PROPERTIES OF THE SCATTERING MATRIX AND
DISPERSION ESTIMATES FOR JACOBI OPERATORS

IRYNA EGOROVA, MARKUS HOLZLEITNER, AND GERALD TESCHL

ABSTRACT. We show that for a Jacobi operator with coefficients whose (j +
1)’th moments are summable the j’th derivative of the scattering matrix is
in the Wiener algebra of functions with summable Fourier coefficients. We
use this result to improve the known dispersive estimates with integrable time
decay for the time dependent Jacobi equation in the resonant case.

1. INTRODUCTION

This paper is concerned with Jacobi operators
Hu(n) = a(n — Du(n — 1) + b(n)u(n) + a(n)u(n + 1), n ez, (1.1)
satisfying a(n) — 1/2, b(n) — 0 such that

la(n) — 5| + b(m)] € £4(2) (1.2)

for some o > 1. Here ¢2(Z) is the set of all doubly infinite sequences for which the
norm

[elleg

{(znezu +nDPlum)P) ', p el o),
sup ez (1+ [n))7 [u(n)], p= o0,

is finite. The case o = 0 corresponds to the usual unweighted spaces ¢5 = (7.

The special case a(n) = 1 is also known as the discrete Schrédinger operator.
If holds for o = 1 it is well known ([I6]) that the spectrum of H consists of
a purely absolutely continuous part covering [—1, 1] plus a finite number of eigen-
values located in R\ [—1,1]. In addition, there could be resonances at the edges
of the continuous spectrum, which means that there exist corresponding bounded
solutions (and which is equivalent to the fact, that the Wronskian of the two Jost
solutions vanishes (cf. [3| Definition 3.5, Lemma 3.6])). In case of such a resonance
it is a delicate question to determine the behavior of the scattering matrix near
such a resonance under the minimal assumption ¢ = 1. From the analogous result
for the continuous Schrodinger equation it is expected that the scattering matrix is
continuous at such a resonance and this was first established in [5] (see also [8] for
a special case). In fact, in [3] this result was refined by showing that the scattering
coefficients are in the Wiener algebra of functions on the unit circle with integrable
Fourier coefficients. In the present paper we generalize this result by showing that
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if holds for o > 1 then also all derivatives of order up to o —1 of the scattering
coefficients are again in the Wiener algebra.

This question is not only of interest in scattering theory but also plays an impor-
tant role in the solution of the Toda equation via the inverse scattering transform
(see e.g., [9, 10] where continuity of higher derivatives is needed) and in proving
dispersive estimates for the corresponding linear evolution equation

. d
1£u(t) = Huf(t). (1.3)

The latter case has attracted considerable interest recently (e.g. [Il Bl 3] and the
references therein) due to its importance for deriving asymptotic stability of solitons
for the associated nonlinear evolution equations (see e.g. [7, 1T} 14}, T5]).

As an application of our results we will establish two dispersive decay estimates.
First of all we extend [3] Theorem 5.3] to the case of Jacobi operators.

Theorem 1.1. Let H be defined by (L1)) with |a — 3| + |b] € (1(Z). Then
e Pl = O(9), £ 00, (1.4)
HeiitHPcHeg—wiu = O(t71/2), t—o0, o>1/2 (1.5)

The following extends [3, Theorem 6.1] to the case of Jacobi operators and is
new in the case of resonances.

