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ABSTRACT. We show that for a one-dimensional Schrédinger operator with a
potential whose first moment is integrable the scattering matrix is in the unital
Wiener algebra of functions with integrable Fourier transforms. Then we use
this to derive dispersion estimates for solutions of the associated Schrédinger
and Klein—Gordon equations. In particular, we remove the additional decay
conditions in the case where a resonance is present at the edge of the continuous

spectrum.

1. INTRODUCTION

We are concerned with the one-dimensional Schrodinger equation

2
i(z,t) = HY(z,t), H:= —% +V(x), (z,t)€R?

and the Klein—Gordon equation
bw,t) = —(H +m*)P(x,1), (2,t) €R? m >0,
with real integrable potential V. In vector form equation (1.2)) reads

W(t) = HU(t),

o= (58). n(at e D)

where

(1.1)

(1.2)

(1.3)

(1.4)

More specifically, our goal is to provide dispersive decay estimates for these equa-
tions. This is a well-studied area and one of our main contribution is a strikingly
simple proof which at the same time improves previous results. This approach de-
pends on the fact that the scattering matrix minus the unit matrix is in the Wiener
algebra (i.e. its Fourier transform is integrable). Since this result is of independent
interest we prove it first in Section[2} Based on this we will then establish our main
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results. To formulate them we introduce the weighted spaces L2 = L2(R), o € R,
associated with the norm

16l = { U(F 2D lo(@)pdn) 7, 1< p <o,
O lswpser(t+lal) @) p=oe.
Of course, the case 0 = 0 corresponds to the usual LP spaces without weight. We
recall (e.g., [14] or [23| Sect. 9.7]) that for V € L{i the operator H has a purely
absolutely continuous spectrum on [0,00) plus a finite number of eigenvalues in
(—00,0). At the edge of the continuous spectrum there could be a resonance if
there is a corresponding bounded solution of —i"” + Vi) = 0 (equivalently, if the
Wronskian of the two Jost solutions vanishes at this point).
The following two results hold for the Schrodinger equation:

Theorem 1.1. Let V € L}(R). Then the following decay holds
le™ T Pl = OE2), £ o0, (15)

Here P. = P.(H) is the orthogonal projection in L*(R) onto the continuous spec-
trum of H.

Theorem 1.2. Let V € L}(R). Then, in the non-resonant case, the following
decay holds .
le ™ Pell 1y poe, = O(t™?), t— oo. (1.6)

Note that for the free Schrodinger equation with V' = 0 the estimate is
immediate from the explicit formula for the time evolution (see e.g. [23], Sect. 7.3]).
The dispersive decay for the perturbed Schrédinger equation has been estab-
lished by Goldberg and Schlag [8], improving earlier results from Weder [25], in the
non-resonant case for V € L} and in the resonant case under the more restrictive
condition V' € L} (see also [I]). We emphasize that our approach does not require
this additional decay in the resonant case. Moreover, our proof for Theorem
is a simple application of Fubini’s theorem. To show that the extra decay in the
resonant case is not needed we generalize an old (but obviously not so well known)
result from Guseinov [9]. We also remark that in the half-line case the analogous
result for the scattering data is well known (cf. Problem 3.2.1 in [14]) and was used
by Weder [27] to prove a corresponding result in the half-line case.

Recall that has some immediate consequences: Interpolating between uni-
tarity of exp(—itH) : L? — L? and the Riesz—Thorin theorem gives

le™ Pl por o = O(7/2F1/7) (1.7)

for any p € [2, oo] with %—i—i = 1. Using we can also deduce the corresponding
Strichartz estimates of [10, Theorem 1.2].

The dispersive decay has been established by Schlag [21] in the case V € L}
and later refined by Goldberg [7] to the case V € Li. For V € L} the estimate
as first obtained by Mizutani in [I7]. Here we propose a proof of based
on a somewhat different approach.

Note that the decay immediately implies the following long-time asymp-
totics in weighted norms:

”e_itHPc”Lg—wia = O(t_3/2), t— o0, (1'8)

for any o > 3/2. Asymptotics of type (1.8]) in the non-resonant case were obtained
by Murata [I8] for more general (multi-dimensional) Schrodinger-type operators.
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In particular, in the one-dimensional case these asymptotics were established for
o >5/2and |V(x)| < C(1+ |z|)~" with some p > 4 (see also [21] for an up-to-date
review in this direction, in particular for higher dimensions).

In the second part of the present work we obtain some new dispersion estimates
for the Klein—Gordon equation. To this end we introduce the Bessel potential

Jo=F 1+ P)2F,

where F is the Fourier transform. Then the generalized Sobolev space H®*!(R) (cf.
[3, Definition 6.2.2]) is the space of all tempered distributions f € S’(R) for which
the norm

Ifllger =1 TafllLy,  ao€R, (1.9)
is finite. As before H*' = HS"".
Theorem 1.3. i) Let V € L}(R). Then the following decay holds

le ™ P2y =0, ¢ o (1.10)

H3 ' e
ii) Let V € Ly(R). Then, in the non-resonant case, the following decay holds

™™ P2 4, =0(t7?), t— o0 (1.11)

1

HZ2" —L>

Here P.. is the orthogonal projection in L?(R)@ L?(R) onto the continuous spectrum
of H? and []¥ denotes the ij entry of the corresponding matriz operator.

