—k) = o1 M™°4(k)oy, one can set

MP¥ (k) = oy MP™ (—k)oy, K € By,

and check directly, that it is indeed the solution of the corresponding parametrix
problem in B, . Note also that since det MP?"(k) = 1 this matrix is invertible and
both MP (k) and (MP>)~1(k) are bounded for all k € clos(B; UB_) and all t > 0.

At the end of his section we briefly discuss the parametrix problem solution in
the resonant case. The scheme is the same. The S matrix is now given by

0 -1 1 0 1 1
(6.21) 51<1 1>, 52<_1 1>, S3<0 1)7


http://dlmf.nist.gov/9.7.5
http://dlmf.nist.gov/9.7.6
http://dlmf.nist.gov/9.2.8
http://dlmf.nist.gov/9.7.5
http://dlmf.nist.gov/9.7.6
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and B(k) = (2a)"Y/% 73" (k + a)'/*. We represent the matrix as
Bk)L 0
M™d (k) = S, ( (k) St
0 Bk
Thus (cf. Lemma [5.)),
M (k) = Syy(w) w55, (k) = Blk(w)) w!

s 1+if1 -1 o 1—if-i 1
5= (—i —i)’ S0 =5 (i 1)‘

The normalization (6.13]) will have the form

where

3/2,4,

(6.22) A(w) = w™ T (S5 + O(w3/2))e 5w s,
and

Ayw) = (1 - i)m (y}“”) ‘y?“”)) Cwen,

yi(w)  —yp(w)
7. THE COMPLETION OF THE ASYMPTOTIC ANALYSIS

The aim of this section is to establish that the solution m(3) (k) of the RH prob-
lem (a)—(c) from Theorem is well approximated by (1 1) MP?*(k) inside the
domain B =B, UB_ and by (1 1) M™4(k) in C\ B. We follow the well-known
approach via singular integral equations (see e.g., [7], [12], [I5], [22]). To simplify
notations we introduce

Y =[-a,adUCYUCtUT;UdB, Ti=%NBy, Xp=%XnNB.

We will denote the three parts of each contour ¥, and ¥_, with the orientation as
on [—a,a] UCY UCL, by Ej and X . Next set

_ MPa(k), kebB
7.1 (k) =mB (k) (M (k)Y M*(k) = ' ’
(1) (k) = m® () (M () (0= pmodgr). e €\ B

Then m solves the jump problem

where
MP¥ (ko™ (k) (ME™ (k)Y k€ S,
(7.2) o(k) = { (M™ed(k)) =1 MPar (), k € OB,
M (k)o@ (k) (Mod(k)~1, ke X\ (X5UdB),

and satisfies the symmetry and the normalization conditions:

(7.3) (k) =m(—k)or, m— (1 1), k— oo
Abbreviate W (k) = 0(k) — I. Then
(7.4)
MP* (k) (v®) (k) — vPr (k) (ME™(k)~Y, k€ 3s,
Wk = (M™mod (k)1 Mpar( ) -1, k € OB,
M™d (k) (v®) (k) +iR(0)o )(M““d(k))*l, k € [~a,a]\ ¥p,
M™od(k) (v®) (k) — T)(MPed(k)) 7L, keX\ (ZgUdBU|[—a,a).
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By construction the function W (k) depends smoothly on £ when £ € 7 = [fé +
¢, —¢|, for arbitrary small fixed positive e. Since a(£) > v/2¢ we assume that the
minimal radius p of the sets By admits the estimate p > i\/fe

First we study W (k) on . The matrices MP* (k) and (MY* (k))~! are smooth
bounded functions with respect to k € ¥, t € [1,00), and £ € Z. The matrix
v®3) (k) — vP** (k) has one nonvanishing entry on each part of contour ¥z, which we
denote by uy (k):

(R(0) — d(k)*R(—k))e=29®) ke ¥F,
us (k) = $ (d(k) 2R (k) — R(0))e* ™), ke %7,
(G5} — 1)e2te+®), ket

Since g(k) = Reg(k) on X4, then by (6.1)), (6.3) and (6.4])
(7.5) us(k) = (Cjif(ia) /|k F a|) o= 2(20)%/ t [kFal*/? —|—O(k::Fa)€_2tg(k)’ ke 2?7
where (C]i)6 = 1. First of all, we observe that

(7.6) us(k) =03, keXy,

where the error O(t~'/3) is uniformly bounded with respect to p = p(¢) and a =
a(€) for € € Z. Moreover, in this section, the notation O(t~*) will always denote
a function of a,p and ¢ with the above mentioned properties. It is defined for
t € [Ty, 00), where Ty = Ty(e) is some large positive time.

Now let (+a + (C]i)%ji) be the end points of the contours Ej-t. Recall that
(5j-[ >p> %. Then
(7.7)

. 55 . Fi(a, j)
/ | ws(k)dk = CF I(%a) / yl/2e=8taV2ay* gy O (44/3) = %’Jm(f‘%),
by 0

where Fy (a,j) = Cff(:ta)(l?a\/%)*l, and

(7.8) lus (k) L1 (zs) = OE™).