Theorem 1.2. Let H be defined by with |a — 4| + |b] € (5(Z), where j =3
if there is a resonance at Z = +1 or 2 = —1 and j = 2 if neither of these points
is a resonance. Furthermore, for every resonance Z € {£1} let pz(n) be a bounded
solution of Hpz(n) = %g@z(n) normalized according to lim,, 1 o (Jps(n)]? +
lp:(—n)|?) = 2. Denote by P; the projection onto the span of @: given by the
kernel [P;](n, k) = vz(n)psz(k) and set Py = 0 if there is no resonance at 2. By
P,. we denote the projector on the absolutely continuous subspace of H. Then the
following decay holds:

—it it
. __p--<_
VvV —2mit vV 2mit

Such a decay estimate with integrable time decay has previously only been es-
tablished in the non-resonant case where P_; = P; =0 (cf. [3| Theorem 6.1]). For
continuous one-dimensional Schrédinger equations an analogous result in the reso-
nant case has been first proven by Goldberg [6]. For further results for continuous
Schrodinger equations see [2], [4].

||e_itHPac _ P*1||Z%~>€i°2 = O(t_4/3)7 t — 0. (16)

2. PROPERTIES OF THE SCATTERING MATRIX

In this section we look at scattering theory for the Jacobi operator H. As a
general reference we refer to [16, Chapter 10]. If (1.2) is contained in ¢}(Z) then
there exist Jost solutions ¢y (z,n) of

2+ 271
2
which satisfy lim,, 100 @+ (2,n) = 1, where @1 (2,n) = ¢+ (z,n)2zT". These Jost

solutions can equivalently be expressed as

Hpi(z,n) = wt(z,n), 0<lz] <1, (2.1)

+o0
vi(z,n) = ZKi(n,E)zﬂ, nez, |z<1, (2.2)
l=n
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where the transformation operators satisfy

+oo
1
[Ke(n,0)] < Ce(n) | 0, 0) + (1 =3, 0) Y (|atk) = 5|+ w0} | @3)
k=] 24
for £¢ > 4+n and |.| denotes the usual floor function.

If furthermore +n > F1 holds, we can replace C(n) by some universal constant
Cy(n) < C. For

Foo +oo
o1(z,n) = Z Ki(n,04n)z*t = ZKi(n,E)zﬂ
=0 ¢=0

we get similar estimates. Introduce the Wiener algebra

A={f&) =X femz [Ifla < oo, |l =1},

mEeEZ

with the norm ||f||4 = ||f|ler. Formulas (2.2) and (2.3) imply
QDi(Zan))SEi(Zan) € A7 (24)

with ||@(z,n)|| 4 independent of n for £n > 0. Let us also recall the discrete version
of the Wiener lemma [I8] which states that if f(z) € A and f(z) # 0 for all 2| =1
then f~!(z) € A. The estimate (2.3]) immediately leads to the following property:

Lemma 2.1. If (L.2) holds for 0 = j + 1 with j > 0, then dd—zll(@i(z,n)) is an
element of A for 0 <1 < j. Moreover, for +n > 0 the A-norms of these expressions
do not depend on n.

The fact that ¢4 (271, n) also solves the equation ([2.1]) gives rise to the scattering
relations

T(Z)Soi(zan) = R$(Z)50¥(Z7n) + @I(zilvn)v |Z| =1, (25)
where the transmission coefficient 7" and the reflection coefficients R4+ can be ex-
pressed in terms of Wronskians. To this end let us denote the discrete Wronskian
by

W(f(z,n),g(z,n)) = a(n - 1)(f(Z, n— 1)9(27”’) - g(Z,’Il - l)f(z,n)) (26)

Introducing the functions

W(2) = W(pi(2,1),0-(2,1)), We(z) = W(pz(z,1), o (271, 1)),

it follows that ) »
z—2z" Wi(z
T(2)=2—2  Ry(z)= :
) =gwe RO =F50
In [3, Theorem 4.1] it was proved that the transmission and reflection coefficients
are elements of the Wiener algebra. Here we extend this result to derivatives.

(2.7)

Theorem 2.2. If [a(n)—1|+|b(n)| € ;1 (Z), then dd—;(T(z)) € Aand dd—;Ri(z) €

A for0<1<3.