We remark that the corresponding decay for the other entries of the matrix
operator e *HP, can be obtained similarly.
We note that Theorem (i) is frequently stated in terms of the Besov space

Blél( R) defined in [3| Definitions 6.2.2]. Namely, recalling Blé1 C H%’1 (see [3
Theorem 6.2.4]) shows that ( - holds with B1 1 in place of Hz'. Similarly,
- 11.11)) holds with B1 110 place of H31 , Where B1 1,1 1s the corresponding Welghted
Besov space (to define BLl,l one need replace L' by L1 in the definition of BM).

As before this follows from By, | C Hf’l (see for instance [16, Proposition 3.12]).
Moreover, as a consequence of ([1.10) we obtain

_ _141 1 1

=0t 2"r), t—o0, —+-=1, (1.12)

e P2 4 =
B? P _Lp D p
for any p € [2, 0] under the same assumption V € L1(R) (see Corollary .

In three space dimensions W#? — L7 estimates for the perturbed Klein-Gordon
equation were established by Soffer and Weinstein [22] (see also [29] for general
space dimensions n > 3). In the one-dimensional case WP — W4 estimates
were obtained by Weder [26] for V € L, where v > 3/2 in the non-resonant case
and 7 > 5/2 in the resonant case. The dispersive estimate of type (with

1 3 1 3
BE,;;(V) instead of BE,;?) is shown in [I], but again requiring V € L} in the
resonant case.

For the one-dimensional Klein-Gordon equation the decay t~3/2 in the weighted
energy norms H! & L2 — H! & L?  with o > 5/2 has been obtained by Komech
and Kopylova [I1] (see also the survey [12]).
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Note that dispersion estimates of type (L.5)—(1.12) play an important role in
proving asymptotic stability of solitons in the associated one-dimensional nonlinear
equations [2], [I3]. For the discrete Schrodinger and wave equations we refer to [6].

2. CONTINUITY PROPERTIES OF THE SCATTERING MATRIX

We first introduce the Banach algebra A of Fourier transforms of integrable
functions

a={10: 10 = [ e fiap, i) € '@}

with the norm || f||4 = ||f||z:, plus the corresponding unital Banach algebra A;

A — {f(k) S0 =+ [ o 5() € L(R), ce c}

with the norm || f||.4, = |¢|+]|g]|z1. Evidently, A is a subalgebra of .A;. The algebra
A; can be treated as an algebra of Fourier transforms of functions ¢d(-)+g(-), where
§ is the Dirac delta distribution and g € L'(R). Note that if f € A;\ A and f(k) # 0
for all k € R then f~1(k) € A; by the Wiener theorem [28].

Next we recall a few facts from scattering theory [B], [14] of the Schrodinger
operator H, defined by formula . Under the assumption V' € L1 there exist
Jost solutions fi (z, k) of

Hiy =k*)p, keCy,
normalized according to
fi(z, k) ~eFFe g do0.

These solutions are given by
+oo
Falw k) = ¥ohi(o ). he(ek)=1% [ Balwy)e ™y, (21)
0

where By (x,y) are real-valued and satisty (see [5, §2 | or [14] §3.1])

B (2,y)] < @y (z +y), (2.2)
9]
|55 B (@) £V (@ +y)| <20 (w4 y)a(2), (2:3)
with
+oo +o0
w@ = [ G-Vl @ =% [ V@l @4
Since n4(x + ) € L*(R) we clearly have
hy(z,)—1, b (z,-) € A, VzeR. (2.5)
Let

W((p(.’b, k)v w(% k)) = (p($7 kW’(% k) - @/(xa kﬁ/’(fﬂa k)
be the usual Wronskian, and set
W(k) = W(f-(z, k), f+(z,k)),  Wx(k) = W(fx(z,k), f+(z,—k)).
The Jost solutions fi(z,k) and their derivatives do not belong to A, as well as
their Wronskian W (k). However, the entries of the scattering matrix, that is, the
transmission and reflection coefficients
2ik Wy (k)

T = g B =F
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turn out to be the elements of this algebra.
Theorem 2.1. IfV € L1, then T(k) — 1 € A and Ry (k) € A.

Proof. Since |T'(k)| <1 for k € R the Wronskian W (k) can vanish only at the edge
of continuous spectrum k = 0, which is known as the resonant case. Moreover, the
zero is at most of the first order.

Step i) We first consider the non-resonant case W(0) # 0. Abbreviate hy (k) =

hi(0,k), b (k) :== W/ (0,k). Then implies
W (k) = 2ikhy (k)b (k) + W(k), W(k):=h_(k)h' (k) — h_(k)hi(k), (2.6)

Wi (k) = he () (=) — b (—E)RZ (). (2.7)
Moreover, W (k), W (k) € A. Put
v(k) = ik:l— 7= /000 eV dy (2.8)

and observe that v(k) € A, kv(k) € A; and, therefore, v(k)W (k) € A;. Since
v(k)W (k) — 2 as k — oo then v(k)W (k) € A1\ A. Moreover, v(k)W (k) # 0 for all
k € R, whence (v(k)W(k))~! € A;. Furthermore, v(k)Wx (k) € A and we obtain
v(k)Wy (k) 2ikv (k)
—_— T(k) = ——+= .
L < T = T S
Moreover, since T'(k) — 1 as k — oo then T'(k) — 1 € A.