Moreover, using the same arguments taking into account that the matrix entries
[MPH], (k) [(ME™) " g (K), 7, 8,p,q € {1,2}, are bounded for k € ¥, uniformly
with respect to £ € Z, and using , (7.5) and Corollary we get for £ =0, 1:

19 3 [ FusM T BIO) yhak = 222D 4 o)

+ /3% t
Here the functions hy 4. s ¢(a) are bounded with respect to £ € 7 and the estimate
(7.9) implies that
F.
(7.10) KW (k)dk = %@ +O(t™ 3, =01,

P

where the matrices F»¢(a) are bounded for £ € Z. We also have

(7.11) KW ()| 2y = OY), W (k)| oo () = O ?).
Moreover, from (7.4 and (6.20) it follows that
Fs(a) —4
7.12 ECW (B)dk = =2 t=4/3
(712) KWk = L o),
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where the matrices F3¢(a) have the same properties as F s(a). Next, the matrix
M™°d(k) and its inverse are bounded with an estimate O(p~'/%) on the remaining

part of the contour . Using (#.15), (7.4), (.18), (#.19), and (@.14) we conclude
that for £ =0, 1:

U KWKk = Fu(a,pt), | Fala p,t) < C(0p~ e
S\ (SUB)

where the matrix norms of Fy(a, p,t) are uniformly bounded with respect to a and

p for t € [Ty, 00) and £ € Z. From (7.4)), (4.18), (4.19), and (4.14)) it follows also
KW (B L1 0 (mpuomy) < O™ ), KW (R oo (51 (ms00m)) < Oe™).
As a consequence of these considerations (and using interpolation) we get:

Lemma 7.1. The following estimates hold uniformly with respect to £ € L:

(7.14) Wl =0 (F3%),  1<p<o

Moreover,
i ¢ _ Y f@(aap) —4/3 L

(7.15) — (1 1) [ EW(k)dk= (1 (-1)Y) o toft . j=0,1,
T by

where the functions fi(a,p) are bounded with respect to a and p for £ € T.

Now we are ready to apply the technique of singular integral equations. Since
this is well known (see, for example, [7], [12], [22]) we will be brief and only list the

necessary notions and estimates. }
Let € denote the Cauchy operator associated with >:

1 ds =~
(Ch)(k) = 27ri/ih(5)s—k’ keC\%,
where h = (hy  hs) € L2(2) U L>®(%). Let €, f and €_f be its non-tangential
limiting values from the left and right sides of 3, respectively. These operators will
be bounded with bound depending on the contour, that is on a. However, since we
can choose our contour scaling invariant at least locally, scaling invariance of the
Cauchy kernel implies that we can get a bound which is uniform on compact sets.

As usual, we introduce the operator €y : L2(X) U L™(X) — L*(X) by Cw f =
C_(fW), where W is our error matrix ([7.4]). Then,

as well as

1
—1 _ .
(7'16) H(H - Cw) ||L2(E)~>L2(E) < 1— O(til/?’)

for sufficiently large t. Consequently, for ¢ > 1, we may define a vector function
pk) = (1 1)+ (I Cw)Ew((1 1))k,
Then by (7.14) and (7.16)

k) = (1 1) ey < N =) ez 1€l 2@ o 2@ Wl 25y
(7.17) =0(t™2/3).
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With the help of u the solution of the RH problem (7.2)—(7.3)) can be represented

and by virtue of (7.17) and Lemma [7.1] we obtain as k — +ioo :

(7.18) (k) = (1 1)—21m/ins+H(k),
where

—4/3
(119)  HEN < oo Wiy k) — (1 1) lpagsy < 20,

where O(t=*/3) is uniformly bounded with respect to a and p as & € Z. In the
regime Rek = 0,Im k — 400 we have

1 (1 1)W(s) fola, p) fi(a, p)
271/2 s = OQik;t (1 oy (1)
+ 0t YOk + 0t~ 3HO(k™),

-1) +

where O(k~*) are vector-functions depending on & only and O(t~*®) are as above.
From now we can choose p = /¢ and denote fy(a, p) := fe(£). These functions are
bounded as £ € 7, and in fact they are differentiable with respect to &, but we will
not use their smoothness. By and for large k — ~+ioco we have

m(k) = (k) M™ (k) (d(k)A(k)et<<D<k>—g(k)) ”

and from , , , 7 , and it follows:

gz, t) = —26 — M O,

In particular, this shows that the first asymptotic formula can be differentiated
with respect to x giving

= _ Ay —4/3
alw,t) = =26 + T (€) + O,

This establishes (5.7) and completes the proof of Theorem A.