Proof. We only focus on the resonant case W (1)W(—1) = 0, since the other case
z

is straightforward. Let 2 € {£1} be a point with W (2) = 0. As a first step we
introduce the expressions

W:t(z) = SD:E(Za 1)90:|:(727 0) - Soi(z70)§0:t(2a 1)
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Then the calculations in [5, Lemma 4.1] show

v zZ—Z

We(z) =¢(2)0s(2),  (x) =~ (2.8)
where
+oo
Ui(z)= Y he(0(E2)*, he(t) =L (0ps(2,0) - 2P (0)ps(2,1)  (2.9)
)
and

+oo
P (m) = 3" Ky(k,0)2".
l=m

Moreover, hy(¢) satisfies a similar estimate as (2.3), as we will show in Lemma
below. This immediately leads to the conclusion that W (z) and all its derivatives
up to order j are elements of the Wiener algebra. Next we need to distinguish
between the cases ¢4 (2,0)p_(£,0) # 0 and ¢, (2,1)p_(%2,1) # 0 (these are the
only cases since the solutions 4 (2,n) cannot vanish at two consecutive points).
Straightforward computations show

W _ a0 [(BEFT-0 - EEHT().  eiz0e- (20 #0,
e-i 2 e (BEY () - EELR), er(3 e (51) £0

Since |T'(z)| < 1, the zeroes of W (z) can at most be of first order, which shows that

VZV_(ZZ) can vanish at most at —Z. Hence if W(—2) # 0 then % € A by Wiener’s
lemma (including all derivatives up to order j) and hence the same is true for T'(z).
Otherwise, if W(—2) = 0 and W(2) # 0 one has the analogous properties for %
and using a smooth cut-off function (which is one near Z and vanishes near —Z2) one
can combine both results into one for #((’Z_Z) and proceed is before.
To get similar results for Ry, we use the following formulas:
FeE0 G, (1) - 2260 () (2,0)0-(2,0) # 0
Wi(z) _ a(0) J\Gico¥+2)~ SFren YFW8)) Pz D=2 ’
_ 5 ~p=(2,1) T, 204z F ~ ~
z—% z zz%‘l&(%) - ;%\Pﬂz)) , p+(8,1)p-(2,1) #0,
and proceed as in the previous case. ([l
Lemma 2.3. For hy(m) given by (2.9) we have
+oo
A 1 A
hem) <€ Y (o) = 5|+ bI) = Cie(m) (2.10)

for some constant C >0 and +m > 0.

Proof. We only consider the minus case here. First of all we need the discrete
version of the Marchenko equation, which is given by (|16, Section 10.3]):

+oo
Ki(nm)+ Y Ki(n, O)Fs(f+m) = m +tm > +n, (2.11)

l=n
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where for Fy (¢) we have the following estimate:

1
IFL(0)] < C Z (Jatm) - 5\ + 1b(n)]). (2.12)
n_[2
After some calculations, which can be found in [5l, Lemma 4.1], the following equa-
tion for h_ can be obtained in the case p_(2,1)¢4+(2,1) # 0 (the other case
w—(2,1) = ¢4 (2,1) = 0 is similar, cf. [B, Lemma 4.1]):
~ 0(0,m)

Zh vl +m+1) = 7(0.0)

(1), (2.13)
where v(¢) = F_(£)27¢. Now let —m > 2. We rewrite (2.13)) as

Zh v(m+ £+ 1) = —H(m, N), where

N

P (5,1)+ > h (vl +m+1)

£=0

7 5(0a m)
H N)=—— %2
(m7 ) Kf (0’ 0)
and N < 0 such that C'Y", %y 77(¢) < 1 with C given by (2.12). The estimate
|H(s,N)| < C(N)ii-(m), m < -2, (2.14)

follows from monotonicity of 77— and h_(-) € £°(Z_). Now we set
h_o(m) = H(m, N), h_ s41(m Z h_ x(Ov(l +m+1).