Step i1) In the resonant case we need to work a bit harder. Introduce the functions

Ri(k) =7

D (k) 1= (W) (0) — Wy (k)hs 0), (2.9)
+oo +oo k)
Ki(@)=% [ BaOwdy, Do) =2 [ LBy (210

where By (z,y) are the transformation operators from (2.1)). Integrating (2.1)) for-
mally by parts we obtain

+oo +oo
9] . . _
W (k) ==+ /0 %Bi(o,y)eﬂ““ydy = D1 (0) + 2ik i Dy (y)e2HFvdy
+oo
= R/, (0) + 2ik D (y)eF2 vy,
0
+oo

h(k) = hi(0) + 2ik Ko (y)et 2Ry,
0

We emphasize that the above integrals have to be understood as improper integrals.
Inserting them into (2.9) gives

+oo
(k) = 20kWs(k), Wi(k):= /0 (D (y)h+(0) — K () (0))e***dy.

Lemma 2.2. IfV € L then Vo (k) € A.
Proof. Following [9] we will prove that the functions

Hi(y) := D+(y)h+(0) — K+(y)h'.(0)
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satisfy Hy € L'(Ry) N L*°(Ry). We simplify the original proof of [9] using the
Gelfand-Levitan—-Marchenko equation in the form proposed in [5]. Namely, as is
known (§3.5 in [14]) the kernels By (z,y) solve the equations

+o0
Fi(e+y)+ Be(e,y) + / Bi(a,t)Fs (2 +y + 2)dz = 0, (2.11)
0

where the functions F.(x) are absolutely continuous with F, € L!(Ry) and
|Fy(x)] < Cny(x), £z >0, (2.12)

with ny from (2.4). Now differentiate (2.11]) with respect to = and set = 0. Also
set £ = 0 in (2.11)) and then integrate both equations with respect to y from z to
+o0. Then (2.10) implies

+oo +oo +oo
j:/ Fi(y)dy + Ki(x) + / BL(0,2) / Fi(y+2)dydz=0
T 0 T

and
+oo

+oo )
¥Fi($)+Di($)+/ 575+ (0:2) Fi(y + 2)dydz
0 T

+o0
— / B1(0,2)Fyi(z+ 2)dz = 0.
0

To get rid of double integration here, we apply (2.10) and the equalities

b +oo
—/ Fi(y+z)dy = —Fe(z + 2).
0z J,
The integration by parts yields
+oo +oo
+ (1—|—Ki(0))/ Fi(y)dy—FKi(l‘):F Ki(Z)Fi(Z‘—‘rZ)dZ (213)
x 0
+oo +oo
—Ke(@)£he0) [ Fal)dyF [ Ke()Fe(o+2)dz =0
T 0
and
+oo +oo
F Fy(z) + Di(z) + 1 (0) Fy(y)dy ¥ Dy(2)Fye(z+2)dz  (2.14)
x 0

+o0
— / B1(0,2)Fyi(z+ 2)dz = 0.
0

Multiplying (2.13)) by A/ (0) and (2.14) by k4 (0) and subtracting, we get integral

equations
+o0

Hy(z) ¥ ; Hy(y)Fy(r +y)dy = Gx(z), (2.15)

where
+oo

Ga()=heO)( | Ba(0,)Fule +y)dy+ Fa(e).

The bounds and imply
G4 (2)] < Cng(x), £x>0. (2.16)
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Furthermore, for sufficiently large N > 0 represent (2.15)) in the form

+oo

Hy(z) F . Hi(y)Fi(z +y)dy = Gx(z, N), (2.17)

where
+N

Gi(x,N)=Gy(x) £ ; H(y)Fy(x +y)dy.

Formulas and estimates (2.2)-(2.4) give Hy € L>(Ry) N C(Ry). Then
|G+ (2, N)| < C(N)ns(z) by (2.16) and monotonicity of ne(z). Applying the
method of successive approximations (cf. [14, Chapter 3, Section 2]) to (2.17) we
obtain Hy € L1(Ry). O

Now we can continue the proof of Theorem in the resonant case. Since
the Jost solutions are linear dependent at k = 0, i.e. hy(z,0) = ch_(z,0), we
distinguish two cases: h4(0)h_(0) # 0 and hy(0) = h_(0) = 0. In the first case
h4(0)h_(0) # 0 we have

W%mﬁwk>ﬁ«mZ+$§¢_@»Z;$§¢+@>
(k) he (k)
= 2"“(;:(0) V=) =50 v (k)

and similarly in the second case h(0) = h_(0) = 0 (and thus »/_(0)h"_(0) # 0) we
have @4 (k) = hy (k)R (0) = 2ik¥ 4 (k) and hence
(

W (k) = Qik(hf_r (8\1/(/{) - Z;EIS; (k).
In summary,
L () h (k)
WE om0 -0 = e Y (), A (0)h-(0) £ 0,
ok~ - (B (k) + (k) — R (R), By (0)h-(0) = 0,

where the right-hand side is in .A; by (2.5 and Lemma Since ng,f) =Tk)"t#0
we conclude T'(k) — 1 € A. Analogously,

Wy(k) hhx((m)‘l’ﬂk) Zié’éiw—k) h+(0)h—(0) # 0,

5 = hL(—k) L (k)
2ik S e (k) — 5y Y (k) Ay (0)h-(0) =0.

where the right-hand side is again in .4 and hence Ry (k) = q:W;,gk)T( ye A 0O

Finally, we will investigate the function
w(xyzﬁ k) = h’+(yv k)h—(x7 k)T(k) - 17 Yy > Zz, (218)

and ¥(z,y, k) = ¥(y,x, k) for y < z. From Theoremand formula (2.5)) it follows
that ¥(z,y,-) € A.