8. ASYMPTOTICS IN THE DOMAIN z < —6¢?t

Here we solve the RH; problem, considered in Theorem and prove claim B
of Theoremu Let kli =44/ —% — & be the stationary phase points of the phase

2

function ®;(k1). The signature table for Re®; in the present domain { < —%
is shown in Figure [7] It shows that in the domain under consideration, the jump
matrix v(k1) is exponentially close to the identity matrix as ¢ — oo except for
k; € R. Now, following the usual procedure [7], [12]. We let d")(k1) be an analytic
function in the domain C\ (R \ k7, k) satisfying

d (ky) = dY (k1) (1 = |Ry (k1) [?) for ky € R\ [k, k] and dD(ky) — 1, ky — oo.
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FIGURE 7. Sign of Re(®; (k1))

By the Sokhotski—Plemelj formulas this function is explicitly given by

_ 2
(8.1) AV (ky) = exp L/ log(1 —[R1(s)1*) , .\
271 J(“ oo kT )UK 00) s —ki

Note that this integral is well defined since Ry (k1) = O(k;') and |Ry(k1)| < 1 for
k1 # 0 (cf. [9]). As the domain of integration is even and the function log(1—|R;|?)
is also even, we obtain dV)(—k;) = d™"(k;)~" and the matrix

_(dD (k) 0
D(kl) - ( 01 d(l)(k1)>

satisfies the symmetry conditions of Lemmal2.7 Now set m® (k1) = m® (k1) D(k1),
then the new RH; problem will read mf)(k‘l) = m(_Q)(kl)v(z)(kl), where
m® (k1) = (1 1) as ki — oo, mP (—k1) = m (k)oy, and

Ap(k1)Av (K1), ki € R\ [ky, K],

v® (k) = ¢ Bu(k1)Bu (k) ki€ [k Ry,

D7 (k) oW (k1)D(k1), ki € [ic, —ic] U; (TY UTE),
where v(Y)(k;) is defined by (2:26)),

1 0 . .
AL(k‘l) = Ry (kp)e!®1(F1) , ke QruQy,
(1—|R1(k1)[?)d® (k1)?
1 _d(1>(k1)2R1(7k1)07t<r:1(kl)
Ap(ky) = . (1—\3110«1)\2) , kefual,
—_dM 2 _ —t®; (k1)
Br (k1) = (é @ k) R1(1 ket ) , ki eQl,

o 1 0 U
BU(kl) = (d(l)(kl)_le(kl)et‘I)l(kl) 1> ) kl € Qc .

Here the domains QIL, QZU, QL QU QL and QY together with their boundaries CZL,
ClU, CE CY, CE, and CY are shown in Figure Evidently, the matrix By (resp.
Br) has a jump along the contour [ic, 0] (resp. [0, —ic]). All contours are oriented
from left to right. They are chosen to respect the symmetry k; — —k; and are
inside a set, where R (k1) has an analytic continuation. We also used the analytic

continuation Ry (k1) = Ri(—k1) to these domains.
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TV (o)
73V (o)
ic

cY cY

FIGURE 8. Contour deformation in the domain z < —6c%t

Lemma 8.1. The following formula is valid
(Bu)-v® (Bu)y' =L ki €lic,0;  (Br)='v® (Br)y =1 ki €[0,~ic].
Proof. By virtue of the Pliicker identity (cf. []]). O

Now redefine m(? (k) according to

AL(k'l), k1 GQIUUQTL,

AU(kl)_l, ki € QlL U Qg,
m(3)(k1) = m(2)(k1) BL(]C1>, ki € QCL,

BU(kl)il, ki € Q([.J,

I, else.

Then the vector function m(3)(k1) has no jump along k; € R and, by Lemma
also not along ky € [ic, —ic]. All remaining jumps on the contours CZL, ClU, ck, cY,
¢k, cY, and UL, (TY U TF) are close to the identity matrix up to exponentially
small errors except for small vicinities of the stationary phase points ki and kfr
Thus, the model problem has the trivial solution m™°4(k;) = (1 1). For large
imaginary k; with |k1| > #11 + 1 we have m® (k1) = m®) (k;) ~ m™°d(k;) and
consequently

m(l)(kl) = m(2)(k1)D_1(k1) = (d(l)(kl) d(l)(kl)—l)
for sufficiently large k1. By (8.1)

1 1 1
dY(k) =1+ — _7/ log(1 — |Ry(s)|?)ds +0()
(K1) 9k \ 7 s ot g(1—|Rui(s)]%) w2

and comparing this formula with formula (2.25) we conclude the expected leading
asymptotics in the region x < —c?t given by

q(z,t) = A1+ 0@t V2)).

Moreover, the contribution from the small crosses at kli can be computed using the
usual techniques [7], [12].
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Theorem 8.2. In the domain x < (—6¢? — €)t the following asymptotics are valid:

q(z,

(k) kY

t)=c*+ o L sin(16t(ky)? — v(k) log(192t (k1)) + 8(k)) + o(t™)

for any 1/2 < a < 1. Here ki = \/—g — & and

1
v(kf) = = 5-log (1 = [Ri (kD)%)

5(k{) =7 — arg(Ra (k) + arg(D(iv (k)

1 1-— 2 1
_ f/ log( |R1(S_2| 2) +ds.
T J(—o0—k )UK} ,00) L—[Ri(k)12) s — K

The claim B of Theorem [I.1] follows from this theorem by the change of variables
k1 — k and by use of (2.7).
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