We show that

k
|h_x(m)| < C(N (CZn ) : (2.15)

where C(N) is given by (2.14)). But this easily follows by induction, again using
monotonicity of 77— and boundedness of h_. O

For later use we note that in the resonant case the Jost solutions are dependent
at z. If we define vy via

P+ (2,n) =vp-(2,n), (2.16)
then a straightforward calculation using the scattering relations (2.5) as well as
|T(k)|?> + |R+(k)|?> = 1 shows

2y 1-9°

T(Z2) =——= Ri(2)==% .
(Z) 1_’_727 i(z) 1_’_72

In particular, all three quantities are real-valued since p+(2,n) € R and hence
v € R. In the non-resonant case the scattering relations show

T(3) =0, Ri(3)=—1. (2.18)
To establish Theorem[I.2] we also need the following generalization of Lemma
Lemma 2.4. Let (L.2) be contained in (},,(Z). Then %(%W) c A

z—z

for 0 <1 < j—1. Moreover, for +n < F1, the A-norms of these expressions do
not depend on n.

(2.17)
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Proof. By (2.2]) we have that

Px(2n) — px(2,n) _ = K ) ZE - gt _ = K ) ~ kstl—1—k
P —Z +(n, )ﬁ_z i(nv)zzz
1=+1 1=+1 k=0
+oo +oo _
— Z( Z Ki(’ﬂ,k)éé-i_k_l)zie.
=0 k=0+1

Using this we conclude that the corresponding derivatives of the previous expres-
sions have an A-norm bound independent from n, if +n < F1 by ((1.2). O

In a similar way, we obtain the following lemma:

Lemma 2.5. Let (1.2)) be contained in €}+1(Z). Then dd—;(w) as well as

d (Ui (2)) are elements of A for 0 <1< j—1, where Ui (z) are defined in ([2.9).

dzT

Proof. This follows as in the previous lemma using the estimate for hy from
Lemma 2.3 O

Combining the last results we obtain:

Theorem 2.6. Let (.2) be contained in 0}, (Z) and let 2 € {=1,1}. Then

d' (W)EA’ J(W)EA for0<I<j-—1

dz! 2 dz! z—2

3. DISPERSIVE DECAY IN THE DISCRETE CASE

In this section we prove Theorem and Theorem For the one-parameter
group of ([L.1)) the spectral theorem and Stone’s formula imply

citHp /e—itwm(w +10) — R(w — i0)) dw, (3.1)

1
where R(w) = (H — w)~! is the resolvent of the Jacobi operator H and the limit
is understood in the strong sense [I7, Problem 4.3]. For the kernel of the resolvent
R(z) = (H — %)_1, we have the following explicit formula for 0 < |z| < 1 (cf.
[16, (1.99)]):

[R(2)](n, k) =

1 { oi(z,n)p_(z,k) for n >k, (32)

W oi(z,k)p—(z,n) for n <k.

Formulas (3.1) and (3.2) then lead to the following explicit representation of the
kernel of the propagator e *H P,

. 1 ‘" . . . .
[ Py () = 5 / Tt (o n)p_ (e, K)T()d0.  (3.3)
Y8

—T

We also need a small variant of the van der Corput lemma, which can be found in
[3, Lemma 5.1]:
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Lemma 3.1. Consider the oscillatory integral I(t f eltv G)f 0)do with [a,b] C
R some compact interval and v(0) real-valued. Let err%mb] [w(@) = m; > 0 for
cla

some j > 2 and let
= > fm)e™® foro€fab] with||fli =) |f(m)|<oo.  (34)
mEZ meZ
Then

Gl

101 < i

where C; is an universal constant.

for (3.5)

The proofs of Theorem [I.I]and the non-resonant case of Theorem can now be
done in exactly the same way as in [3, Theorem 5.3, Theorem 6.1]. Thus it remains
to consider the resonant case of our main Theorem As a first step we have a
closer look at our projection operators in the next lemma:

Lemma 3.2. The following expressions for the kernels of our Projectors P; are

valid:

e it 1 [2 1

[P0 ) = o (Lo (LT | 5o [ e7emtdg = o] 0 ),
V/—2rit ’ ’ ’ 2r J_ itm
(3.6)