Lemma 2.3. The following estimate is valid

(2, y,)lla < C, (2.19)

with some constant C, which does not depend on x and y.
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Proof. Introduce
+oo
sup (i/ IBi(x,y)ldy> = Cy,
+2>0 0
which is finite by (2.2). Then

||hi(x7')HAl < 1+Ci7 ||hi($a')_1||A§Oi, for x>0

(2.20)
Now consider the three possibilities (a) z <y < 0, (b) 0 <z <y, and (c) z < 0 < y.
In the case (c) the estimate [[¢(z,y, )||4 < C follows immediately from (2.20]) an
Theorem [2.1] In the other two cases we use the scattering relations
T(k)f+(z, k) = Rg(k) f+(z, k) + f5(z, =) (2.:21)

to get the representation

ho (2, k) (Ro(k)h—(y, ke + h_(y,~k)) =1 <y <0,

Yk, z,y) = .
hi(y, k) (Ry(k)hy(z, k)e? ™ + hy(z,—k)) =1 0<z<y.
(2.22)
Observing that for any function g(k) € A and any real s we have g(k)el** € A with
the norm independent of s, establishes . (Il

3. THE SCHRODINGER EQUATION

Now we are ready to prove the dispersive decay estimate (|1.5]) for the Schrédinger
equation (|1.1)). For the one-parameter group of (1.1)) the spectral theorem implies

oo

eitHp %ﬂ/eth(n(w +i0) — R(w —i0)) dw, (3.1)
0

where R(w) = (H — w) ™! is the resolvent of the Schrédinger operator H and the
limit is understood in the strong sense [23]. Given the Jost solutions we can express
the kernel of the resolvent R(w) for w = k? +1i0, k > 0, as [5, 23]

W (tk) 2ik
for all z < y (and the positions of z,y reversed if z > y).
Therefore, in the case z < y, the integral kernel of e *# P (H) is given by

. ko
[efitHPko](x’ y) — i/ efith f+(y7 k)f—(l’, k)T(k)k_dk
—ko

[R(k* £10)](,) =

T 2ik
1 fro

=—— [ e v (y k)b (2, k)T (k)dk,
27T 7]60

where Py, = Py ([0, k3]) is the projection onto energies in the interval [0, k3]. Taking
the limit kg — oo we obtain

[e—itHPc}(aj, y) = kgi_l)noo[e—itHPko](:E, Y)

1 <
= oo | T (b (e T (R, (32)
where the integral is to be understood as an improper integral for ¢ € R (if Im(¢) < 0
the integral converges absolutely and the limit is of course not needed). In fact,
the convergence of the integral for ¢ € R will follow from Lemma below, and
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Lemma [2.3| will imply |[e~ ¥ Py ](z,y)| < C|t|~'/2. Thus, we can use dominated
convergence to conclude that the right-hand side of (3.2)) is indeed the kernel of
e M P, on LY(R) N L3(R).

Lemma 3.1. Let ¢(x,y,k) be defined by (2.18)) and let 1[)(:57y,p) be its Fourier
transform with respect to k. Then the following representation is valid for Im(t) < 0:

. 1 Jz—y|2 (ptlz—yD? ~
e tH P ) (2, y) = <e4n +/Q*T x,y,p)d > 3.3
[ @) = — s Y(z,y,p)dp (3-3)
Proof. By (3.2)) we have

—i 1 > —i(tk?—|y—zx
R ) = o [ e (L (),

Since the first part of the integral is easy to compute we only focus on the second
part containing . Using Fubini’s theorem this integral is given by

1 ko : .
— lim /e*‘(tsz‘y*m'k*kp%(w,y7p)dpdk=
ko JR

27T ko—oo J_

LY (wtly—ap? (M0 emeyoap? o
— lim [ ™ / o G (2, p)dp =
R

27T ko—ro0 —ko

1 - (ptly—z|)? ~
lim el # erf + erf(q_ x,y,p)dp,
= [ (exf(as) +exf (), p)p

where ¢y = %/4it + iPtlz=vl) apg erf(z) is the error function [19, §7.2]. Using

Vit
erf(z) = 1+ 0(e™") as z — oo with | arg(z)| < 3% ([19, (7.12.1)]) the claim follows
from dominated convergence. [
Proof of Theorem[1.1] Since
le™ Pl g1y = sup (fye™ ™ Pog) = sup [[e 7 P.)(z, y)|
Hf”[,lzlzllg”lel T,y
the claim follows from Lemmas [3.1] and O

In fact we have established the slightly stronger result which covers also the heat
semigroup:

Corollary 3.2. Let V € Li(R). Then
le™ ™ Pl 152 < ClY/2, Im(t) <0,
for every 0 < kg < co.

Proof. Using the representation for [e ¥ P, ](x,y) from the proof of Lemma
together with boundedness of erf(q+) in the region under consideration and (2.19)),

shows |[e*H Py, ](z,y)| < C|t|=*/? as desired. O

4. THE SCHRODINGER EQUATION (NON-RESONANT CASE)

In this section we consider the non-resonant case and prove the dispersive decay
estimate (L.6). We begin by representing the jump of the resolvent across the
spectrum as

T(k) [y, k) [~ (2, k) + T (k) f1-(y, k) f- (2, k)

[R(k? +10) — R(k* —1i0)](x,y) = i ,
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for z < y and k > 0. The scattering relations (2.21)) imply
f- (@, k) =T(=k) f4+(z,—k) — R_(=k) f-(z, —k),

f+(y, k) = T(k)f-(y, k) — Ry (k) f+(y, k)

and using the consistency relation TR_ + TR, = 0 we arrive at the formula (cf.
21} p.13])

T(k)[*
~2ik

ROZ +10) = RO — 0))(e,9) = =0 1 (k)7 (0, =) + S (3, BV (2, — ).
(4.1)
Inserting this into gives

™ P)(2,y) = [+ (D)2, y) + [K-(®)](2,9),

s (8) () = — / " R ) (k) P (y, ) s (., — k).

T J_ o
Using integration by parts we get

- 0 L2 T(k)|?
a0 ) =+ [ ez TR, (o pyan

— 00

L% iwesly—alr | TR
_ i(tk"Fly—x|k) h jAY —k)dk
Srit 7006 k2 :i:(yv ) :I:(xa )

- 2 { T(k)[2hs (y, k)bt (z, —k
+ efi(tk22|2|y7w\k:) ok | ( )l :I:(ya ) :t( ) )
8mit J_ k
Applying the arguments from the proof of Lemma [3.1| we obtain
+-3/2
Sm R
where zﬁji (z,y,p), 7 =1,2,3, are the Fourier transforms of the functions

T(k)|?
wli(xayv k) = :t|y - x|Mhi(ya k)hi(.’l), _k)a

k
T(k)|?
w;t(xai%k) = 1‘ ;2” hi(yak)hi('r7 _k)a

N BT PRy k) ()|
¢3 (Z‘,%k‘) =1 L 5
respectively. To estimate their A norms we first show
Lemma 4.1. Let V € L} and W(0) # 0. Then T(k)hy(x,k)/k € A, and
” T(k)h+(z, k) H
k A

dk

2 3 R
K (8)] (2, ) = N B (a,y, p)dp (4.2)
j=1

<C(1+lz), zelR (4.3)

Proof. Since T — Vf,j)”‘gfgk) € A (recall ([2.8)), then for z € Ry the bound (4.3)
follows from (2.20)). Consider the case € Ry. The scattering relations (2.21)
imply
T(k)ha (2, k) =(Re (k) + Dhs(z, k)eT2*e — (he (2, k) — he (2, —k))eT2ke
+ he(x, —k)(1 — eTHke), (4.4)
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Using ([2.1) we obtain

Foo ‘ .
_ _ Fikr _ tikr
he(z, k) — he(z, k)::F/BJF(x,r)e SR
0

k k
Foo T o] Foo
=i / B;(x,r)/eikydydr:i/ ( / B;(x,r)dr)eikydy.
0 - % Flyl

Next, observe that formula (2.2) implies that if V € L3, then B(x,.) € L{(R5)
for any fixed z, and consequently

Foo
Seww)= [ |Belarldr € L'(Rs).

Based on this observation we get
H hs(z, k) — he(z, —k) ”
k A
By the same reasons formula (2.3) implies
h(0, k) — R’ (0, —k)
k
Next, from ([2.6) and (2.7) it follows
W (k) F Wy (k)
k

<C, zeRg. (4.5)

€A (4.6)

=2ih_ (k)h_(k)+

o B (O () = W (k) () F b ()M, (k) £ ha (k)M (k)
k
Wy (k) = W (k)

=2ihy (k)h_(k) £ hx(k) A F h;(k)f
Applying , 7 we get
<W(k)¢Wi(’C) _ 21) cA
i .

As is shown in Theorem in the non-resonant case W~1(k) € A. Thus
Re(k)+1 _ 1 WK FWe(k)

. 4.7

2 W k) k €A (47)

Next, 1%;%1 is the Fourier transform of the indicator function of [0, 2z], therefore
1— e:|22ika:

— <2lz|. 4.8

T <o ws

Finally, substituting (4.5)), (4.7)), and (4.8]) into (4.4)) we obtain (4.3). O

Since we have already seen the estimate ||T'(k)h(x,k)||4 < C in the proof of
Theorem this lemma immediately implies that

To estimate H1/33i(m, Y,)||lL1 we need one more property.
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Lemma 4.2. Let V € LY and W(0) # 0. Then %(T(k)hi(x, k)) € A with

< .
Hak )hika C+z]), zeR

Proof. The representation (2.1)) and the bounds 7 2.3]) imply

%hi(x, k) = he(z, k) € A, %h/i(x, ke A ifVelLl (4.10)
with
H*h' (z,)la + [lhx(z,)la <O, = €Ry. (4.11)

Therefore LW, (k) := Wy (k) € A. Further, from (2.6) and (4.10) it follows that
v(k)YW (k) € A, where v(k) is defined by ([2.8). Since in the nonresonant case
(v(k)W (k)= € A; and W~1(k) € A then

T(k) = % (21 =W T(H)) € A, Ralk) € A (4.12)

Thus for € Ry the statement of the Lemma is evident in view of (2.20]), (4.12)

and (4.11). To get it for z € Ry we use (4.12), (4.11), and again the scattering
relations (2.21]) which gives

0

o L (k)i (2, k) = oF2ike ( )

o (B () heg (k) F 21 R () g (3, k:)) +he(x, —k).