. 3m
P k) = oy (— L) (—1, K)T(~1) i/2 —iteosogg 4 L1 Lo
it VB Z e e 2m Jx ¢ it

Proof. 1t is clear that ¢z(n) = c4¢(2,n) and by our normalization ¢=* + ¢} ? = 2.
Using (2.16)) we have c_ = yc; and hence ¢ = 1+f1. Moreover, (2.17) implies
cye_T(%2) =1 and hence [P;](n, k) = ¢4 (2,n)p—(2,k)T(2). Furthermore, by [12
10.9] and [I2] 11.5], we get

1(Jo(?f) — iHO(t)) — 1/72r e—itcosO jg
2 27 oz

where Jy(t) denotes the Bessel function, and Hy(t) the Struve function, both of
order 0 (cf. [12 10.2] and [12] 11.2]). Moreover, by [12] 11.6] the following asymp-
totics hold

2
Ho(t) = Yo(t) = =T o),
where Yy(t) denotes the Neumann function of order 0 (cf. [I2, 10.2]). Since by
[12, 10.4] H, ! )( t) = Jo(t) +1iYy(t) and Héz) (t) = Jo(t) — iYo(t), the claim follows

using the abymptotics [12, 10.17.5, 10.17.6]. The argument for the second formula
is analogous. d

Since we have got everything we need,we can finish the proof of our main theorem
now:

Proof of Theorem[I.3. Using (3.3)), we get

. 1 7r .
P k) = 5 [ G0 ks,
vy

—T

%)_
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where
G(0,n, k) = " MG (e, k)G (e, n)T (). (3.7)

Taking advantage of the fact that all functions here are 27-periodic, we can integrate

along the interval [—%, 27] instead. By Lemma
it oit

P(n, k,t) = [e P, — P —
( )= /=2t | 2t

P_4](n,k)

[N

— 1 —itcos@ o i
=5 /_g e (G(0,n, k) — G(0,n,k))dd + G(0,n, k) . (3.8)
3
1 2 —itcos 6 . - i _%
+ % ‘/72r e (G(G, n, k) G(’]Ta n, k))dg G(’]‘(‘) n, k) - + O(t )
(3.9)

If we integrate (3.8 by parts, we obtain

L[5 omiteos0 (G0, m, k) — G(0,m, k))dB + G(O,n, k) — L ¢ (f nk)

27 ) s itr  omit 0 \2’
1 T 1 [2 sed (GO, k) —G(0,n, k)
— a(-Z - itcoso & de.
+2th( 5" ) it _%e o sin 6

If we do the same in (3.9) and use G(%’r,n,k) = G(—7%,n,k) we see that all the

terms of order % vanish and hence

i d (G(0,n,k)—G(0,n, k)
kt) = — itcos® © 5 10y s 14y do 1
Pk t) 2nt /ge do ( sin 6 (3.10)
[T e d (GO, k) — Glm,n,k) !
*om z ¢ do ( sin 0 d9+0(t72),

where we neglect the summand of order =% from now on. The other two summands
are treated separately and we show the desired 3 time decay for each expression.
Since the calculations are similar, we only focus on . Next, to apply Lemma
we split the domain of integration into parts where either the second or third
derivative of the phase —it cos 6 is nonzero. This gives us the time decay. It remains
to show that the derivatives with respect to 6 are elements of A with A-norms at
most proportional to (|n| + |k|)2. Of course this will in general not be true because
of the possible singularity at the other end of the continuous spectrum. However,
since this possible singularity is outside the domain of integration we can redefine
our functions there.