O

As pointed out in the proof of Theorem [I.1] the estimate || T'(k)h(z, k)[4, < C
is valid for € R. This and Lemma [£.2] imply
15 (2,9, )lls < C(L+ J2]) (L + Jy). (4.13)
Finally, combining (4.2)), (4.9), (4.13) and Lemma we obtain
s (O], )] < O+ [2))(1+ ), t>1,
which shows (1.6)) and finishes the proof of Theorem

5. THE KLEIN—-GORDON EQUATION

In this section we prove the estimate (|1.10) for the Klein-Gordon equation (1.3).
We estimate the low-energy and high-energy components of the solution separately.
Equation (|1.10]) will immediately follow from the two theorems below.

Theorem 5.1. Assume V € L}(R). Then for any smooth function ¢ with bounded
support the following decay holds

e P C(H?)||,, . =Ot™?), t— oo

Theorem 5.2. Assume V € Li(R) and let £&(z) be a smooth function such that
E(x) =0 forx <m?+1 and £(x) = 1 for &z > m? +2. Then

H[e—itH]lz §(H2)HH%'1~)L°° _ O(t—l/z)7 t s o0,
As a consequence of ([1.10) we get

Corollary 5.3. Assume V € L1(R). Then (1.12)) holds for any p € [2,00]. Namely

1 1
O O 319), t=oo, o=l (51)
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Proof. Recall that the Klein-Gordon equation preserves the energy

191122 + (&, H) 12 +m?|[9]| 22

Since [e "M P, |27, corresponds to the initial condition (1(0),%(0)) = (0,m) with
mo = P.(H)m we obtain the estimate (¢, H) 2 +m?|[¢)||2. < ||mol|2. in this case.
Moreover, since for V' € L' the multiplication operator V is relatively form bounded
with bound 0 with respect to Hy = —;—; (23, Lemma 9.33]), the graph norms of
H and Hj are equivalent, and we obtain ||1|| 7 < C|/mo||L2. Hence by duality we
also get

e ™ P 2| jyos 2 = O(1), t—oo, H'=H'2 (5.2)

Since H~! = By 4 due to [24) Theorem 2.3.2 (d)], real interpolation between (T.10))
and (5.2) gives (5.1)) . U

5.1. Low-energy decay. Here we prove Theorem[5.1] We will need a small variant
of the van der Corput lemma which is of independent interest.

Lemma 5.4. Consider the oscillatory integral

b
I16) = [ e fjar.
where ¢(k) is real-valued function. If ¢" (k) # 0 in [a,b] and f € Ay, then

: " —1/2
()] < Calt min [6" ()2 Ly, 2 1.

where Cy < 28/3 45 the optimal constant from the van der Corput lemma.

Proof. Writing f(k) = c+ fR e*Y §(y)dy we have

b
Iw=/mwm@@+%w,nw=/wmmw%.
R a
By the van der Corput lemma

: 1 —-1/2
I1,(0)] < Calt min, 6" (R)] 72 ¢21,

where Cy < 2%/ (cf. [20]) and the claim follows from the definition of the norm in

A (|

Note that the analogous lemma extends to higher derivatives and to unbounded
intervals (where the integral has to be understood as an improper Riemann inte-
gral).

The resolvent R(w) of the operator associated with the Klein-Gordon equa-
tion can be expressed in terms of the resolvent of the Schrodinger operator
R(w)=(H —w)™!as

= (% 0) (e Jmesnn
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For e *HP, ((H?) the spectral representation of type (3.1)) holds:

—Hp C(H?) = - / e () (R(w + i0) — R(w — i0)) dow

2mi
T
_ 1 —iwt s, 2 w oo CN2 2y M2 2
=5 Fe C(w?) (—iw2 w) (R((OJ-I-IO) m*) — R((w —i0) m )) dw,
(5.3)
where I' = (=00, —m) U (m, c0). Denote
sin(tvk? + m?)
My(F) = cos(tVk: +m’) |-
—VE2 + m2Zsin(tvVk?2 +m?)  cos(tvVk2 + m?2)
then can be rewritten as
e~ P, ¢ (H2))( / M (k) S (2 4 m) (4, y, ) + 1)k, (5.4)

where the function 1/}(1'7y, k) is defined by (2.18] - We obtain oscillatory integrals
with the phase functions ¢4 (k) = £vkZ + m? — vk, where v = 2= r‘ The second
derivative of ¢4 (k) satisfies

m2

k)| = ——— m, k* +m?) € supp(.
G4 = s > Cm. Q). (%4 m) € supp
Since (k? + m?)7/2¢(k* + m?) € A for j = —1,0,1 and |[¢(z,y,k)||la < C due to
(2.19)), then Lemmaimplies

max e MP. ((H?)](z,y)| < Ct71/2 > L
z,y€

5.2. High-energy decay. Here we prove Theorem[5.2] Our proof is based on the
following version of [15, Lemma 2]:

Lemma 5.5. Let n(k), k > 1, be a smooth function such that |nY) (k)| < k=7 for
j=0,1. Then for any g(k) € A1, @ >3/2 andt > 1

:tlt\/k2+m2+1kp
sup | [0 gde] < Clglag e (55)
peR
Moreover,
:|:1t\/k2+m +ikp 12
2161% ‘/ 1372 dk‘ <Ct . (5.6)

Here the constants C' depend on the parameters m and o only.

Proof. Consider ”+” case and set v = —p/t. To prove (5.5) we have to estimate
the oscillatory integral

I (t) = /1 - E=n(k)e* ™) g(k)dk

with the phase function ¢(k) = v k? + m? — vk. Split the integral according to

I,(t) =IL(t) + I2(t) / /
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Since [|g]loo < ||lg]l4, We obtain

o0
22(0)] < llglla, / Kk < Cgll (5.7)

To estimate I}(t) we abbreviate

k
U (k,t) = / Mg (r)dr.
1

Since
2
: /! /! m C
= - — >
pin, ¢ (1) =¢"(k) e = B
Lemma [5.4] implies
Wk, t)] < Cllglla,t™ 2k, (5.8)

Integrating Il (t) by parts we get
t
IO < w0l + [ vk llA®dE,
1

where A(k) = W is a smooth bounded function and A(k) = O(k~*~1) as

k — co. By (5.8)
t
[1a(t)] < Cliglla, <t1a +(1 +04)fl/2/ kl/z"‘dk) < Clglla,t™2.
1

Together with ((5.7) this proves (5.5)).
Next we turn to (5.6). Since (5.7) is valid for o = 3/2 and g(k) = 1 this follows
from Lemma [AT] O

To prove Theorem we have to show that for any function smooth function
f € C§° with compact support

[[e ™2 ¢(H2)f|| .. < Ct2|If| t>1. (5.9)

H%,l?
The kernel of the resolvent of the free Schrédinger operator reads ([23] §7.4])
[Ro(k? £i0)](z,y) = +iet*l==vl/(2k) &k > 0.

Substituting the second resolvent identity R(A) = Ro(A) — Ro(AN)VR(A) into the
12 entry of (5.4)), and taking into account that &(z) = 0 for # < m? + 1, we obtain

[e™ M2 € (H?) = Ko(t) + K (1),
where the kernels of the operators Ky(t) and K; () read

1 3 /1.2 2) .
= / (k% + mQ)We‘W—y)dk, (5.10)
k|>1 m

sin(tv/k2 + m2) elklz==1+l2=yD)
X
Vk2 +m?2 k

(Y(y,z, k) + 1)dk> dz. (5.11)
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Note that the derivative &’(x) has support inside the set [m? +1,m? +2]. Therefore
the function ]

i
k)= — e —
(k) = - R
satisfies the conditions of Lemma Applying this lemma with o = 2, g(k) =
UV(y,z, k) + 1, p= |z — z| + |z — y|, and taking into account (2.19)), we get

KL (O f = < OVl < O30Sl g0 t2 1 (5.13)

E(K* +m?) (5.12)

since H2'! ¢ L' due to [3, Theorems 6.2.3]. It remains to get an estimate of type
(5.9) for Ko(t).
Lemma 5.6. Assume V € Li. Then

1Ko (6) fllzee < CHIT2IfN s 1 2 1.

Proof. For any f € C§° (5.10) implies

T _ & +tvVk2+m2+ikx 2\1/4 ¢
Jotone s =3 [ e e T

where (k) is defined by (5.12). Denote g = J1 f. By definition (1.9) we have

gl =1F1 00 (5.14)
Thus
o] eiit\/erik(zfy)
Ko~ < € [ latw)] sup | [ o) "5t
R z,yeR ' J1 k3/
which together with and implies the required estimate for K. O

Together with ([5.13) this establishes Theorem This finishes the proof of
Theorem (1).
6. THE KLEIN-GORDON EQUATION (NON-RESONANT CASE)

Suppose that the operator H in ([1.4]) has no resonance at 0. To prove Theorem
1.3| (ii) consider first the low-energy part of the solution. Using the representation

(4.1) we rewrite (5.4) as follows
[e™"HP. ((H?)](z,y)

1> - i
= Y o [ AT G ) T, R

Jl,aze{i}
where )
Ai(k) = vV ]{72 —|—m2 9
+ivk2 + m? 1

and T1(z,y,k) = |T(k)|?f+(k)f+(—k). Applying integration by parts we obtain
for the summand [e 8P, ((H?)] 4, (7,y) with A, and T,

™ P ((H?)] 4 (2, 9)

1 e . V2 2
=—— elt\/k2+m22 |:el|y—x\k<(k2 + m2)mA+(k) T+(x,y, k)] dk.
2rit J_ ok k
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Using the same arguments as in the proof of Theorem [1.2| (see Section [4]) we obtain
e P ((H)] 44 (2,9)| < O+ [z))(1+ [y]), ¢>1

and hence

lle™ P, C(H = O 7*/2), o,

2
)HL§—>L3°1
The other summands can been estimated similarly, and we get

H[e_itHPC]C(H2)HL%_>LT1 =0@t™??), t— o0 (6.1)

It remains to consider the high-energy part. To simplify notations we denote
c(k,t) := cos(tvk? +m?2) and x(k) := &£(k* + m?). Applying integration by parts
to (5.10) and (5.11]) we get

9 x(k)eh—)

[K(](t)](xvy) = Tﬂ C(kvt)%Tdka
ki1
i eik(lz =l +z =) .
K, (1)](2,y) = R/V(z)/c(k,t)(%X(k) - U+ w2k g g,
R |k|>1

(6.2)

To estimate (6.2), recall that || Z-4(z,y,k)]la < C(1+ |2[)(1 + |y|) by and
([@13). Moreover, |z — z| + |z —y| < (14 |=z)(1 + [y))(1 + 2|z]). Thus the A,
norm of the derivative with respect to k in the integrand of can be estimated
by C(1+ |z])(1 + |y])(1 + |2]). Moreover, x'(k) is a smooth function with a finite
support. Applying Lemma to the integral with respect to k in and taking
into account that |V (2)| € L}(R) we come to the estimate