We distinguish the cases (i) n < 0 <k, (ii) 0 < n < k, and (iii)) n < k < 0.
Introduce the functions

elf — 1 ; (0,n,k) —g(0,n, k)
= = *1‘n*k|0 — glv,n, gy, n,
1) sinf ’ 9(0,n,k) = G(0,n, k)e , h(8,n, k) elf — 1 )
Then
d G(0,n,k) —G(0,n, k) d oilk—m)0 _ 1
do sin 6 T do (0) ol _ 1 9(0,n,k) + f(0)h(0,n, k)
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Since only the values of f for 6 € [—Z,Z] are relevant, we redefine it on [Z,2F]
such that f, f’ € A (e.g. by multiplying with a smooth periodic function which is 1
on [—%, 7] and vanishes near ).
We observe that

ei(k—n)G -1 Sk—n _q - k—n—-1

_ ¢
et —1 21 ZZ;ZGA

with its A-norm bounded by k —n, and that of its derivative by (k—n)?. Now it re-
mains to consider the A-norms of g(6,n, k), £g(0,n,k), h(6,n, k), and Lh(0,n, k).

We start the with case (i). Then g(f,n,k) € A with A-norm independent of
n and k. After applying the product rule, Lemma and Theorem imply

| -Lg(6,n,k)||.a < C. Moreover, by (B.7)

no.n k) = "I e (em) + HER B 5 (g
+ ﬁ,(z,ni : §15,(1,n) Pulz,k)T(1), z=¢".

Invoking Lemma Lemma[2.4] and Theorem [2.6 proves that h and its deriv-
ative are again contained in A, with A-norms independent of n and k, thus we are
done in case (i). In the cases (ii) and (iii) we use the scattering relations to
get the following representations:

&4_(2’, k) (R+(z)&+(z,n)z2" + &4—(2_1’”)) ;, 0<n< k’

g9(0,n,k) = ¢ ~ N
P—(z,n) (R,(z)@,(@k:)z% + 50+(Z_17k)) , n<k<O0,

where z = . Thus g(6,n, k) has an A-norm independent of n and k, since for

any f € A and m € Z, we have that f(2)z™ € A, with A-norm independent of m.
Taking derivatives with respect to 6 we get additional terms from the derivatives
of 22" and 2%, so by Lemma and Theorem it follows that |- g(6,n,k)||.4
is at most proportional to |n| and |k| respectively. Finally it remains to consider
h(f,n, k). In case (ii) h(f,n, k) can be represented as follows:

oi(z,k)—@or(1,k) -, _ Szt n) —pi(1,n) -
n(o.n k) = ZEEN 2B MW 5 () Pl L) (g g

) — sz*
B NN R s Wi N RO ENERY

z—1 c
+¢+(z,7”2 - iﬁ+(l,n) 42, k)R (1) + Pl ]2 - f+(17 i P+ (Ln)Ry (1),

for z = €. Here again every summand is an element of A by Lemma

Lemma and Lemma ﬁ Since the derivative of =L also occurs here,

z—1

we conclude that the A-norm of 2h(6,n,k) is at most proportional to |k[%. In
the case (iii) this derivative will be proportional to |n|?. This indeed proves the

claim about w for 0 € [-7, 5]. Since the same procedure works for

W, with 6 € [Z, 27] this finishes the proof. O
Acknowledgments. LE. is indebted to the Department of Mathematics at the
University of Vienna for its hospitality and support during the fall of 2014, where
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10 I. EGOROVA, M. HOLZLEITNER, AND G. TESCHL

REFERENCES

[1] S. Cuccagna and M. Tarulli, On asymptotic stability of standing waves of discrete Schrédinger
equation in Z, STAM J. Math. Anal. 41 (2009), 861-885.

[2] I. Egorova, M. Holzleitner, and G. Teschl, Zero energy scattering for one-dimensional
Schrédinger operators and applications to dispersive estimates, Proc. Amer. Math. Soc. (to
appear).

[3] 1. Egorova, E. Kopylova, and G. Teschl, Dispersion estimates for one-dimensional discrete
Schrédinger and wave equations, J. Spectr. Theory 5 (2015), 663-696.