K1 (0)](z,y)| < O+ |2 (L +lyl), ¢> 1. (6.3)

Further,

1
ot
1

27t k|>1

[Ko(®)](x,y) = /k>1 c(k, t)X (k)k ek @=v) gk

c(k, t)x (k)@Y =2 qk

i )
— z — y)e(k, t)y(k)e* @Y= 1dk
ol MRCEILCONU

= [Ko1(0)](z,y) + [Koz2()](2, y) + Kos(®)](z, y)-

Lemma [5.5] applied to Ko; and Ko implies

1Ko; () flle < Ct=32|fllpr, j=1,2, t>1. (6.4)
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It remains to estimate Koz. Denote g = J1 f, then we have fk) = (1+k2) "7 (k).
Using formulas F[-f(-)] = f’ and f'(k) = (1—|—k‘2)_’ J(k)—E(1+k*)" 15(k) we get

[osOlewsy = 53 [ e Tk

k2)i
£ ki1 )t
k) :tt k2+m?2+ikx ~/
47#2 / 1+k2)% v §'(k)dk
+ k>
(k) oEtVETFmI ik
—_— meTIRE 6 (k) dk.
8ﬂtz/ 1+k2)7° 5(8)
|k|>1

Procceding as in the proof of Lemma [5.6] we get
1) Kos(0)fll o~ < 2 (gl 4l gl ) < (Ul gt 17150 ),
The last estimate and (6.4] . ) then imply

Ko (@)l < Ct9,

i1
2 Lo°
Hf —L%

Together with (6.3]) this gives
e 2B fl o=, < CJt[~*2| /] abr

Combining this with (6.1]) completes the proof of Theorem E 1.3]ii).

APPENDIX A. A DECAY ESTIMATE

The following is [4, Lem. 6.7]) which is an adapted version of [I5, Lemma 2]. We
include a proof here for the sake of completeness.

Lemma A.1 ([4 [05]). Let A(k), k > 0, be a smooth function such that A(k) =
O(k=°/?) as k — oo and let

k
(k,t) ::/ Ndr, t>1, k>0,
0

where ¢(17) = V72 + 1+ vr with v € R. Then the following estimate is valid
uniformly with respect to v

/ | U (k, t)A(K)|dk < Ct~/2. (A.1)

Proof. For simplicity we refer to the van der Corput lemma for the first, second
derivative as vdC-1, vdC-2, respectively (see [20, Corollary 5 and Lemma 7]). First
of all, we observe the second derivative of the phase function ¢(7) admits the
estimate

. " _ . 2y—3/2 _ 2\—3/2
OrgnTlrglkqb (1) OI_<nTlIS1k(1 +7) (14 k=)=/=. (A.2)

Hence, vdC-2 implies
|U(k,t)] < Ct™Y2(k+1)%2, k>0, t>1. (A.3)
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The first derivative of the phase function ¢(7) is an increasing function, satisfying
the following estimates

9-1/2 v>0 T>1
’ > ) - - A4
‘Qb (T)‘ = {5(7_2 + 1)—17 v< =1, 7>0. ( )

For v € (—1,0) the function ¢’ has a zero at 7o = —v(1 — v?)~'/2, We study these
three regions for v separately. For v > 0 and k& > 1 we use vdC-1 and (A.4) to
get the bound |W(k,t) — U(1,t)| < Ct~'. Since |¥(1,t)| < Ct~1/2 by (A.3) then
forv >0 follows immediately. Similarly, for v < —1 from a it
follows
(W(k,t)] < CR*t +|U(L,1)| < C(R*H +712), kb >1. (A.5)
Thus, holds in this case also.
It remains to consider the case v € (—1,0), or equivalently 79 € (0,00). In

particular, will estimate J(¢) in terms of 7¢ rather than v. By monotonicity of ¢’
and (A.2)) for all 7 € (0,70/2] we get

T0 T

C
"(T)| = 27 > " (27T > —.
60 =T~ g 2000 22
Thus for 79/2 > 1 we obtain similarly as in (A.5|
|U(k,t)] < CR*tL+t712), 1<k <7/2. (A.6)

Furthermore, for all 7 > 273 we obtain

T T C
O = = - WO — 2 ¢ =d(1/) 2" (7/22 5
0
Therefore
U (k,t)| < C(k* ' +¢71/2), max{1,2m} < k. (A7)
Moreover, implies
27‘0
/ AR < Cr12, (A.8)
70

since fyz/yz k~1dk does not depend on y > 0. For the same reasons we also have the

estimate J(t) — J(t/4) < Ct~/2. Moreover in the case 4 < t < 27y it follows from
that J(t/4) < Ct~'/? and we obtain for 4 <t < 27. (Note that in the
case 1 <t <4 holds for any 75 € (0,00).)

Next consider 1 < 27y < ¢. If, additionally, 79/2 < 1, then

J(t) < /270 |\If(k)A(k)|dk+/t (kYA K)|dk < CtV/2

0/2 270
by and . In the case 1 < 79/2 < 279 <t we get
T0/2 279
/ | (k)A(K)|dk + / | ( |dk+/|\1! k)|dk < Ct=1/?
T0/2
by (A.6] , and (A.7). Finally, in the case 279 < 1 equation (A.1) follows from

» O
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