[4] 1. Egorova, E. Kopylova, V. Marchenko and G. Teschl, Dispersion estimates for one-
dimensional Schrodinger and Klein-Gordon equations revisited, arXiv:1411.0021

[5] 1. Egorova, J. Michor, and G. Teschl, Scattering theory with finite-gap backgrounds: Transfor-
mation operators and characteristic properties of scattering data, Math. Phys. Anal. Geom.
16 (2013), 111-136.

[6] M. Goldberg, Transport in the one dimensional Schrédinger equation, Proc. Amer. Math.
Soc. 135 (2007), 3171-3179.

[7] P. G. Kevrekidis, D. E. Pelinovsky, and A. Stefanov, Asymptotic stability of small bound
states in the discrete nonlinear Schrédinger equation, STAM J. Math. Anal. 41 (2009), 2010
2030.

[8] A.K.Khanmamedov, On the continuity of the reflection coefficient for difference Schrodinger
operator with divergent potential, Baku University Bulletin. Mathematics and Physics 2
(2005), 54-58. (Russian)

[9] H. Kriiger and G. Teschl, Long-time asymptotics of the Toda lattice for decaying initial data
revisited, Rev. Math. Phys. 21 (2009), 61-109.

[10] H. Kriiger and G. Teschl, Long-time asymptotics for the Toda lattice in the soliton region,
Math. Z. 262 (2009), 585-602.

[11] E. Kopylova, On the asymptotic stability of solitary waves in the discrete Schrodinger equa-
tion coupled to a nonlinear oscillator, Nonlinear Anal. 71 (2009), 3031-3046.

[12] F. W. J. Olver et al., NIST Handbook of Mathematical Functions, Cambridge University
Press, Cambridge, 2010.

[13] D. Pelinovsky and A. Stefanov, On the spectral theory and dispersive estimates for a discrete
Schrodinger equation in one dimension, J. Math. Phys. 49, (2008), 113501.

[14] D. Pelinovsky and A. Sakovich, Internal modes of discrete solitons near the anti-continuum
limit of the dNLS equation, Physica D 240 (2011), 265—281.

[15] A. Stefanov and P. G. Kevrekidis, Asymptotic behavior of small solutions for the discrete
nonlinear Schrédinger and Klein-Gordon equations, Nonlinearity 18 (2005), 1841-1857.

[16] G. Teschl, Jacobi Operators and Completely Integrable Nonlinear Lattices, Math. Surv. and
Mon. 72, Amer. Math. Soc., Rhode Island, 2000.

[17] G. Teschl, Mathematical Methods in Quantum Mechanics; With Applications to Schrédinger
Operators, 2nd ed., Amer. Math. Soc., Rhode Island, 2014.

(18] N. Wiener, Tauberian theorems, Ann. of Math. (2) 33 (1932), 1-100.

B. VERKIN INSTITUTE FOR LOw TEMPERATURE PHYSICS, 47, LENIN AVE, 61103 KHARKIV,
UKRAINE
E-mail address: iraegorova@gmail.com

FAacuLTy OF MATHEMATICS, UNIVERSITY OF VIENNA, OSKAR-MORGENSTERN-PLATZ 1, 1090
WIEN, AUSTRIA
E-mail address: lamhang1@gmx .at

FACULTY OF MATHEMATICS, UNIVERSITY OF VIENNA, OSKAR-MORGENSTERN-PLATZ 1, 1090
WIEN, AUSTRIA, AND INTERNATIONAL ERWIN SCHRODINGER INSTITUTE FOR MATHEMATICAL PHYSICS,
BOLTZMANNGASSE 9, 1090 WIEN, AUSTRIA

E-mail address: Gerald.Teschl@univie.ac.at

URL: http://www.mat.univie.ac.at/~gerald/


http://arxiv.org/abs/1411.0021
mailto:iraegorova@gmail.com
mailto:amhang1@gmx.at
mailto:Gerald.Teschl@univie.ac.at
http://www.mat.univie.ac.at/~gerald/

	1. Introduction
	2. Properties of the Scattering Matrix
	3. Dispersive Decay in the Discrete Case
	References

